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Abstract: Motivated by the application to general relativity we study the geometry and
regularity of Lorentzian manifolds under natural curvature and volume bounds, and we
establish several injectivity radius estimates at a point or on the past null cone of a point.
Our estimates are entirely local and geometric, and are formulated via a reference Rie-
mannian metric that we canonically associate with a given observer (p, T') —where p is
a point of the manifold and T is a future-oriented time-like unit vector prescribed at p
only. The proofs are based on a generalization of arguments from Riemannian geome-
try. We first establish estimates on the reference Riemannian metric, and then express
them in terms of the Lorentzian metric. In the context of general relativity, our estimate
on the injectivity radius of an observer should be useful to investigate the regularity of
spacetimes satisfying Einstein field equations.

1. Introduction

Aims of this paper. The regularity and compactness of Riemannian manifolds under
a priori bounds on geometric quantities such as curvature, volume, or diameter represent
a central theme in Riemannian geometry. In particular, the derivation of lower bounds on
the injectivity radius of a Riemannian manifold, and the construction of local coordinate
charts in which the metric has optimal regularity are now well-understood. Moreover,
Cheeger-Gromov’s theory provides geometric conditions for the strong compactness of
sequences of manifolds and has become a central tool in Riemannian geometry. See, for
instance, [1,4,5,7,8,15,20,21].

Our objective in this paper is to present an extension of these classical techniques
and results to Lorentzian manifolds. Recall that a Lorentzian metric is not positive
definite, but has signature (—, +, ..., +). Motivated by recent work by Anderson [2]
and Klainerman and Rodnianski [18], we derive here several injectivity radius estimates
for Lorentzian manifolds satisfying certain curvature and volume bounds. That is, we
provide lower bounds on the size of the (geodesic) ball around one point within which
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the exponential map is a global diffeomorphism and, therefore, we obtain a sharp control
of the manifold geometry. Our proofs rely on arguments that are known to be flexible
and efficient in Riemannian geometry, and are here extended to the Lorentzian setting:
we analyze the properties of Jacobi fields and rely on volume comparison and homotopy
arguments.

In our presentation (see for instance our main result stated in Theorem 1.1 at the
end of this introduction) we emphasize the importance of having assumptions and esti-
mates that are stated locally and geometrically, and avoid direct use of coordinates.
When necessary, coordinates can be constructed a posteriori, once uniform bounds on
the injectivity radius have been established.

Our motivation comes from general relativity, where one of the most challenging
problems is the formation and the structure of singularities in solutions to the Einstein
field equations. Relating curvature and volume bounds to the regularity of the manifold,
as we do in this paper, is necessary before tackling an investigation of the geometric
properties of singular spacetimes satisfying Einstein equations. (See, for instance, [2,3]
for some background on this subject.)

Two preliminary observations should be made. First, since the Lorentzian norm of
a non-zero tensor may vanish it is clear that only limited information would be gained
from an assumption on the Lorentzian norm of the curvature tensor. This justifies that we
endow the Lorentzian manifold with a “reference” Riemannian metric (denoted below
by gr); this metric is defined at a point p once we prescribe a future-oriented time-like
unit vector 7T in the tangent space at p. We refer to the pair (p, T) as an observer located
at the point p. This reference vector is necessary in order to define appropriate notions
of conjugate and injectivity radii. (See Sect. 2, below, for details.)

Secondly, we rely here on the elementary but essential observation that, in the flat
Riemannian and Lorentzian spaces, geodesics (are straight lines and therefore) coin-
cide. More generally, under our assumptions, we will see that geodesics associated with
the given Lorentzian metric are comparable to geodesics associated with the reference
Riemannian metric. On the other hand, it must be emphasized that the curvature bound
assumed on the Lorentzian metric implies, in general, no information on the curvature of
the reference metric. In fact, as we show below, one of the main technical difficulties is
to construct a sufficiently regular foliation of the manifold by spacelike hypersurfaces.

Earlier work. Let us briefly review some classical results from Riemannian geometry.
Let (M, g) be a differentiable n-manifold (possibly with boundary) endowed with a
Riemannian metric g. (Throughout the present paper, the manifolds and metrics under
consideration are always assumed to be smooth.) Denote by B(p, r) the corresponding
geodesic ball centered at p € M and with radius » > 0. Suppose that at some point
p € M theunitball B(p, 1) is compactly contained in M and that the Riemann curvature
bound and the lower volume bound

[Rmg |l Bp,1)) < K, Vol (B(p, 1)) > vo, (1.1)

hold for some constants K, vg > 0. (We use the standard notation L™, 1 < m < oo, for
the spaces of Lebesgue measurable functions.) Then, according to Cheeger, Gromov,
and Taylor [9] the injectivity radius Inj, (M, p) at the point p is bounded below by a
positive constant i1 = i1 (K, vg, n),

Inj, (M, p) > i1. (1.2)
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It should be noticed that this is a local statement; for earlier (global) results on the
injectivity radius see [5,10, 14].

Moreover, Jost and Karcher in [15] rely on the regularity theory for elliptic operators
and establish the existence of coordinates in which the metric has optimal regularity and
which are defined in a ball with radius i» = i2(K, vg, n). Precisely, given ¢ > 0 and
0 < y < 1 there exist a positive constant C (¢, y) (depending also upon (K, vg, n) and a
system of harmonic coordinates defined in the geodesic ball B(p, i) in which the metric
g is close to the Euclidian metric gg in these coordinates and has optimal regularity, in
the following sense:

e fgr<g<eégg,
r*dgller By < Cle,y), e (0, i) (1.3)

Here, C? and C” = C®7 are the spaces of continuous and Hélder continuous functions,
respectively. Harmonic coordinates are optimal [11] in the sense that if the metric is
of class C*7 in certain coordinates then it has at least the same regularity in harmonic
coordinates.

The above results were later generalized by Anderson [1] and Petersen [21] who
replaced the L curvature bound by an L curvature bound with m > n/2. For instance,
one can take m = 2 in dimension n = 3 which is the situation met in the applica-
tion to general relativity (since time-slices of Lorentzian 4-manifolds are Riemannian
3-manifolds).

It is only more recently that the same questions were tackled for Lorentzian (n + 1)-
manifolds (M, g). Anderson [2,3] studied the long-time evolution of solutions to the
Einstein field equations and formulated several conjectures. In particular, assuming the
Riemann curvature bound in some domain €2,

[Rmyg [l ) < K, (1.4)

and other regularity conditions, he investigated the existence of coordinates that are
harmonic in each spacelike slice of a time foliation of M. Anderson’s pioneering work
motivated us throughout the present paper.

On the other hand, for applications to general relativity and nonlinear wave equations
using harmonic analysis tools, Klainerman and Rodnianski [18] considered asymptot-
ically flat spacetimes endowed with a time foliation and satisfying the L? curvature
bound

”ng”LZ(Z) <K (1.5)

for every spacelike hypersurface X. They established an injectivity radius estimate for
past null cones, by relying on their earlier work [16,17] on the conjugate radius of null
cones in terms of Bell-Robinson’s energy and energy flux, and by deriving in [18] a new
estimate on the null cut locus of such manifolds. We refer to these papers for further
details and references on the Einstein equations.

Outline of this paper. We establish here four estimates on the radius of injectivity of
Lorentzian manifolds, which hold either in a neighborhood of a point or in the past null
cone of a point. Our assumptions are formulated within a geodesic ball (or within a null
cone) and possibly apply to a large ball with arbitrary size, as long as our curvature and
volume assumptions hold. All assumptions and statements are local and geometric.
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An outline of the paper follows. In Sect. 2, we begin with basic material from
Lorentzian geometry and we introduce the notions of reference metric and injectivi-
ty radius associated with Lorentzian manifolds.

In Sect. 3, we state our first estimate (Theorem 3.1 below) for a class of manifolds
that have bounded curvature and admit a time foliation by slices with bounded extrin-
sic curvature. In Sect. 4, we provide a proof of this first estimate and we introduce a
technique that will be used (in variants) throughout this paper; we combine two main
ingredients: sharp estimates for Jacobi fields along geodesics, and a homotopy argument
based on contracting a possible loop to two linear segments.

In Sect. 5, our second main result (Theorem 5.1) shows, under the same assumptions,
the existence of convex functions (distance functions) and convex neighborhoods; this
result leads us to a lower bound for the convexity radius.

In Sect. 6, our third estimate (Theorem 6.1) covers the generalization to null cones,
and we show that weaker assumptions are sufficient to control the geometry of null
cones. This result is directly relevant for the application to general relativity.

Next, in Sect. 7, we establish our principal and fourth result (stated in Theorem 1.1
below) which provides an injectivity radius bound under the mild assumption that the
exponential map exp, is defined in some ball and the curvature Rm is bounded. Most
importantly, this is a general result that does not require a time foliation of the manifold
but solely a single reference (future-oriented time-like unit) vector 7' at the base point
p. This is very natural in the context of general relativity and (p, T') can be interpreted
as an observer at the point p.

For the convenience of the reader we state here our main result and refer to Sect. 7 for
further details. Given such an observer (p, T'), we consider the geodesic ball Br (0, r) C
T, M with radius r, determined by the reference Riemannian inner product at p, and
we can also define the geodesic ball Br(p,r) := exp,(Br(0,r)). In turn, the radius
of injectivity Inj, (M, p, T) is defined as the largest radius r such that the exponential
map is a diffeomorphism from B7 (0, r) onto B (p, r). Let us then consider an arbitrary
geodesic y = y(s) initiating at p and let us g-parallel transport the vector 7' along this
geodesic, defining therefore a vector field T), along this geodesic, only. At every point of
y we introduce a reference inner product g7, and compute the curvature norm [Rmy |7, .
This construction allows us to express our curvature assumption below.

Theorem 1.1. (Injectivity radius of Lorentzian manifolds). Let M be a time-orientable,
Lorentzian, differentiable (n + 1)-manifold. Consider an observer (p, T) consisting of a
point p € M and a reference (future-oriented time-like unit) vector T € T, M. Assume
that the exponential map exp,, is defined in a ball By (0,r) C TpM and the Riemann
curvature satisfies

1
sup [Rmg|7, < —, (1.6)
y r

where the supremum is over the domain of definition of y and over every g-geodesic y
initiating from a vector in the Riemannian ball By (0,r) C T, M. Then, there exists a
constant c(n) depending only on the dimension of the manifold such that

Injg(Mv P, T) - c(n) VOlg (BT(pv C(l’l)l"))
p > .

i+l

(1.7)

Observe that the curvature assumption (1.6) is not a genuine restriction since it can
always be satisfied by suitably rescaling the metric. This result should be compared
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with the injectivity radius estimate established by Cheeger, Gromov, and Taylor [9] in
Riemannian geometry. We also point out that the importance of analyzing the geometry
of radial geodesics, as we will do in the proof of Theorem 1.1, was emphasized by
Anderson [3] in his pioneering work on the optimal regularity of Lorentzian metrics.

