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Problem: Are there solutions of Einstein equations with suitable
matter models exhibiting singularity formation without black hole
formation?.

(Without horizon formation=Naked singularities).
Cosmic censorship hypothesis (Weak). (R. Penrose).
Einstein equations:

Gap = Rap — %Rgaﬂ =8nTap , Rep = ngﬁ

G.p = EInstein tensor, T,z = Energy-matter



Cosmic censorship hypothesis.

Scalar field:

Christodoulu: Existence of solutions forming naked singularities
(nongeneric).

Choptuik: Oscillations in self-similar variables. (Numerical

solution).

Critical collapse: Transition between black-hole formation and
absence of singularities.



Singularity formation for the Vlasov-Einstein system (joint work
with A. Rendall).

Vlasov-Einstein system with spherical symmetry for a
collisionless distribution of matter. (Schwarzschild’s
coordinates).

ds? = —e24tNdt2 + e22tNdr2 + r2[d6? + sin*(0)d¢p?]
r=x,w=2Y%Y  F=xAv
f=f(r,w,F,t)



Vlasov-Einstein system (spherical symmetry):
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E=Jl+W2+£2
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e*2rir—-1)+1 = 8ar?p
e *2rur+1) -1 = 8xnr?p
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Goal: To construct self-similar solutions for the Vlasov-Einstein
system generating singularities without formation on a horizon.

Absence of singularities for the Vlasov-Poisson system in
dimension 3 (Pffaffelmoser, Lions-Perthame).

Vlasov-Poisson. Spatial dimension 4. (Lemou-Mehats-Raphael).

Vlasov-Einstein. (Gundlach-Martin-Garcia).



Self-similar solutions < Symmetry group.
Near the singularity high velocities expected:

w>> 1
E=\/1+W2+£2 sz2+£2
r r

This motivates to study the massless Vlasov-Einstein system.

E=JW2+£2
"




Symmetry group for the massless Vlasov-Einstein system:

1
r-0or, t-0t, wo —w , F>0F 6 f->f
Jo

(Self-similar solutions would be invariant under this symmetry
group).

A more convenient system of variables:

Wy W

F



Massless Vlasov-Einstein system:

atf + E‘U_A%arf - (/MV + e'u_)"UrE - e”_’l :|3:~ >6wf — O

r°kE
I§=‘/VZ+—12
"

e*(2rAr—1)+1 = 8xnr?p
e *Q2rur+1)—-1 = 8rrép
u(0) = A(0) = A(x) =0

p = r—gjij:Edede p = r—@jij: Vl‘g fEdFdv




In these new variables the gravitational fields depend on f only
through the quantity:

ga;vx)::f:deF

The system of equations for (f, A, u) can be replaced by a
system of equations for (¢, A, u).

Self-similar solutions:
f(r,v,F,t) = G(y,V, @), u(r,t) = U(y) , A(r,1) = A(y)

__r_ _(_ _ _F
y = = , V=(-t)v, O 0



yGy — VGy + @G + eU‘A%Gy -

e?M2yAy —1) +1 = 8ry?p
e?M2yUy +1) — 1 = 8rny?p

B = r—@j:j:EGchq)dv b= r—@j:j: \|/§2 GOADAV



Integration of the system:
G = constant along characteristics

ay _gadH @Y _ o adH
do oV ' do oV

H= &~ V2y2+ 1 +yver

Trajectories contained in {H = h}.
Other auxiliary function:

C(r, v, t) — (_t)2®(y1 V)



Self-similar solutions:

®=0y,V) , /3=ij:|§®dv, 5 I

r2
Along characteristics:

de _
9o 20

H — %\/VZy2 11 +yVeh —

e?M2yAy —1) +1 = 8ry?p
e?M2yUy +1) — 1 = 8rny?p

E:‘/V2+y_12

E



Singular self-similar solutions. (Dust-like solutions).
Solutions supported in one characteristic curve:
G(y,V,®) = A(y,V,@)6(H(y,V) —h)
O, V) = B(e)o(H(Y,V) —h) , B(o) = Boe* , Bo =0
{H(y,V) = h} =<V =Vi(y), V=Valy) , Yy 2 Yo} , Valy) < Va(y)
Fully dispersive solution: Support in three-dimensional sets of

the space (y,V, D).

Dust solutions: Support in manifolds with smaller dimension
than the dimension of the phase space.

These solutions are supported in two-dimensional surfaces of
the space (y,V, D).



