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Motivations

Interaction between an inviscid fluid and point-wise particles
o High Reynolds Number: d'Alembert Paradox (1749)...

In a potential flow, the drag force on an object is zero
if the fluid is inviscid

o Interaction between small particles and shock waves

o Drafting-kissing-tumbling
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Motivations

Interaction between an inviscid fluid and point-wise particles
o High Reynolds Number: d'Alembert Paradox (1749)...

In a potential flow, the drag force on an object is zero
if the fluid is inviscid

o Interaction between small particles and shock waves

o Drafting-kissing-tumbling

But also...
o Tracking of a Dirac measure (math. & num.)

o Complex coupling through the particles

» Their position and their velocity are unknowns of the problem
» The interaction depends on the fluid and on the velocity o the particles.
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An inviscid model of fluid-particle interaction

Euler equations for the fluid (p: density, u € R?: velocity, p: pressure)
N point-wise particles (hg(t): position, m: mass, A drag coefficient)

o Classical Euler equations everywhere except on the particles (x # hy)
o Point-wise particles: Dirac measures dy(x — hy)

o Particles governed by the 2nd Newton law:
Acceleration = Drag force (function of (u —hy))

o Conservation of the total momentum

d N ,
T /deu dx+k;mkhk =0
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An inviscid model of fluid-particle interaction

Euler equations for the fluid (p: density, u € R?: velocity, p: pressure)
N point-wise particles (hg(t): position, m: mass, A drag coefficient)

For t > 0 and x € RY
oo+ V- (pu) =0
d(pu+ V- (pu@u+p(p)l) = — ) Fr do(x — hy(t))
k

Fort >0andk=1,.. N

my hy!(t) = Fy
Coupling by the drag force: Fi = AypD(u —hy) where D(v) = v or v|o].
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A simple model of interaction

Euler equations replaced by the 1D Burgers equation + one particle

[Lagoutiere, Seguin, Takahashi]
Ot + 0 (u?/2) = A D(H (t) — u) So(x — h(t))
m k" (t) = —A D(W'(t) — u(t, h(t)))

u(t,x): velocity of the fluid

h(t): position of the particle

A: drag coefficient (> 0)

D(v) = v or v|v| (“laminar” or “turbulent” case)

¢ ¢ © ¢

©

Fluid-particle coupling by the drag force term

» Burgers equation + singular source term
» ODE of relaxation (0 — u)
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A simple model of interaction

Euler equations replaced by the 1D Burgers equation + one particle

[Lagoutiere, Seguin, Takahashi]
Ot + 0 (u?/2) = A D(H (t) — u) So(x — h(t))
m k" (t) = —A D(W'(t) — u(t, h(t)))

Formal properties (also available with Euler equations)

Conservation of the total momentum:

d A
a(/ﬂ{udx%—mh)—o

Equation for the total kinetic energy:
1d
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Comparison with other models

Burgers equation coupled with one point-wise particle
Ot + 9y (u?/2) = A D(K'(t) — u) do(x — h(t))
mh'(t) = —A D(K'(t) — u(t, h(t)))

Vlasov model - Baranger, Desvillettes, Goudon, Carillo, Domelevo...

Introduce f(t,x,v): density of particles (with velocity v)

Ot + 0 (u?/2) = %/}R(U— u)f do

A
Otf +v 0xf + Zav((u —0)f) =0
One formally recovers the previous model, setting

f(t,x,0) =m do(x — h(t)) do(v— V(t)).
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Comparison with other models

Burgers equation coupled with one point-wise particle
Ot + 0 (u?/2) = A D(H (t) — u) So(x — h(t))
mh'(t) = —A D(K'(t) — u(t, h(t)))

Burgers-Hopf model - Vasquez, Zuazua, Hillairet
Viscous Burgers equation: the velocity u is continuous through the particle

o + ax(uz/Z) =€ dnu for x # h(t)
W(t) = u(th(t))
m h"(t) = [0u](t h(t))

where [g](x) = iigg)(g(x +y) —8(x—y)).

Compatibility with the inviscid model: open problem...
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Comparison with other models

Burgers equation coupled with one point-wise particle
Ot + 0 (u?/2) = A D(H (t) — u) So(x — h(t))
mh'(t) = —A D(K'(t) — u(t, h(t)))

Results on existing models
o Vlasov model:
» Classical solutions and small times
o Burgers-Hopf model:

» Well-posedness for strong solutions
» Several particles: lack of collision

Several studies for Euler and Navier-Stokes extensions.
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Definition of solutions

Burgers equation coupled with one point-wise particle

(1) o+ 0, (u?/2) = A D(K —u) 3,
(2) mh' =—ADMH —u(t,h))

o No viscosity in (1) = consider entropy weak solutions
o Singular source term in (1) = product of distribution to be defined

o Discontinuous RHS in (2) = Carathéodory sense or alternative ODE
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Definition of solutions

Burgers equation coupled with one point-wise particle
(1) O+ 0y (u?/2) = A D(W —u) &,
(2) mh' = —ADMH —u(th))

o No viscosity in (1) == consider entropy weak solutions
o Singular source term in (1) == product of distribution to be defined
o Discontinuous RHS in (2) = Carathéodory sense or alternative ODE

Alternative formulation: u € L®(R; x R), h € C}(R})

(1a) O+ 0,(u?/2) =0 for x # h(t)

(1b) (u(t,h(t)™),u(t,h(t)") € Go(K'(£),A)