It would be interesting to refine our arguments and replace the volume term in the
right-hand side of (1.7) by Vol, (B(p, r)). In arelated direction, in Sect. 8, we establish
a volume comparison theorem for future cones which allows us to generalize our main
theorem and use the volume of a future cone in the right-hand side of (1.7).

Finally, in Sect. 9, we briefly discuss the regularity of Lorentzian metrics in har-
monic-like coordinates, and we provide a direct generalization to pseudo-riemannian
manifolds.

2. Preliminaries on Lorentzian Geometry

Basic definitions. 1t is useful to discuss first some basic definitions from Lorentzian
geometry, for which we can refer to the textbook by Penrose [19]. Throughout this paper,
(M, g) is a connected and differentiable (n + 1)-manifold, endowed with a Lorentzian
metric g with signature (—, +, .. ., +). To emphasize the role of the metric g or the point
p we use any of the following notations:

g[l(X7 Y):<X, Y)gp = (X7 Y)g:<X’ Y)[J

for the inner product of two vectors X, Y at a point p € M; we sometimes also write
| X |§,p instead of g, (X, X). Recall that the tangent vectors X € T, M are called time-like,
null, or spacelike depending whether the norm g, (X, X) is negative, zero, or positive,
respectively. Vectors that are time-like or null are called causal.

Time-like vectors form a cone with two connected components. The manifold (M, g)
is said to be time-orientable if we can select in a continuous way a half-cone of time-like
vectors at every point p. The choice of a specific orientation allows us to decompose
the cone of time-like vectors into future-oriented and past-oriented ones. The set of all
future-oriented, time-like vectors at p and the corresponding bundle on M are denoted by
T; M and T* M, respectively. We also introduce the bundle 7} M consisting of elements
of T*M with unit length.

By definition, a trip is a continuous time-like curve y : (a,b) — M. We write
p << q if there exists a trip from p to g. A causal trip is defined similarly except that
the geodesics may be causal instead of time-like, and we write p < g if there exists a
causal trip from p to g.

The set J7*(p) := {g € M / p << q} is called the chronological future of the point
p,and I~ (p) :={q € M /q << p} is called the chronological past. The causal future
and past J~ (p) are defined similarly by replacing << by <. The future or past sets of
aset S C M are defined by

7= =™, 7=,

pesS pesS

and one easily checks that JE(S) are open, but that J £(S) need not be closed in general.

A future set F C M by definition has the form F = J*(S) for some set S C M.
Similarly, a past set satisfies F' = J~(S) for some S. A set is called achronal if no two
points are connected by a time-like trip. Observe that a set can be spacelike at every
point without being achronal and that an achronal set can be null at some (or even at
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every) point. A set B C M is called an achronal boundary if it is the boundary of a future
set, that is, B = 9J%(8§) = J+(S) \ J*(S) for some S C M. One can check that given a
non-empty achronal boundary the manifold can be partitionedas M = PUBU F, where
B is the boundary of both F" and P and, moreover, any trip from p € P to g € F meets
B at a unique point. Observe also that any achronal boundary is a Lipschitz continuous
n-manifold. For instance, in Sect. 6 below, we will be interested in the geometry of past
null cones, that is, the sets 3~ (p) for p € M.

Given an arbitrary achronal and closed set S C M, we define the (future or past)
domains of dependence of S in M by

DES) = { p € M /every future (resp. past) endless trip containing p meets S},
D(S) := D™ (S) UD*(S).

Observe that domains of dependence are closed sets. Next, define the (future or past)
Cauchy horizons

HES) := {p € DES) /TE(p) N DE(S) = 0} = DE(S) \ ITF(DE()),
F(S) := T (S) UKH(S).

For instance, the future Cauchy horizon is the future boundary of the future domain of
dependence of S. One can check that the Cauchy horizons are closed and achronal sets,
with 3D*(§) = H*(S) U S and 9D(S) = H(S).

Finally, a (future) Cauchy hypersurface for M is defined as an achronal (but not nec-
essarily closed) set S satisfying D*(S) = M. For instance, it is sufficient for S to be
smooth, achronal, spacelike and such that every endless null geodesic meets M.

Reference metric. As explained in the introduction one should not use the Lorentzian
metric to compute the norm of a tensor since its Lorentzian norm may vanish even when
the tensor does not. This motivates the introduction of a “reference” Riemannian metric
associated with a time-like vector field, as follows.

Let T be a future-oriented, time-like, unit vector field, satisfying therefore
gp(T',T) = —1 at every point p (in an open subset of M, at least). We refer to T
as the reference vector field prescribed on M (or on an open subset). Introduce a moving
frame E, (@« = 0, 1,...,n) defined in M, that is, E, is an orthonormal basis of the
tangent space at every point and consists of the vector Eg = T supplemented with n
spacelike unit vectors E; (j = 1, ..., n). Denoting by E“ the corresponding dual frame,
the Lorentzian metric takes the form

8 = Nap E*® EP s
where 14 is the Minkowski “metric”. This decomposition suggests to consider the
Riemannian version obtained by switching the minus sign in 799 = —1 into a plus sign,
that is,

g7 = 8up E* ® EP,

where dug is the Euclidian “metric”. Clearly, g7 is a positive definite metric; it is referred
to as the reference Riemannian metric associated with the frame E,.
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For every p € M, since T, is time-like, the restriction of the metric g, to the orthog-
onal complement {TI,}J- C TpM is positive definite, and the reference metric can be
computed as follows: if V.=aT,+ V' and W =b T, + W with V', W' € {T,,}J-, then

grp,(V,W)y=ab+g,(V,W).
In the following, we use the notation

(V.Wirp=gr,(V.W). |V[7,=gr,(V.V)

for vectors; the norm of tensors is defined and denoted similarly.

In contrast with the Lorentzian norm, the Riemannian norm |A|r , of a tensor A at
a point p € M vanishes if and only if the tensor vanishes at p. Moreover, as long as
T remains in a compact subset of the bundle of half-cones T* M, the norms associated
with different reference vectors are equivalent.

The reference Riemannian metric also allows one to define the functional norms
associated with Lebesgue or Sobolev spaces of tensors defined on M (as well as on
submanifolds of M). For instance, LZ(M, gr) can now be viewed as a Banach space. In
particular, we will use later the L2 norm of a tensor field A defined on M and restricted
to a hypersurface X:

IVAl2s 0y = /2 AR dVs. .

where dVy ¢, is the volume form induced on X by the reference Riemannian metric.
The functional norm above depends upon the choice of the vector field 7', but another
choice of T would give rise to an equivalent norm (provided 7 remains in a fixed com-
pact subset). Observe in passing that the volume forms associated with the metrics g and
gr coincide, so that the spacetime integrals of functions in (M, g) or (M, gr) coincide;
for instance, the volumes Volg (A) and Vol (A) of a set A C M coincide.

Finally, we observe that in order to define the reference inner-product gr at a single
point p, it suffices to prescribe a future-oriented time-like unit vector T at that point p
only; it is not necessary to prescribe a vector field. In the situation where the reference
metric need only be defined at the base point p, we refer to T as the reference vector
(rather than vector field) and we refer to (p, T) € T,"M as the observer at the point p.
This will be the standpoint adopted for our main result in Sect. 7 below.

Exponential map. On a complete Riemannian manifold the exponential map exp,, :
T,M — M at some point p € M is defined on the whole tangent space 7, M and is
smooth. For sufficiently small radius r the restriction of exp,, to the ball B,,(0,r) C
T, M (determined by the metric g, at the point p) is a diffeomorphism on its image.
The radius of injectivity at the point p is defined as the largest value r such that the
restriction exp p| Bq, (0.r) is a global diffeomorphism.

In the Lorentzian case, the exponential map is defined similarly but some care is
needed in defining the notion of radius of injectivity. First of all, if the manifold is
not geodesically complete (which is a rather generic situation, as illustrated by Penrose
and Hawking’s incompleteness theorems [13]), the map exp,, need not be defined on
the whole tangent space T, M but only on a neighborhood of the origin in 7), M. More
importantly, the Lorentzian norm of a non-zero vector may well vanish; consequently, the
radius of injectivity should not be defined directly from the Lorentzian metric g. The def-
inition given now depends on the prescribed Riemannian metric gr, , at the point p, only.
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Definition 2.1. The conjugate radius Conj, (M, p, T) of an observer (p,T) € T M is
the largest radius r such that the exponential map exp,, is a local diffeomorphism from
the Riemannian ball Br (0, r) = Bg, ,(0,r) C TpM to aneighborhood of p in the man-
ifold M. Similarly, the injectivity radius Inj, (M, p, T) of an observer (p, T) € M
is the largest radius r such that the exponential map is a global diffeomorphism in the
ball B (0, r).

When a vector field T is prescribed on the manifold (rather than a vector at the point
p), we use the notation Injg(M , p, T) instead of Injg(M , P, Tp). Note that the radii
Conj, (M, p,T) and Inj,(M, p, T) are essentially independent of the choice of the

reference vector, as long as it remains in a fixed compact subset of Tp+ M.

We will also need the notion of injectivity radius for null cones. Given a point p € M
and a reference vector T € T, M, we consider the past null cone at p,

N, ={XeT,M/g,(X,X)=0, g,(T, X) > 0},
which defines a subset of the tangent space at p. Denote by
BN(0,r) = Bé\;’p(o, r) := By, ,(0.r) NN,
the intersection of the Riemannian g7, ,-ball with radius r and the past null cone, and by

N7 (p) =033 (p)

the past null cone at p.
Consider now the restriction of exp, to the past null cone, denoted by

exp) : B (0.r) CN, — N~ (p) C M,
which we refer to as the null exponential map.

Definition 2.2. The (past) null conjugate radius Null Conj, (M, p, T) of an observer
(p,T) € T{"M is the largest radius r such that the null exponential map explly is a

local diffeomorphism from the punctured Riemannian ball BITV O,M\{0} C TyM to a
neighborhood of p in the past null cone. The null injectivity radius Null Inj, (M, p, T)
of an observer (p, T) € T;"M is defined similarly by requiring the map expljy to be a
global diffeomorphism.

3. Lorentzian Manifold Endowed with a Reference Vector Field

A first injectivity radius estimate. From now on, we fix a reference vector field 7 which
allows us to define the Riemannian metric g7 and compute the norms of tensors. We begin
with a set of assumptions encompassing a large class of foliated Lorentzian manifolds
with L° bounded curvature and we state our first injectivity estimate, in Theorem 3.1
below. The forthcoming sections will be devoted to further generalizations and variants
of this result.

We fix a point p € M and assume that a domain 2 C M containing p is foliated by
spacelike hypersurfaces X; with future-oriented time-like unit normal 7',

Q= U . (3.1
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A positive scalar n is defined by the relation % =nT,or

d 9
2._
"= g(at’ar)'

In the context of general relativity, n is the proper time of an observer moving orthogo-
nally to the hypersurfaces, and is called the lapse function. The geometry of the foliation
is determined by this function n together with the Lie derivative L7 g. The latter is noth-
ing but the second fundamental form, or extrinsic curvature, of the slices ¥; embedded
in the manifold M.