The problem of the considered dust-like solutions can be
reduced to the (4-dimensional) system of ODEs:

e\ 2yAy ~1) +1 = 8ry?p , ey +1) -1 = By’

doi _ 1 P
dy " yreuh Wi =12
VViy
5y — ﬂﬁo)({y>yo} Z (-1)'e2i [ (Vi(y))?y? +1]
Y’ i=1 [Vie y +yer JV2y? +1]
- o _
(y) = ZPien | 5D e (Vi(y))?
y = [VieUy+yeAJVi2y2 +1] i




Behaviour of the support and the gravitational fields near the
minimum radius:

1 .
J1-VY5
Vi(y) — Vo ~ ,/yli—yo , Y-=Vyh, 1=1,2

Ay) ~01/y—=Yo , Y~V
Uly) ~02./y—=Yo , ¥~ Y¢
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Dust-like solutions: Main result.

Theorem: For yo small enough there exist o such that the
solution of the previous ODE system with the prescribed initial
conditions aty - y{ and defined for all y > y,. Moreover:

U ~ Iog<y—yo> + Iog(,/l—y% ) +0(1), A~ Iog(ﬁ) as y - o

2Y0,/3(1- Y3 y J1-Y% ¢, <yo )2 as y o @
1 2 ~ = —
(1-4yd)y J3ye Y N




|dea of the proof:

Reduction to an autonomous system:

s=|og<y—y0> , U=Iog<y—y0>+u , Ci=yVi, Q; = y—yOeGi ,1=1,2



Then the differential equations become:

e JeP 1 +yoliet = J1-y2 , i=12 , (1<
dQi _ e"Qic; =172

[t e1 et

2
. QF[¢F +1] 167%Bo
e 20 (2As—1)+1= & 0 =
2 ; ‘Cleu _|_y0eA /42 ‘ Yo
2
e—ZA(zuS +3)-1 = % Qi (gl)

1 ‘Cie“ +Yyoeh JCZ+1 ‘
with initial conditions:

u=0,A=0,Q;=1,i=12at s=0* (*)



@ There exists a unique trajectory satisfying (*).
(The square root singularity near yo can be removed):

Z = [ (-y5) - 1)L - y5e? ™) +yj(1L - yp)e* 2
G=e?*, ds=2GZdy , y=0ats=0

T =260 G = 26Qu

dx
céll_()?=2(3[Z(1—G Qe [Q1(§1+1)+Q2(§z+1)]]
SQZC = (3G -1-2GA)(Z? +1)

A = A(G,Z,Q1,Q2) Is analytic near (G, Z,Q1,Q2) = (1,0,1,1).



@® A trajectory globally defined approaches the equilibrium point:

2 /yo
Q1 = Qq, Q2 = Q2 Sy

A=A, = IogZ(B) , u=uw=Iog(,/l—Y5)

@® Fory, small it is possible to approximate the three-dimensional
stable manifold of the equilibrium point (Q1.., Q2.0, Asw, Ux ).

@® Shooting argument: Changing 6 is it possible to have the point
(1,1,0,0) in this stable manifold.
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SOME PHYSICAL PROPERTIES OF THE SOLUTION (I).

The solution obtained in this way produces a true singularity for
the curvature. (Blow-up of Kretschmann scalar):

apy6 - 16m? _ L( _ —N%)) O PO SN
R Raﬁy5 6 , M 5 1-e (- 3 as (—t) o0

(The singularity is not a coordinate singularity).



SOME PHYSICAL PROPERTIES OF THE SOLUTION (lI).

The obtained singularity describes the portion of space-time
contained inside the light-cone arriving to the pointr =0, t = 0~.
Such a light-cone is reached as r - «. Consequence: The
solution cannot be continued by means of a direct "glueing" with
a planar space. To obtain a solution that behaves asymptotically
as Minkowsky space one should move away from the
self-similar regime.



Gundlach-Martin-Garcia self-similar solution for the VE system.

@® Fully dispersive.

@ Different rescaling group.

@® Singular along the light-cone.

@® Small perturbation of Minkowsky space.
@® Numerical solution of some equations.



WORK IN PROGRESS. FURTHER DEVELOPMENTS.

(1) Thickening of the solution. To derive a fully-dispersive
self-similar solution. (Asymptotics).

(2) It Is possible to "glue" ("match") this solution with an
asymptotically flat Minkowsky space?. (Away from the
self-similar setting).

(3) Effect of the mass of the particles. (Away from the
self-similar setting).



CONCLUDING REMARKS.

Existence of self-similar "dust-like" solutions for the massless
Vlasov-Einstein model.

The key idea iIs to reduce the problem to an autonomous
four-dimensional dynamical system.

Asymptotic expansions for fully dispersive radially symmetric
self-similar solutions of the VE system generating singularities in
finite time.

Rigorous construction of the fully dispersive self-similar
solutions?.

Solutions of the full VE system (with mass): How to modify the

solutions away from the singularity to connect then with a flat
Minkowsky space-time?.