We always assume that the geodesic ball By, (p, 1) C Xg (determined by the induced
metric g|s,) is compactly contained in Xy. We introduce the following assumptions:

e ®o<n<ef g, (A1)
ILrglr < K1 in€, (A2)
[IRmg|7 < Kp in £, (A3)
Volg);, (B, (p, 1)) = vo, (A4)

where Ko, K1, K2 and v are positive constants. Observe that Assumption (A4) is a
condition on the initial slice only; together with the other assumptions it actually implies
a lower volume bound for every slice of the foliation.

We will prove:

Theorem 3.1. (Injectivity radius of foliated manifolds). Let M be a differentiable mani-
fold endowedwith a Lorentzian metric g satisfying the regularity assumptions (A1)—(A4)
at some point p and for some foliation (3.1). Then, there exists a positive constant iy
depending only upon the foliation bounds Ky, K1, the curvature bound K, the volume
bound vy, and the dimension of the manifold such that the injectivity radius at p satisfies

Inj, (M, p, T) = io.

The following section is devoted to the proof of this theorem. Observe that conditions
(A1)—(A4) are Ilocal about one point of the manifold and are stated in purely geomet-
ric terms, requiring no particular choice of coordinates. Of course, the conclusion of
Theorem 3.1 holds globally in M if the assumptions (A1)—(A4) hold at every point of
the manifold. Our assumptions do depend on the choice of the time-like vector field 7T,
but the dependence of the constants arising in (A1)—(A4) should not be essential in the
applications. It is conceivable that a quantitatively sharper estimate would be obtained
with a choice of an “almost Killing” field, that is, a field T corresponding to a “small”
Lie derivative L7g. Later in Sect. 7, a more general approach is presented in which the
vector field 7 is constructed from a single vector prescribed at the point p.

Basic estimates on the reference metric. To establish Theorem 3.1 it is convenient to
introduce coordinates on €2, chosen as follows. Fix arbitrarily some coordinates (xh)
on the initial slice ¥. Then, transport these coordinates to the whole of 2 along the
integral curves of the vector field T. This construction generates coordinates (x*) on
such that x* = ¢ and the vector 3/t is orthogonal to each vector 8/9x/ (1 < j < n),
so that the Lorentzian metric takes the form

g = -—n*di* +g;dx'dx’, (3.2)
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where n is the lapse function and g;; is the Riemannian metric induced on the slices %;.
The reference Riemannian metric in the domain €2 then takes the form

gr = n?dt® + 8gij dxidxj, 3.3)

and the Riemannian norm of a vector X equals g7 (X, X) := n? X°X° + X/ X .

We want to control the discrepancy between the reference Riemannian metric gr
and the original Lorentzian metric g, as measured in the connections V and Vg, and the
curvature tensors Rm and Rmy,.. Clearly, these estimates should involve the constants
arising in (A1)—(A4). Consider the general class of metrics

g = fdi* +g;dx'dxl, (3.4)

which allows us to recover both the Lorentzian ( f = —n?) and the Riemannian ( f = n?)
metrics.

In view of the general expressions of the Christoffel and Riemann curvature coeffi-
cients

~ 1 08sp 0850 08ap
r’, .=—gv° + — ,
o = 28 ( axe  9xB 9x8
~ .
R gy dTgs ST TN

aBs IxY 9xB an” Bs Bn* as’
Rapys = ZycRops:  Rap = Rayps8”,

we can compute explicitly the Christoffel symbols associated with the metric g,

Fo _ LAf w1 Af w13y
00 ’ 0i i’ 1y ’
2f ot 2f dx 2f ot
- 1 ,,0f ~ 1 4081 =
k kl k kl k k
T =—3¢"50 To=38" 50 Ti=Ty o)

as well as the (non-trivial) curvature terms
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4f \ ot Ot at ot
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By applying the formulas above to the metrics g and gr we can estimate the Chris-
toffel symbols, as follows. Recall that the difference Fgﬁ - Fz)g/r, «p Can be regarded as a
tensor field on M, so that the following (Riemannian) norm squared is a scalar field on

the manifold M:

Ver = VI3 = Tgp = T3 = T 5 T )T 4 —T% ) eT.au 8 47

Lemma 3.2. (Levi-Cevita connection of the reference metric). Suppose that g satisfies
Assumptions (A1)—(A2). Then, the covariant derivative of the Lorentzian and Riemann-
ian metrics are comparable, precisely at every point of 2,

|Ver — Vir =n? [Lrgl} < K] =: K;.

on
8 i
and % which precisely appear in the expression of the Lie derivative of g along the
vector field T (as follows by a direct computation from (3.2))

Proof. In view of (3.5) the difference Iy, — I" depends essentially upon the terms -

1 on 10g;;
Lrg)oo =0,  (£1g)oi = — 2. (Lrg)ij = — 2, (3.6)
n ox! n ot

We omit the details. O

Next, observe that the difference between the curvature tensors can not be similarly
estimated, and that this is one of the main difficulties to deal with in the present work.
For future reference we provide here the expressions of certain curvature coefficients
of g and g7 in terms of (first-order derivatives of) the lapse function n and the induced
metric gji:

Jar ot Jat 0t

1 ad 1 (0n dgj on 0g;j
Rojit = ( Vi glj) Vi (aglj))+% (W_Bt ~od 3 )

RinOZE(V,'Vj(nZ)— atzlj)+_ pq %8ip 98ja ij

Rijit = R%

1 (0gik 0gji  0gi1 08k
i+ 4o

45 Tor Tor Tomor ot oxaxi’
and

1 (0gix 081 08i1 98 jk
Rr.ijki = Rl,kl (_l —r -

Jt ot ot ot

1 9 0 1 on ngz on aglj
Rrojit = 5 (Vi (8 ) = Vi () )+ 5 (o 22
T,0jil 2( l(a g’./) ’(a gl~/>>+2n (8xl ot Bxl ot

1 1 . 08ip38jq 1 0ndgy on d
RT,inO—Z(VV( n?) — gl/)+_ pq 98ip g(/q+ ndgij ~9n dn

28 Tor Tor T 2mor or T oxiox

where Rﬁkl denotes the induced curvature tensor on the time slices ¥ = %;.
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4. Derivation of the First Injectivity Radius Estimate

In this section we provide a proof of Theorem 3.1.

Step 1. Radius of definition of the exponential map. First of all, the injectivity radius of
the Riemannian metric g|s, induced on the initial hypersurface %o = t~1(0) is cont-
roled as follows. In view of Assumptions (A3) and (A4), the Riemann curvature of the
metric g|s, is bounded and the volume of the unit geodesic ball Volg‘):o (Bs,(p, 1)) is
bounded below. Therefore, according to [9], there exists a constant i; = i1 (K>, vg) such
that the injectivity radius of g|s, at the point p is i at least:

Inj, . (2o, p) = i1.

Moreover, according to [15] we can also assume that i1 is sufficiently small so that,
given any ¢ > 0 there exist coordinates (x*) defined in a ball with definite size near
p, with x*(p) = 0, such that the metric g|s, is close to the n-dimensional Euclidian
metric gg/ = §;; (in these coordinates). More precisely, on the initial slice ¥y we have

e €8 < gij(0,x', ..., x") <ef 8, (x',....x") € Bp(0,iy),

where we have set Bg/(0,7) == {(x")*+...+ (x")? < r?} C R". The latter can be
regarded as a subset of X by identifying a point with its coordinates; we will also use
the notation B g/ (p, r) for this Euclidean ball.

We can next introduce some coordinates (x%) = (¢, x/) on the manifold, by propa-
gating the coordinates (x/) chosen on X along the integral curve of the vector field 7.
This construction allows us to cover the domain €2. From Assumption (A2) (together
with (A1) and (3.6)) we deduce that the induced metric on each slice of the foliation
is comparable with the n-dimensional Euclidean metric in some time interval [—i», i2],
that is,

(e™® = Kip)bij < gij(x) < (¢ + K i2) 8},
x=(t,x", ..., x") € [—ia, ia] X Bg(0,i}),

for some K > 0 depending only on Ky, K1, K>.

‘We then restrict attention to a smaller radius i» = i(Ko, K1, K7) < i1 chosen such
thate ¢ — K ip > 0,and we pick up ¢; > O sufficiently large sothate ™! < e ™ *—K iy <
e + K iy < el In turn, in view of Assumption (A1) on the lapse function n and of the
expression (3.3) of the reference Riemannian metric g7, the above inequalities imply
that g7 is comparable to the (n + 1)-dimensional Euclidean metric:

e @ Saﬁ = 8T o = e (Saﬂ, X = (t,xl, - ,x”) € [—ia, ip] x Bg/(0,i2)

for some constant ¢ > ¢1 depending upon ¢ and Kj.

Introducing on the manifold the (n + 1)-dimensional Euclidian metric E (which we
define in the constructed coordinates (x*) and is, of course, independent of the point on
the manifold) and introducing also the corresponding Euclidian metric ball Bg (p, i2),
we have established

e 2gp <grg <e?gp, q€Bp(p, ir). (4.1)

In the following we use the notation |X|g for the Euclidean norm of a vector X.
Our first task is to determine the radius of a ball on which the exponential map is well-
defined. This radius depends upon the reference vector field 7. Let y : [0, so] — M bea
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geodesic associated with the Lorentzian metric g and satisfying y (0) = p. Assume that
this geodesic is included in the Euclidean ball Bg(p, i») (in which we already control
the metric g7). Obviously, the Lorentzian norm

('), 7' (g = (' (0, ¥'(0)g, s €10,50],

is constant. On the other hand, to determine the length of y’(s) with respect to the
reference metric g7, we proceed as follows:

d
%W'(s), YT | = Ve (g7¢/ (), ¥ ()]
=2 [(Ver 07 6), ¥ ()7 |

=2 [{(Ver = Vi)y(s) 7' (). ¥/ ()|

<2V = Velr [V ()13

So, by Lemma 3.2, %|y/(s)|2T| <2K3 |y/(s)|3T, and, in consequence,

< K3.

i|y/<s)|—1
ds T

By integration of the above inequality and provided s is small enough so that 2s K3 |y’
(0)|7 < 1, we see that

1
3 ' Olr < [y ()lr <21y O)r. (4.2)

In view of (4.1) this implies

—c)

2

e

V' O)E <1y ($)Ee <22 |y (0)E. (4.3)

These inequalities hold for all s € [0, 1/(2K3 |y’ (0)|7)] as long as y (s) € Bg(p, i2).
In particular, by restricting attention to geodesics whose initial vector has unit Euclid-
ean length, |y’ (0)|g = 1, we see that y ([0, r2]) C Bg(p, i2) where ry := ire2/2.
Hence, for such curves the geodesic equation is well-defined, and this establishes that
the exponential map at the point p is well-defined on the ball Bg (0, ) with a range
included in the geodesic ball Bg(p, i2).

Step 2. Conjugate radius estimate. Our second task is to determine a ball on which
the exponential map is a local diffeomorphism and we, therefore, need to control the
length of Jacobi fields along a geodesic. Let y : [0, ] — M be a g-geodesic satisfying
y(0) = p and |y’ (0)|g = 1. By the discussion in Step 1 we already know that the curve
y liesin Bg(p, i) and that maxse[o.r,1 |y ()7 <2 €22 Given an arbitrary Jacobi field
along y, J = J(s), satisfying

J"(s) = —Rm(J (s), ¥"())y'(5),
JO)=0, |J'Or =1,

we need to control its Riemannian length F(s) := |J|7(s) (as stated in (4.7), below).
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Let [0, so] be the largest subinterval of [0, 72 /4] in which the inequality |J|r < 1
holds. Using the equation satisfied by the Jacobi field and taking into account the cur-
vature bound (A3), we deduce that, in the interval [0, sg],

d
(Y d, Vo d)r

ds =2 |(Ver,yVyrd. Vyd)r|

<2V — Vel Y17 IV 13+ 2 Ko [y 21T |7 IV, T |7

With (4.2) and the covariant derivative estimate in Lemma 3.2, we obtain

dIV J|
ds' 7 T

<4K;3|V, JIr +8 K>. (4.4)
Next, we integrate (4.4) over an arbitrary interval [0, s] C [0, so], use the initial
condition on the Jacobi field, and obtain

2K ! 2K
T+ =22 (1= 79 < V0|7 < 1+ 222 (@ ),
K3 K3

Assuming that r, is small enough so that 2K, (1—e~#K3%) /K3 > —1/2and 2K, (e*K35 —
1)/ K3 < 1, we infer that

< |V, J|r <2. 4.5)

N =

Hence, using this inequality and Lemma 3.2 we find that % [Jlr <2+2K3 < 1and
F(s) =1JIr(s) < 2+2K3)s < (2+2K3) . (4.6)

Further assuming that (2 + 2K3) r» < 1, we conclude that sg = 5.
Next, we want to improve the rough estimate (4.6). Since

d
%(V)//J’ J)T = (ng,y/Vy/Ja J)T + (Vgr,)/l‘la VV,J>T7

then by substituting the previous estimates of | /|7 (s) and |V, J|r(s) and performing
similar calculations as above, we get

d
e B < —(V, J, Ny < e
_dS< y )T <

for some constant c¢3 > 0. By integration this implies
e 3s < (VyJ, J)r <e%s

and, for some c4 > 0, we arrive at the following lower bound for the norm of the Jacobi
field:

[V, d, D)7 _ s

F(s) > >
[V Jlr 2

> e .
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On the other hand, using again the above estimates we have

d 1 )
EFS F((Vgr,y/‘lv J>T+K3F )
C4

< e (ec3 s+ K32 +2K3)? s2) < e
s

for some constant ¢s > 0, which now yields the upper bound
F(s) <e%s.
In summary, we have established that the norm of the Jacobi field is comparable with s:
e “s < F(s) <e%s, s € [0, r]. 4.7

By the definition of Jacobi fields these inequalities are equivalent to a uniform control
of the differential of the exponential map, that is, for s € [0, r2],

e~ [Wlr < |Dexp,, ) (W)lr < € |W]r.

By the inverse mapping theorem, Dexp, ;, () is a local diffeomorphism.
We also conclude that the pull back of the reference metric to the tangent space at p
satisfies

— *
e “grp < (exp,) gr <e“gr,

) (4.8)
in the ball Br(0,12) C T,M.

Since the conjugate radius of the Lorentzian metric is precisely defined from the reference
Riemannian metric, these inequalities show that the conjugate radius of the exponential
map is r, at least.

Step 3. Injectivity radius estimate. We are now in a position to establish that Inj, (M, p,T)
>r3 = e3¢ /4. We argue by contradiction and assume that y; : [0, s1] — M and
y2 1 [0, so0] — M are two distinct g-geodesics satisfying max(sy, s2) < r3 and

y10) =90)=p, [y Olr =Iy0)lr =1,
v1(s1) = y2(s2) =: q.

We will reach a contradiction and this will establish that the injectivity radius is greater
or equal to r3 (as can be checked by using the fact that the exponential map is at least a
local diffeomorphism).

By Step 1 (since r3 < rp < ip) we know that y|, y» C Be(p, 262”2r3). By concate-
nating these two curves, we construct a geodesic loop containing p,

y = J/2*1 U Y1 - [0, S1 +S2] N BE(p, 26202}’3),

which need not be smooth at p nor g. Since y is contained in the image of the ball
Br(p, r2) under the exponential map, we can define a homotopy of y with the origin
(x = 0), by setting (in the coordinates constructed earlier)

FE(S) = 8)’(5), (oS [05 1]
The curves I'; : [0, s1 +52] = Br(p, 2€2C2}’3) satisfy

[e(0) =Te(s1+52) =p, To([0, 1) =p, Tr=y.
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Moreover, we have |, (s)|g < £2e%¢2 < 2¢2¢2 and thus (in view of (4.1)) ITL(s)|r <
2¢3¢2 _In particular, the g7-lengths (computed with the reference metric) of the loops I’
are less than

L(Te. g7) < 2673 = %2

due to the choice made for r3.

Since the exponential map is a local diffeomorphism from the ball B7 (0, r2) C T,M
to the manifold, and in view of the estimate (4.8) on the exponential map, it follows that
all the loops I'y can be lifted to the ball By (0, r2) in the tangent space with the same
origin 0. Consequently, we obtain a continuous family of curves I'; : [0, s1+s2] — T, M
satisfying

F.(0)=0, ¢el0,1].

At this juncture we observe that, since FS (s1 + s2) (for ¢ € [0, 1]) all cover the same
point p and since the curve I'y is trivial and the family is continuous,

To(si+52) =0, ¢e€l0,1].

It remains to consider the lift of the original geodesic loop y: under the lifting the geo-
desics y1, y» are sent to two distinct line segments (with respect to the vector space
structure) originating at the origin 0 which obviously do not intersect. This is a contra-
diction and we conclude that, in fact, Inj g(M , P, T) > r3 as announced. This completes
the proof of Theorem 3.1.

5. Convex Functions and Convex Neighborhoods

We establish now the existence of convex functions and convex neighborhoods in M.
Let us recall first some basic definitions. A function u is said to be geodesically convex
if the composition of u with any geodesic is a convex function (of one variable). A set
Q' C Q" is said to be relatively geodesically convex in " if, given any points p, g € </
and any geodesic (segment) y from p to ¢ contained in ", one has y C Q'. A set Q' is
said to be geodesically convex in Q" if Q' is relatively geodesically convex in ” and,
in addition, for any p, g € €’ there exists a unique geodesic y connecting p and g and
lying in .

We denote by dr the distance function associated with the reference Riemannian
metric gr.

Theorem 5.1. (Existence of geodesically convex functions). Let (M, g) be a differen-
tiable (n + 1)-manifold endowed with a Lorentzian metric g, satisfying the regularity
assumptions (A1)—(A4) for some point p € M and some future-oriented, unit, time-like
vector field T, and let g1 be the associated Riemannian metric. Then, for any € € (0, 1)
there exists a positive constant ro depending only upon g, the foliation bounds Kg, K1,
the curvature bound K3, the volume bound vy, and the dimension of the manifold and
there exists a smooth function u defined on Bt (p, ro) such that

(1—e)dr(p,)* <u<+e)dr(p, )
Q-e)gr <Vu<Q+e)gr.
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Hence, the function u above is equivalent to the Riemannian distance function from
p and is geodesically convex for the Lorentzian metric. In the proof given below, the
function u is the Riemannian distance function associated with a new time-like vec-
tor field (denoted by N in the proof below). The following corollary is immediate and
provides us with a control of the radius of convexity, which generalizes the Whitehead
theorem from Riemannian geometry [22,6].

Corollary 5.2. (Existence of geodesically convex neighborhoods). Under the assump-
tions of Theorem 5.1, for any O < r < rq there exists a set 2, C Q2 which is geodesically
convex in By (p, 2ro) and satisfies

exp,(Br(0,r)) C €2, Cexp,(Br (0, (1+8)r)).
Moreover, one can choose 2, so that
Br(p,r) CQr CBr(p, (1+8)r)

also holds, where Bt (p, r) is the geodesic ball determined by the reference Riemannian
metric.

Proof of Theorem 5.1. Step 1. Synchronous coordinate system. Given ¢ > 0, by apply-
ing the injectivity radius estimate in Theorem 3.1 to all points near p, we can find a
constant ry depending on Ky, K1, K2, vy, &, n such that for any g € Br(p, 2rg) the
injectivity radius at g is 2rg at least, and we can assume that

e “grq < (expy)'gr <e‘gry,  Br(0,r0) C TyM, q € Br(p,2ro).

Let y = y(s) be the past time-like geodesic from p and satisfying y(0) = p and
y'(0) = —T), and consider the (past) point g := y (ro/2). The future null cone at g with
radius rp (the orientation being determined by the vector field T') is defined by

C,(ro) == {v € TyM [ Vlg,, <ro. IV, <0, (V. T) > o}.

Observe that the gr-length of y between p and g is approximatively ry/2 and that the
norm |y’|7 is almost 1, while |)/(q)|§q = land (—y’, T)g > 0.By the injectivity radius
estimate in Theorem 3.1 the exponential map at g is a diffeomorphism from C, (r¢) onto
its image which, moreover, contains the original point p.

Next, introduce the set of vectors that are “almost” parallel to T':
(V, Vg,

C,(ro, ) := [V eTyM /\Viry <ro, (V,T)g, >0, ————
q q / q gq (V, V)T,q

The notation c(¢) > 0 is used for constants that depend only on Ko, K1, K3, vg, n, €
and satisfy lim,_.¢ c(¢) = 0. We claim that there is constant c¢(g) > 0 such that

Br(p, c(e)ro) C exp,(Cy(ro, €)). (S.D

Actually, we have Br(p, c(e)ro) C Br(q, (% +c(€))rp), hence

1
Br(p, c(e)ro) C exp, (BT(O, G+ C(E))ro)) .
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Since the metrics g7, o and gr 4, are comparable (under the exponential map at ¢) we see
that geodesics o connecting g and points of B (p, c(e)rg) make an angle < c(¢) with
—y'(g) at the point ¢ (as measured by the metric g7 ). By reducing the constant c(¢)
if necessary, the claim is proved.

Let 7 be the Lorentzian distance from g: itis defined on exp,, (C, (r9)) and is a smooth
function on exp, (Cy(ro)) \ {p}. From (5.1) we deduce that 7 is smooth and satisfies

1 1
(5 — c(s)) ro<T< (5 +c(e)) ro in the ball B (p, c(e)ro). (5.2)
It is clear also that

IVrl3=-1. V1 (Vr,)=0.

‘We now introduce a new foliation based on this Lorentzian distance function. Let
(z’) be coordinates on the level set hypersurface t = t(p). By following the integral
curves of the (unit, time-like) vector field

N =Vt
construct coordinates (z%) in which zg := t and the Lorentzian metric takes the form
g=—Wd") +gijd'dz’.

Let gy be the reference Riemannian metric based on this (new) vector field N.
In view of Lemma 3.2 and the geodesic equation we see that all (future) g-geodesics
o satisfy the uniform bound

=< K3 ro.

d
'E log |o”(7)]

(Recall that we allow rg to depend upon ¢.) This inequality shows that the vector field N
makes an angle < c(¢) with T, everywhere on exp, (Cy(ro, €)). From this, we conclude
that the two metrics are comparable:

(1 —c(e)) gr = gn = (1+c(e)) gr inthe cone exp, (Cy(ro, €)).

Step 2. Hessian comparison theorem and curvature bound for the reference metric gy .
Since p € exp,(Cy(ro)), let o : [0,7(p)] — M be the future time-like geodesic
connecting g to p, and let J be the Jacobi field defined along o such that

J(0) =0, J((p) =V,

where V € T, M is given and satisfies the orthogonality condition (Vz, V) = 0. Then,
we have

~V2T(V. V) = (], Vyr J) = (], V2 J)

T(p)

=/ (V%J,Vaa J)g —Rm(c’, J, o', J) = 1(J, J).
O T T

Recall that, in the absence of conjugate points along the geodesic, Jacobi fields minimize

the index form 7 (V, V) among all vector fields with fixed boundary values. By applying

a standard comparison technique from Riemannian geometry on the orthogonal space
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(Vt)* (on which the Lorentzian metric induces a Riemaniann metric) we can control
the Hessian of 7 in terms of the curvature bound K5, as follows:

Kor(1+c(e))

| Ko(1+c(e))
tan /K> (1 +c(e))t &l

tanh /K> (1 + c(e))T & |(Vf)l '

= (—Vz"-’)|(vr)i =

. dgii . ..
Next, since —Vl.zjr = %%, we deduce from the above inequalities that

“2U < 20 i the cone exp, (C, (o). (5.3)

In view of the curvature expressions given at the end of Sect. 3, i.e. since the lapse
function is now constant

x ik J ]k

1 0 d
Rojii = 3 Vz(agij) - Vi(aglj) ,

_19%) + L pg 28ip 98jq
2 912 4 at ot

Riojo =

we conclude that

IA

C
=) on exp, (Cy(ro)). 5.4

9%gij
972

Finally, relying on the formulas for the curvature of the reference Riemannian metric
gnN, we obtain

C

IRm,, |y < = on exp, (C, (ro))- (5.5)

Observe that, as could have been expected, the upper bounds in (5.4) and (5.5) blow-up

as one approaches the point ¢ which is the base point in our definition of the distance.
In particular, (5.5) shows the desired curvature estimate near the point p:

IRmg, [y < Cro_2 on the ball By (p, c(e)ryp).

Step 3. Constructing geodesically convex functions. Since the metrics g7 and gy are
comparable, the volume ratio Volg,, (By (p, c(e)ro)) / r(’)Z+1 is uniformly bounded (above
and) below. Thanks to the theory for Riemannian metrics [9], the injectivity radius of

the metric gy is bounded from below by c(¢)rg. Let

u(x) == dgy (p, x)*

be the (square) of the distance function associated with the Riemannian metric gy,
which is a smooth function defined on the geodesic ball By (p, c(&)rg). By the standard
Hessian comparison theorem for Riemannian manifold we have

(2—8)gn,ap < Voy.aVen.ptt < (2+¢) 8N, on the ball By (p, c(e)rog).
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Next, in terms of the original Lorentzian metric g, the Hessian of the function u is

y y . ou
Vo Vg = VgyaVey pt + Uy op — Top) axe’

Since [I'g, —T'|y < C supli;g%| < C’ by the estimate (5.3) and since also |Vu|y <
2dg, on By(p, ro), we conclude that

2—e)gnap = VaVpu = 2+6)gn.ap in the ball By (p, c(&)rg).

This completes the proof of Theorem 5.1. O

6. Injectivity Radius of Null Cones

We now turn our attention to null cones within foliated Lorentzian manifolds. Our main
result (Theorem 6.1 below) provides a lower bound for the null injectivity radius under
the main assumption that the exponential map is defined in some ball and the null conju-
gate radius is already controled. Hence, contrary to the presentation in Sect. 3 our main
assumption (see (A3") below) is not directly stated as a curvature bound. However, under
additional assumptions, it is known that the conjugate radius estimate can be deduced
from an L.? curvature bound, so that our result is entirely relevant for the applications.

Indeed, in a series of fundamental papers [16—18], Klainerman and Rodnianski as-
sumed an L? curvature bound and estimated the null conjugate and injectivity radii for
Ricci-flat Lorentzian (3 + 1)-manifolds. Our result in the present section is a continu-
ation of the recent work [18] and covers a general class of Lorentzian manifolds with
arbitrary dimension, while our proof is local and geometric and so conceptually simple.

We use the terminology and notation introduced in Sect. 2. In particular, a point
p € M and a reference vector field T are given, and N " denotes the past null cone in
the tangent space at p. Recall from Sect. 2 that we defined the null exponential map
expg : B;V (0, r) = M over a subset of this cone,

BY(0,r) := Br(0,r) NN,

and we introduced the (past) null injectivity radius Null Inj, (M, p, T). We also set

BY (p.r) := exp)) (B (0,1)).

We consider a domain €2 C M containing the point p on a final slice X and foliated
as

Q= U S,  pe€ o 6.1)

We assume that there exist positive constants Ko, K1, K such that

e K <p<efo ing, (A1)
[Lrglr < K1 inQ, (A2)

the null conjugate radius at p is ro (at least) and the null exponential map satisfies

-K NY* K
e 2 8r,p |B§V(O,r0)§ (eXPp) (gr |B¥(0,r0)) <e’grp |B§V(O,ro) (A3)
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and, finally, there exists a coordinate system on the initial slice ¥_; such that the metric
g |s_, is comparable to the n-dimensional Euclidean metric gz in these coordinates:

e Koo <gls <efgp inBys_ | p(p,ro). (A4)

We refer to K» as the effective conjugate radius constant.

Theorem 6.1. (Injectivity radius of null cones). Let M be a differentiable (n + 1)-
manifold, endowed with a Lorentzian metric g satisfying the regularity assumptions
(A1), (A2), (A3"), and (A4) at some point p and for some foliation (6.1). Then, there
exists a positive constant iy depending only upon the foliation bounds K, K1, the null
conjugate radius ro, the effective conjugate radius constant K,, and the dimension n
such that the null injectivity radius of the metric g at p satisfies

Null Inj (M, p, T) = io.

It is interesting to compare the assumptions above with the ones made in Sect. 3.
Assumptions (A1) and (A2) are concerned with the property of the foliation and were
already required in Sect. 3.

Assumption (A3') should be viewed as a weaker version of the L> curvature condi-
tion (A3). Recall that, under the assumptions of Theorem 3.1 which included a curvature
bound, an analogue of (A3’) valid in the whole of Q was already established in (4.8). It
is expected that (A3') is still valid when the curvature in every spacelike slice is solely
bounded in some L™ space.

Indeed, at least when the spatial dimension is n = 3 and the manifold is Ricci-flat,
Assumption (A3') is a consequence of the following L? curvature bound (for some
constant K, > 0)

IRM 205 | or) < K3 (6.2)

as was established by Klainerman and Rodnianski [16,17].

Assumption (A4’) concerns the metric on the initial hypersurface and is only slightly
stronger than the volume bound (A4). Furthermore, according to Anderson [1] and
Petersen [21] the property (A4') is a consequence of the curvature bound (for m > n/2
and some constant K, > 0)

IRmy [ (s, 0r) < K, (6.3)
and a volume lower bound at every scale

r " VOlglzo (Bsy(p, 7)) = vo, r € (0, rol. (6.4)

Proof of Theorem 6.1. Step 1. Localization of the past null cone N~ (p) between two flat
null cones. Assumption (A3’) provides us with a bound on the null conjugate radius, we
need to control the injectivity radius. We proceed as in Sect. 4 and introduce coordinates
near the point p such that x*(p) = 0. Precisely, relying on Assumptions (A1), (A2),
and (A4'), we determine the coordinates x = (x) by setting x% = ¢ and transported
(via the gradient of the function #) spatial coordlnates (x/ ) initially given on X_;.
The Lorentzian metric reads ¢ = —n?dr? + gijdx' dx/ and satisfies for some
Co,C1 > 0,
1 2 1
o <n” < (o, C—15ij < gij < C1dij, (6.5)
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forall —rg < ¢ <0and (x1)2+...+ (x")% < (r9)2, and in these coordinates the refer-
ence Riemannian metric g7 is comparable to the (n + 1)-dimensional Euclidean metric
gE =dt* + (dxH? + ... (dx™)%:

1
— 8 <gr <Ci1gk. (6.6)
C

Denote by Bg(q, r) the Euclidean ball with center ¢ and radius r. Note that these
inequalities hold within a neighborhood of p in €2. The forthcoming bounds will hold
in a neighborhood of the past null cone, only. To simplify the notation, we set

1 1
co = —, Cl = C_l

In each time slice of parameter value = a we introduce the n-dimensional Euclidean
ball with radius b,

Gi={r=a @h ) <p?fon,

which is centered around the point p’ with coordinates (a, 0, - - - , 0). We also define
AL, Afc dp - in a similar way.

For any point ¢ ina slice ¥, satisfying —rg <y <0 andx!(g)%+ - -+x"(¢)? < c% tg
we consider the line (for the Euclidean metric) connecting g to p:

T 1 T »n
)/("-') = T, —X (C])’ e, —X (‘I) ) T € [t()a 0]
o o
This is a time-like curve for the Lorentzian metric g, since

x'(q) x/(q)
Y (@) = —n* +gij ——
o o

< —co+C <O,

which shows that
AL €I (p), 1 e (=ro,0).

On the other hand, we claim that the larger Euclidean cone A’<Cl I contains the null
cone, in other words

Alc i CONT(PUIT= (). 1€ (—c170,0).

Indeed, arguing by contradiction we suppose there exist a time 7o € (—cj o, 0) and a

point g € Agcl " connected to p by a causal curve y = y(s) with y(0) = p. After

reparametrizing (in time) the curve if necessary, we can assume that y (7) = (t, xI ()
for some #), < 7 < 0, as long as the point y(7) lies in the coordinate system under

consideration. For this part of the curve at least we have

dx' dx’

0> /2:_n2+ G
= Yl 8ij -

which by (6.5) implies that (’%I)2 +...+ (%)2 < C1 Cy. Therefore, after integration
we find

12
(x1(4)2+ e +xn(CI)2) (t)) < /Co C1 1 < /Coci 19 < ro.
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Hence, we can choose t(/) = fo, the whole curve lies in our coordinate system, and is
parametrized in the form y(t) = (7, x(7)), (tr € [0, 0]). Moreover, we have |x(f)| <
V' C1 Co |tg] < Cq |tg|, which contradicts our assumption g € ‘A>C o

In conclus1on we have localized the slices of the past null cone w1thm ‘annulus”
regions:

N (pNZ%Z C AECI 1t1.Chlt11° t € [—cyro,0].

Step 2. The past null cone N~ (p) can be viewed as a graph with bounded slope. We now

obtain a Lipschitz continuous parametrization of the null cone. For any fixedg € A _ ”:0
ciro

we consider the vertical curve passing through g:

Ye(0) = (1, x' (@), - ,x"(q)), T €l—cirg, 0]

By Step 1 we know that there exists 7, such that y,(t;) € N~ (p). Moreover, 7, is
unique since N~ (p) is achronal, and this defines a map

c1ro
F: A<c 210 — N7 (p)
such that F'(q) = y,(t,). It is obvious F(—c1rp, 0) = p.
We claim that the map F is Lipschitz continuous with Lipschitz constant less than
C1, as computed with the Euclidean metric £. Namely, by contradiction, suppose that
|F(q1) — F(@2)|e > Cilq1 — g2l for some g1, ¢ € A_S,”°, then by (6.6) in Step 1,

<c2ry’
F (g1) would be chronologically related to F(g2) and this Would contradict the fact that
N~ (p) is achronal. Moreover, from Step 1 it follows that

FLAZA) 5 N7 (p) N BE(p. ciro).

Step 3. Constructing a homotopy of curves on the null cone. Suppose that y|, y» are two
(past) null geodesics from p satisfying

y1(0) =»200),  [¥{O)r =|y0)|r =1,
r1(s1) = y2(s2).

We claim that max(sy, s3) > c?ro, which will establish the desired injectivity bound by
6

setting ig = cro.

We argue by contradiction and assume that max(si, s2) < c]6r0. Taking into account
Assumption (A2) and applying exactly the same arguments as in Step 1 of Sect. 4 we
see that the gr-lengths of the curves yy, y» satisfy

CCys; < C?+3/4 7o (] — 1’2)

By Step 1 of the present proof we know that the Euclidean lengths of y, y» satisfy

L(yj,gr) <sje
5+1 .
L(J/,,gE)<c+/ ro (=12).

In particular, y1, Y2 € N~ (p) N Be(p, cf ro) and we can thus concatenate the curve
¥1, ¥2 and obtain

Y=y "Uyi 110,51 +52] = N™(p) N Be(p, ciro).
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Since F (A:zi:ﬁ) D N7(p) N Be(p, cjro), there exists a smooth family of curves
—"1

og : [0, 51 +s2] = N7 (p) such that

oL =Y, 00=0Pp,
0:(0) = 0s(s1+s52) =p, e€][0,1].

Specifically, we choose

0:(s) = F(eF 'y (s)),

where the multiplication by ¢ is defined by relying on the linear structure of A;Z;:ﬁ ~
1

Brn (0, clzro). Equivalently, by setting xi(s) = xt (y (s)) we have the explicit formula

os(s) = F (—c1r0, ex!(s), - - ,sx"(s)) .
It is clear that the Euclidean and gr-lengths of o, satisfy

’

L(os, gg) <e(1+Cy)L(y, gg) < C411+]/8 o

3+5/8
L(oe, gr) < ;" ro.

By Assumption (A3’) on the null conjugate radius, we can lift to the null cone of
the tangent space T), M the continuous family of loops o,, and we obtain a continuous
family of curves &, defined on the interval [0, 51 + s7] and such that

5:(0) =0, L(5.,gr.p) < Cjro.

Observe that the property L (0, g7, p) = c% ro =< ro guarantees the existence of this
continuous lift. By continuity, all of the curves o, are loops containing 0. As observed
earlier (in the proof for the case of bounded curvature), o7 consists of two distinct seg-
ments which, clearly, can not form a closed loop. We have reached a contradiction and
the proof of Theorem 6.1 is completed. O

7. Injectivity Radius of an Observer in a Lorentzian Manifold

Main result. We are now in a position to discuss and prove Theorem 1.1 stated in the
introduction. As we have seen in the proof given in the previous section, once the injectiv-
ity radius is controled, one can construct a foliation satisfying certain “good” properties.
On the other hand, the concept of injectivity radius is clearly independent of any pre-
scribed foliation. As this is more natural, we will now present a general result which
avoids assuming a priori the existence of a foliation. This will be achieved by relying
on purely geometric and intrinsic quantities and constructing coordinates adapted to the
geometry. Such a result is conceptually very important in the applications. The result
and proof in this section should be viewed as a Lorentzian generalization of Cheeger,
Gromoyv, and Taylor’s technique [9], originally developed for Riemannian manifolds.
Let (M, g) be a differentiable (n + 1)-manifold endowed with a Lorentzian metric
g, and consider a point p € M and a vector T € T, M with g,(T, T) = —1. That is,
we now fix a single observer located at the point p. As explained in Sect. 2 the vector
T induces an inner product g7 = (, )7 on the tangent space 7, M. We assume that
the exponential map exp, is defined in some ball Bz (0, r) C T, M determined by this
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inner product, which is of course always true in a sufficiently small ball. Controling the
geometry at the point p precisely amounts to estimating the size of this radius r where
the exponential map is defined and has some good property. We restrict attention to the
geodesic ball By (p, r) := exp,(Br (0, r)); recall that these sets depend upon the vector
T given at p.

As explained in the introduction, by g-parallel translating the vector T at p along a
geodesic y from p, we can get a future-oriented unit time-like vector field 7), defined
along this geodesic. To this vector field and the Lorentzian metric g we can associate a
reference Riemannian metric g7, along the geodesic. In turn, this allows us to compute
the norm [Rmy |7, of the Riemann tensor along the geodesic.

Of course, whenever two such geodesics y, ¥’ meet away from p, the corresponding
vectors T), and T, are generally distinct. If we consider the family of all such geodesics
we therefore obtain a (generally) multi-valued vector field defined in the geodesic ball
Br(p, r). We use the same letter T' to denote this vector field. In turn, we can compute
the Riemann curvature norm |[Rmyg |7 by taking into account every value of T'.

The key objective of the present section is the study of the geometry of the local
covering map exp,, : Br(0,r) — Br(p,r) by comparing the Lorentzian metric g
defined on the manifold M with the reference Riemannian metrics g7. As we will see in
the proof below, it will be convenient to pull the metric “upstairs” on the tangent space
at p, using the exponential map. This will be possible once we will have estimated the
conjugate radius (in Step 1 of the proof below) and will know that the exponential map
is non-degenerate on B7 (0, r). By pulling back the Lorentzian metric g on M by the
exponential map we get a Lorentzian metric g = exp; g defined in the tangent space,
on the ball Br (0, r). We use the same letter g to denote this metric. The geometry in the
tangent space is particularly simple, since the g-geodesics on M passing through p are
radial straightlines in B (0, r).

Note that another (equivalent) standpoint could be adopted here by restricting attention
to the domain within the cut-locus from the point p, and by imposing the curvature
assumption within the cut-locus only. We now prove our main result stated in
Theorem 1.1.

Proof of Theorem 1.1. After scaling we may assume that 7 = 1, and so we need to show
Inj, (M, p, T) = c(n) Volg(Br (p, c(n))). (7.1)

Step 1. Estimates for the metric gt and its covariant derivative. Let Eg = T, Ey, -- - , E,
be an orthonormal frame in 7, M for the Lorentzian inner product g ,, where E ; are space-
like vectors. By g-parallel transporting this basis along a radial geodesic y = y(r),
satisfying (0) = 0, |y'(0)|]7 = 1, we get an orthonormal frame defined along the
geodesic. We use the same letters E,, to denote these vector fields. Since

d
Z(Eota Eﬁ>g = 0,

we infer that | E; |2T = |E; |§ = 1 along the geodesic. The same argument also implies

' 07 =1y (07 =1, (1.2)

and y/(r) = ¢® Eq(r) with constant (in ) scalars ¢® and > [c*|? = |y’ (0)|7 = 1. We
used here that, by definition, y’ is g-parallel transported along y .
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Let V = a“(r) E,(r) be a Jacobi field along a radial geodesic y = y(r), with
V(0) = 0 and |V/(0)|7 = 1. Then, the Jacobi equation takes the form

al(r) = —(Eq, R(Eg, E;) Es) cPc® a” (r),

and since, by our curvature assumption (1.6),

23 (o) < (Tt ved) 223 ().

we obtain |V/(r)|7 < e and thus |V (r)|r < (¢" — 1).

By substituting this result into the above formulas, the estimate can be improved
again. Indeed, by computing and estimating the second-order derivative ;—r >y dbdo a8
we did for the Jacobi field estimate of Sect. 4, we can check that

1/2
r—Cm)r’ < (z Iaa(r)lz) < (¢" — 1) along the geodesic,

where C (n) depends only on the dimension.

Denote by go and gr,o the Lorentzian and the Riemannian metrics at the origin 0
(which are nothing but the metrics at the point p), and let y°, ..., y" be Cartesian coor-
dinates on Br (0, 1), with ( By 6v/3 )g0(0) = nap (Where nyp is the Minkowski metric).
Assuming that the radius under consideration is sufficiently small so that (1-C(n) |y]) <
1, we conclude from the Jacobi field estimate that the exponential map is non-degenerate
and that the inner products along the geodesic are comparable. In turn, since this is true
for every radial geodesic, we can define the pull back of the metric to the tangent space
and the conclusion holds in the whole ball B7 (0, 1), that is,

A—=CmlyDgro=gry=U+C)Iyhgro. vy < BrO1). (7.3)

We next try to compare the covariant derivative operators. By construction of the
metric g7 we have Vg, —V = VT % T (schematically) with VT'(0) = 0, and so we
need to control VT. We write the radial vector field as

9 y* 2 a2
e => P

with |22 = 1 (as stated already in (7.2)). Using that |[VT |3 = Vo T¥ VT g7 ¢, giﬁ
and computing the derivative of |VT|2T along any radial geodesic, we find

d
d—|VT|2T <Cm) VT3 +2 (V4 VT, VT)r.
r r

By using that
a 0 1 0 y* 0
VaT=0, |— —|=-2-21312
ar or ayOt r aya r2 or
we obtain
1 9
VoV TV =—=V 5 TV +R(— —)TV
ar ay* r e
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and, therefore, thanks to the curvature assumption we find
d 2 2 2 3
E|VT|T < —;|VT|T +C(n) VT3 +C(n) IVT|r.

This implies a uniform bound for the covariant derivative of 7'

IVTIr(y) = C)[yl, |yl =1/C(n), (7.4)

which also provides a bound for the difference Vg, — V.

Step 2. Estimate of the injectivity radius of g on Br (0, c(n)). Since the curvature on
B7(0, 1) is bounded and |V, — V|2T < C(n) = 1/c(n) on the ball Br (0, c(n)) we can
follow the argument in Sect. 4 and obtain a uniform lower bound the conjugate radius
at any point of the ball B7 (0, 3c(n)/4).

Next, given any point y € Br (0, c(n)/2), let y; and y» be two geodesics which meet
at their end points and have “short” length with respect to the metric g7 (or, equivalently,
g71.,0)- By using the linear structure on Br (0, 1) (as a subset of the vector space T), M)
we can construct a homotopy of the loop y; U 7/2_1 to the origin, such that each curve
has also “short” length for the metric gr. By lifting the homotopy to the tangent space
TyB7 (0, 1) and by relying on the conjugate radius bound, we reach a contradiction as
was done in Sect. 4.

In summary, there exists a universal constant C(n) = 1/c(n) (depending only on
the manifold dimension) such that the injectivity radius at each point y of B7 (0, c¢(n))
is bounded from below by 4c(n). Moreover, using again a Jacobi field estimate we can
check that the ball B7 (0, c(n)) C T, M defined by the Euclidean metric g7, is cov-
ered by exp,,(Br,y (0, 3¢(n))), where Br,y (0, 3c(n)) C TyT,M is a ball of radius 3c¢(n)
defined by metric g7,, and, moreover, any two points in Bt ,(0, c¢(n)) can be connected
by a g-geodesic totally contained in B, , (0, 2¢(n)). Further arguments are now required
to arrive at the desired bound (7.1).

Step 3. New Riemannian metric gy induced on Br (0, 2c(n)). Consider a geodesic y
satisfying y (0) = 0 and y’(0) = —T, and define

v(em)/2) =1q.  T:=dg(.q) —dg(q.0).

Then, by following exactly the same arguments as in the main proof of Sect. 5, we
construct a normal coordinate system (of definite size) such that

g= —d12+g,-j dx'dx/, gN =d12+g,-jdxidxj,
and the Riemannian metric satisfies the following properties:

i) I—-cm)gn <gr <A+cm))gn,
(i) gy has bounded curvature (< C(n)) (see (5.4)), and
(iii) for any fixed yo € Br (0, c(n)) the distance function dg, (yo, )? is strictly g-con-
vex on the ball B (0, 2¢(n)) and, more precisely, for any yg € B7 (0, c(n)),

Q+c(n) gy = VedE(yo.) = 2 —c(n) gy on Br(0, 2c(n)).

Recall that the Hessian of the distance function (defined by the Riemannian metric gy ) is
computed with the covariant derivative operator associated with the Lorentzian metric.
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Step 4. Suppose that pp, - - - , py are distinct pre-images of p in the ball Br (0, c¢(n)).
We claim that any p’ € Br(p, c(n)) has at least N distinct pre-images in By (0, 1), and
refer to this property as a “lower semi-continuity” property.

Generalizing the terminology in [9], we use the notation a ( ~ " b when two curves

8T.,0»

a, b defined on M and with the same endpoints are homotopic through a family of curves
whose lift have g7 o-lengths < A. Relying on the lift and the linear structure, we see that,
for any curve & starting from p with (after lifting through 0) g7 o-length A < 1, there
exists a unique g-geodesic yg (with the same end points as &) defined on M such that

& ( ~ " ve. This fact establishes a one-to-one correspondence between the following
87,0,

three concepts:

(i) equivalence class of curves through p with g7 ¢-lengths < 3c(n),
(i1) radial geodesic segments of gr o-lengths < 3c(n), and
(iii) points in the ball Bz (0, 3c(n)) C T, M.

Let o be a g-geodesic connecting p to p” in Br(p, c(n)). Observe that the images
of the lines Op; by the exponential map, o; = exp,(Op;), are distinct geodesic loops
through p. Denote by &; the lift of o; U o through 0, and denote by p; the end point
of &;. Then, it is clear that all the points p. (i = 1,---, N) are the pre-images of p’ in
B7(0, 1/2). We claim that they are distinct.

Indeed, assuming that p; = p’, forsome i # j, we would findo Uo; ~ o Uoj,
/ £7,0,2¢(n)
which gives

o ~ O'_1UUUO',' ~ o 'UoUcs ~  0j.
87,0,3¢(n) 81,0,3¢(n) 87,0.3¢(n)

This would imply o; '\3/ ( )a ; and, therefore, p; = p;, which is a contradiction. In
gr.0,3¢(n

short, this argument shows that the “cancellation law” holds for the homotopy class of
“not too long” curves.

Step 5. Suppose that there exist two distinct g-geodesics y; : [0,11] — M and y; :
[0, [5] — M satisfying

N0 =m0 =p, YOG =IpO3F=1,

and meeting at their endpoints, that is, y1(l1) = y2(l2). Then, let [ := [} + [, and
y = y[] Uy : [0,1] = M. Our aim is to prove that

[ = ¢(n) Volg (Br(p, c(n))) .

which will give us the desired injectivity radius.

From the loop y we define a map ), : Br (0, c(n)) — Br(0, 2c(n)) as follows: for
any y € Br (0, c(n)), the point 77, (y) is the end point of the lift exp, (Oy)Uy (through
the origin). If one would have 7, (y) = y then by the cancellation law established in
Step 4, we would have y o o;c(n) 0, which is a contradiction. So, the map 7, has no
fixed point.

Without loss of generality, we assume that [ < c(n)’. Let N = [c¢(n)?/1] be the
largest integer less than ¢(n)? /1, and let us use the notation 2y = y o y, etc.

Claim. The classes [y], [2y], - -+, [Ny] are distinct homotopy classes for the relation

~

gr,0.¢(n)?
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If this were not true, then by the cancellation law we would have [jy] ~ , 0
8r,0,¢(n)

for some 1 < j < N. We already know that all n]’; is defined from B7 (0, ¢(n)?) to
B71(0, c(n)) fori < j. Since for any y € Br(0, c(n)?) we have

Oy)Ujy ~ 0y),
exp,(0y) JVgTVo,C(n)epr( y)

which implies that n}{ = id. We use here the notation 72 := 7, o 7, etc.
Then, we define a function u : Br (0, c(n)) — R by

u(y) =d30, y) +dz(0, 7, y) +- - +d0, 7] y).

Since 71){ =1id, itis easy to see u(m,y) = u(y) forany y € By (0, c(n)). That is to say,
u is y-invariant. By Step 3, u is strictly g-geodesically convex on B7 (0, c(n)). More
precisely, since for any g-geodesic & : [0, so] — Br (0, c(n)), nf,é are still g-geodesics
in B7 (0, ¢c(n)), and

2

d
224 E6)

= V2220, )(§'(5), §'(5) + ...+ V2RO, ) (dm) ™", (€@, dmf, € 6D)
> g(E(s),&'(s)) > 0.
Observe that

)

2[ 3 2 . 2
U 18y 0.y > J (1 — c(m)? (c(n)— Cl(”)) > C;”)

and

; 2

w(® = j G0 = jemy® < L

so the minimum of function u over Br (0, c(n)) is only achieved at an interior point,
say yo € Br(0,c(n)). Then by m,, invariance of u, we have u(m,yo) = u(yo) <
J c(n)? /2, and this implies 7, (yo) € Br (0, ¢(n)). By the injectivity radius estimate at
yo € (TpM, g), there exists a g-geodesic connecting yo to 7, (yo), which is contained
in Bt ,(0,2c(n)). By using the strong g-geodesic convexity of u, we conclude that
7y yo = Yo. This contradicts the fact that 77, has no fixed point, and the claim is proved.

Step 6. The pull back of the volume element of g is the same as the one of g7. By
combining this observation with our results in Steps 4 and 5 we find
c(n)3

Vol (B7(0, 1)) = ]

Vol, (Br(p, c(n))),
which implies

Vol (Br(p, c(n)))
Vol,, (Br (0, 1))

['=c(n) = c(n) Volg(Br(p, c(n)))

and completes the proof of Theorem 1.1. O



B.-L. Chen, P. G. LeFloch

8. Volume Comparison for Future or Past Cones

In Riemannian geometry, Bishop-Gromov’s volume comparison theorem assumes a
lower bound on the Ricci curvature and compares the volume of small and large balls
in a sharp and qualitative manner. Our aim in this section is to provide an extension to
cones in a Lorentzian manifold, and to use this result to refine our main injectivity radius
estimate. For definiteness we state the result for future cones.

Theorem 8.1. (Volume comparison theorem for cones). Let (M, g) be a globally hyper-
bolic, Lorentzian (n + 1)-manifold. Fix p € M and a vector T € TyM with g,(T,T) =
—1, and suppose that the exponential map exp , is defined on the ball By (0, ro) C TyM

(determined by the reference inner product gt at p). Suppose also that the Ricci curva-
ture on Bt (p, ro) satisfies for some K the inequality

Ric,(V, V) = —n K |g(V, V)| for all time-like vector fields V .

Then, by setting FC(p,r) := exp,(FC(p,r)) and
FC(p,r) := [o <81, (V.V) <12, gp(V. V) <0, gp(T. V) < o} ,

forany 0 <r < s < rg the following inequality holds

Voly (FC(p, 1)) _ Volx (Bx (1))
Vo, (FC(p, 5))) ~ Volg (Bk(s)))’

where VolK(EK (r)) is the volume of the ball EK (r) C 1\71( in the simply-connected
Lorentzian (n + 1)-manifold (M, gk ) with constant curvature K (that is, with curva-

ture tensor Rx opys = —K (8K, ay 8K.5 — §K.a8 8K,By))-

For the proof of this result we return to the technique in Step 2 of Sect. 5, where we
introduced the index form associated with a synchronous coordinate system based on
time-like geodesics. By observing that the index form is symmetric and that Jacobi fields
“minimize” the index form, we can extend the method of proof of the index comparison
theorem. However, in a general Lorentzian manifold, since the index form we needed
(without imposing a restriction on the geodesics) is non-symmetric, we need to adapt
the method of the index comparison theorem.

More generally, the same proof allows to establish that, if X is a subset of the unit
sphere S” such that g(V, V) < Oand g(T, V) < 0 forall V € %, then by setting with
FCx(p,r):= exp,(FCx(p,r)) and

FCxs(p,r):={V e FC(p,r)/ ext,

|V|3T

the following inequality holds

Vol (FCx(p.r) _ Volg (Bx (1)
Vol (FCx(p,5))) ~ Vol (Bk(5)))

From Theorem 8.1 it follows:
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Corollary 8.2. (Injectivity radius based on the volume of a future cone). Let M be a
manifold satisfying the assumptions in Theorem 1.1 and assumed to be globally hyper-
bolic, and let T € T, M be a reference vector. Let ¥ be a subset in the unit sphere S"
included in the future cone N;. IfVol, (FCx(p, 7)) = vo > 0, then the inequality

Inj, (M, p, T
.]g( )4 )ZC(E) Vo

r pntl

holds, where FCx(p,r) := exp, (FC,(r)) with

1%
FCy(r) = {0 <|Vir <r, (T,V)r <0, |V|§ <0, W €EXy,
T
and the constant c(X) depends only on the distance (measured by T ) of X to the null
cone.

Proof of Theorem 8.1. Given a future-oriented time-like geodesic y : [0, so] — M sat-
isfying y (0) = p and |y’(0)|,, = —1, let us compute the rate of change of the volume
element along y. For simplicity in the derivation, we fix s; € (0, so) sufficiently small
so that every point in the interval (0, s1] is neither a conjugate point nor a cut point with
respect to the base point p. Let vg = y'(s1), v1, v2, - - - , U, be an arbitrary orthonormal
basis prescribed at the final point y (s1) (with respect to the Lorentzian metric gy (s))-
Let J, be the Jacobi field defined on the interval [0, s1] and satisfying the two conditions
Jy(0) = 0and Jy(s1) = v, at the point y (s1).

Clearly, the vector fields Jy coincides (up to rescaling) with the tangent vector along
the geodesic:

s /!
Jo(s) = 57 (5),

while the vectors J; and V,,/J; are orthogonal to the geodesic. Recall that the Jacobian of
the exponential map ¢ (s) := Jac(Dexp,, () along the geodesic is given by the formula

(o T ONNO A A Jn($)lg
T IO AT O A O

We will use also below the function g (s) defines as the corresponding quantity in the
simply connected Lorentzian (n + 1)-manifold with constant curvature —K .
Along the geodesic we can consider the index form

S
I,(X,Y) ::/ ((V,/ X, V,Y), —Rmg(y', X, v, Y)) ds,
0

where X, Y are arbitrary vector fieldsand Rmg (', X, y', Y) := —(Rmg(y', X)y', Y),.
Observe that the index form is symmetric in its arguments X, ¥; moreover, using the
fact that J; and V,+ J; are orthogonal to the geodesic we can express the derivative of the
Jacobian of the exponential map in terms of the index form evaluated on Jacobi fields,
as follows:

d / 5
ds (long) (s1) = Z(J,- (51), Ji(s1))g — f

1
2n
= lel(fi, Ji) — —.
i 51
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Recall also that since, by assumption, there are no conjugate points along y, the Jacobi
field minimizes the index form among all vector fields with fixed boundary values. This
is the same property as in Riemannian geometry, which follows from the fact that a
time-like geodesic without conjugate points has a locally maximizing length among all
nearby time-like curves with the same end points.

Finally, let E;(s) be the vector field obtained by parallel transporting v; (prescribed
at the end-point y (s1)) along y. Setting

for which we already know that I, (J;, J;) < Iy, (J~,~, J~, ), we can compute that

d 51 (sinh )2
ds (log 7 )(SI) - Z/ (sinh s1)? (Rmg (v', Ei, v/, Ei) = K) ds

S h 2
= —/ M (Ricg(y’, ) —nK) ds,
0

8.1)

(sinh s1)2

which is non-positive. Hence, the function ¢(s)/@k (s) is non-increasing.

To conclude we need an observation due to Gromov in the Riemannian setting, which
we now extend to globally hyperbolic Lorentzian manifolds. Let A be the star-shaped
domain (with respect to 0) in T, M, such that exp 'K A N Br(0, rg) is a diffeomor-
phism on its image and the image of dA N By (0, rp) is the cut locus (in Br(p, ro)).
Let x4 be the characteristic function of the set A. Since ¢/@x is non-increasing, we see
that x4¢/@x is also non-increasing. Hence, we have two functions defined on the ball
Bt (0, rp), whose quotient is non-increasing along any radial geodesics.

Since, by assumption, the manifold M is globally hyperbolic, any point in the set
FC(p, ro) can be connected to p by a maximizing time-like geodesic. This implies that
the integration of the function x4¢ over the ball B7 (0, s) coincides with the volume
Vol (Br(p, s)) of the geodesic ball. In conclusion, by integrating x 4¢ and gg over the
ball B7 (0, s) and after a simple calculation we obtain that Vol (FC (p, 5))/Volg (E k(5))
is non-increasing in s. The proof of the theorem is completed. O

Proof of Corollary 8.2. Observe that there is a constant C (%) depending only on the
distance of T to the null cone such that Ric(y’, y") > —C(Z) g(y’, ') for any time-
like geodesic y satisfying y'(0) € X. From the volume comparison theorem for future
cones (Theorem 8.1) we deduce

Vol, (FCx(p, c(n)r))
Vol, (FCx(p, 1))

= C(2),

and, by combining this result with Theorem 1.1, the corollary follows. O

9. Final Remarks

Regularity of Lorentzian metrics. Following the strategy proposed in the present paper,
we can also transfer to the Lorentzian metric the regularity available on any reference
Riemannian metric. Clearly, the regularity obtained in this manner depends on the choice
of the reference metric. The interest of the approach we now describe is to provide a
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simple proof of a regularity result: we use harmonic-like coordinates for the Riemannian
metric that we constructed in the proof of our main theorem and we see immediately that
the Lorentzian metric has uniformly bounded first-order derivatives. For a discussion of
the optimal regularity achievable with Lorentzian metrics we refer to Anderson [3].

Proposition 9.1. (Regularity in harmonic-like coordinates). Under the assumptions and
notation of Theorem 1.1, define

Volg (Br(p, c(n)r))

i+l

r1 :=c(n)

r,

where c(n) is the constant determined therein. Then, for any ¢ > 0 there exist a constant
ci1(n, &) with limg_,oc1(n, &) = 0 and a coordinate system (x%) satisfying x*(p) =0
and defined for all (x0)2+ ()cl)2 + ()c”)2 < (1— 8)2 ry, such that in the L* sup-norm

|8ap — Mapl + 711080l < c1(n, &), 9.1
where nqp is the Minkowski metric in these coordinates.

Proof. By scaling we may assume r; = 1. By Step 1 in the proof of Theorem 1.1, we
know that the Riemannian metric g7 is equivalent to the Riemannian metric g7, , on the
ball B7 (0, 4c1(n)) for some c{(n) > 0. By considering a lift and using again the results
in Step 1 this implies

Br(p,c1(n) C Br(g,3c1(n) g € Br(p,ci(n)).

Applying the same argument as in Theorem 1.1, we deduce that the injectivity radius
of any point in Br(p, c¢1(n)) is bounded from below by ci(n). As in Step 3 in the
proof of Theorem 1.1 (or in Step 2 of Sect. 5), we see that there exists a synchro-
nous coordinate system (y%) = (t, yf ) of definite size around p such that the metrics
g = —dt? +gijdy' dy’ and gy = dt? +gijdy' ' dy/ (the Riemannian metric constructed
therein) satisfy the following properties on the geodesic ball B7(p, c1(n)):

(@ (I—cm)gn <gr < +c1(n)gn,
() gwn has bounded curvature (< 1/c1(n)),
© e+ +IViely < 1/e1(m).

(In particular, this implies |V, gly < 1/c1(n).) Since the volume Vol (B7(p, c1(n)))
is bounded from below, it follows from [9] that the injectivity radius of g at p is bounded
from below by cj (n). By the theorem in [15] on the existence of harmonic coordinates,
for any small ¢ > 0 there exists a harmonic coordinate system (x*) with respect to the
Riemannian metric gy such that 3, Ix*|> < (1 —¢&)?> and forevery 0 < y < 1,

lgn,ap — Sapl < c1(n,e),  |ogn|l <1/c1(n),  |9gnlcy < 1/c(n, e, p).

In the construction of harmonic coordinates, we may also assume that |3i — ai ler, <
Y0 T!8T.p
ci(n,e).

Since [Vgyglny < 1/c1(n) and that, in these coordinates, |V, | < 1/c1(n), we have
|[dg| < 1/c1(n). Finally, to estimate the metric we write |gog — Naglp < c1(n, €) and
l[dg|l < 1/c1(n) and we conclude that [gug — Negl < ﬁe + cq(n, €). The proof is
completed. O
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Pseudo-Riemannian manifolds. Finally, we would like to discuss the more general sit-
uation of pseudo-Riemannian manifolds (M, g) (also referred to as semi-Riemannian
manifolds). Consider a differentiable manifold M endowed with a symmetric, non-
degenerate covariant 2-tensor g. We assume that the signature of g is (n1, n), that is,
n1 negative signs and n, positive signs. Riemannian and Lorentzian manifolds are obvi-
ously special cases of pseudo-Riemannian manifolds. Fix p € M and an orthonormal
family T consisting of ny vectors Ey, E3, --- , E,; € TyM suchthat (E;, E;); = —§;;.
Based on this family, we can define a reference inner product gr on 7, M by generaliz-
ing our construction in the Lorentzian case, and by using this inner product we can then
define the ball Br(0,s) C T, M. By parallel translating E1, E3, - -- , Ej,, along radial
geodesics from the origin in T), M, we obtain vector fields £, E2, - - - , Ej, defined in
the tangent space (or multi-valued vector fields on the manifold). This also induces a
(multi-valued) Riemannian metric g7 as was explained before.

The following corollary immediately follows by repeating the proof of Theorem 1.1.
We note that the curvature covariant derivative bound imposed below is in fact superflu-
ous and could be removed by introducing a foliation based on certain synchronous-type
coordinates, as we did in Sect. 5 for Lorentzian manifolds. On the other hand, to the
best of our knowledge this is the first injectivity radius estimate for pseudo-Riemannian
manifolds.

Corollary 9.2. (Injectivity radius of pseudo-Riemannian manifolds). Let (M, g) be a
differentiable pseudo-Riemannian n-manifold with signature (ny, ny), and let p € M
and T = (Ey, -, Eyp)) be a family of vectors in T, M satisfying g(E;, E;) = —§;;.
Suppose that the exponential map exp , is defined on Br(0,r) C T, M and that

IRmg|r <72, |[VRmg|r <r~°  on Br(0,r).

Then, there exists a positive constant c(n) such that

Inj, (M, p,T) S c(n) Vol (Br(p, c(n)r))

r r

where Br(p,r) = eXpP(BT (0, 7)) is the geodesic ball at p with radius r.
Proof. Without loss of generality we assume » = 1. In local coordinate system y?, let
0 .
Ei=3E,~ﬁm: Eiainﬁgalg, i=1,...,n,
then g7 o = gap +2 27;1 E;y E;ig. By the same computations as in the proof of The-

orem 1.1 we obtain

1
VEi|lT < —,
| 1|T = c(n)
lg7 — gr.pl + 18 —nl <c(n)  ontheball By (0, c(n)),
where g := F4p (a minus sign for o < ny, and a plus sign for & > np). In view of the
computations in [12] (Theorem 4.11 and Corollary 4.12) we deduce that |0g| < r/c(n),
where r2 = (y1)2 + -+ -+ (y")2. Since dé%”(yo, y) = |y — yol|?, we have for any point

Yo € Br (0, c(n)),
Vflﬁd;r’p(yo, ) >8up = gr.p,  onthe ball Br(0, c(n)).

Since the metric g7 , plays the same role as gy (cf. the proof of Theorem 1.1), all
arguments can be carried out and this completes the proof of the corollary. O
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