(2)  Osu + mh" 8, + 95 (u?/2) = 0 (conservation of the total momentum)
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Alternative formulation

Alternative formulation: u € L®(R; x R), h € C}(R})
(1a) O+ 0,(u?/2) =0 for x # h(t)

(1b) (u(t, h(t)™), u(t,h(t)") € Gp(H(t),A)

(2)) O+ mh"8, + 0, (u?/2) =0

o Construction of the germ Gp (1 (t),A)

» Analysis of the wave due to the particle {x = h(¢)}
» Regularization of the particle

» Solve the problem inside the regularization

» Find the compatible traces

o Alternative ODE
» Jump relations at {x = h(t)}
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Wave due to the particle — Quasilinear form of the PDE

Equivalent form:  Jp(x) = 0yH(x), H Heaviside function

Ot + ¢ (u?/2) —A D(W —u) d,w =0
dw + N (t) dyw =0
w(0,x) = H(x — h(0)) = w(t,x) = H(x — h(t))
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Wave due to the particle — Quasilinear form of the PDE

Equivalent form:  Jp(x) = 0yH(x), H Heaviside function

Ot + ¢ (u?/2) —A D(W —u) d,w =0
dw + N (t) dyw =0
w(0,x) = H(x — h(0)) = w(t,x) = H(x — h(t))

Quasilinear formulation:

(1) 5 ) ()

Hyperbolic system (diagonalizable in R even if u = I since D(0) = 0).

Wave associated with u: genuinely non linear field
Wave associated with /': linearly degenerate field
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Wave due to the particle — Quasilinear form of the PDE

Equivalent form:  Jp(x) = 0yH(x), H Heaviside function

Ot + ¢ (u?/2) —A D(W —u) d,w =0
dw + N (t) dyw =0
w(0,x) = H(x — h(0)) = w(t,x) = H(x — h(t))

Quasilinear formulation:

(06 ()

Hyperbolic system (diagonalizable in R even if u = I since D(0) = 0).

Wave associated with u: genuinely non linear field
Wave associated with /': linearly degenerate field

What happen when u =1’ ?
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Construction of the germ Gp(h', A) — Regularization

Regularization of the particle (LeRoux)

H becomes H, € C'(IR), a non decreasing function such that

V|x| > e H¢(x) = H(x) %

Regularized equivalent form
O+ 0, (u?/2) — A D(W —u) 9,w =0
ow + N (t) oyw =0
w(0,x) = He(x — h(0)) = w(t,x) = He(x — h(t))

We seek for solutions of the form
Vx € [h(t) — ¢, h(t) + €] U(x —h(t)) = u(t,x)
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Construction of the germ Gp(h', A) — Change of frame

The equations “inside” the regularized particle

Ot + 0, (u?/2) — A D(K —u) 9,w =0
w(t,x) = He(x — h(t))
U(x —h(t)) = u(tx)

gives for & = x — h(t) € [—¢, ¢,
—H(HU'(§) + (U?/2)'(§) = AD(H'(H) = U(E)Hi(E) =0 (%)
in the weak entropy sense:
o Smooth parts: solve (x) in the classical sense
o Shock wave at &o: (U(&y )+ U(Ey))/2 =N (t) and U(;) > U(Ey )
o Search all the pairs U(—¢) and U(+¢€) which can be connected
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Germ Gp (W', A) for a linear drag force D(v) =

In the case of a linear drag force: D(v) = v
Smooth solutions (¢ is fixed):

(U?/2 =W (HU)' (&) — AD(H'(t) — U(&))Hi(§) = 0
= (U(Q) —H(1) (U'(§) +AH(S)) =0

{Elther U(e) = (1)
¢

(
Or  U(&) + AH.(¢) = Cst

Shock wave:
{<u<¢a> +UES))/2=H(b)
U(gy) > h(t) > Uue)

Search all the pairs U(—¢) and U(+¢) which can be connected
The germ Gp(h', A) is the set of all these pairs
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Germ Gp (W', A) for a linear drag force D(v) = v

Smooth solutions:

Either  U(E) = I'(t)
Or  U(&) + AH.(¢) = Cst

Shock wave:

{<u<¢a> +U(ES)) /2 =1(t)
U(Ey) > K (t) > U(E)
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Germ Gp (W', A) for a linear drag force D(v) = v

Smooth solutions:

Or  U(E) +AH(¢) = Cst

{Either U(e) = 1(t)

Shock wave:

{(U(é’a) +

U(gg))/2=H(t)

U(gy) >n(t) > Uy)

u
U(—e)
Ule) = (1)
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Germ Gp (W', A) for a linear drag force D(v) = v

Smooth solutions:

Either  U(E) = I'(t)
Or  U(&) + AH.(¢) = Cst

Shock wave:
{<u<¢a> +U(ET)) /2= (t)
u(gy) > 1) > u@E)
U,
U(—e)
I (t)
ufe)
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Germ Gp (W', A) for a linear drag force D(v) = v

Smooth solutions:

Either  U(E) = I'(t)
Or  U(&) + AH.(¢) = Cst

Shock wave:

{<u<¢a> +U(ES)) /2 =1(t)
U(Ey) > K (t) > U(E)

u
U(—e)
W(t)p=-= -
U(e) - AL oo _9 Ul(e)
0 1 H;
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Germ Gp (W', A) for a linear drag force D(v) = v

Smooth solutions:

Or  U(E) +AH(¢) = Cst

{Either U(z) = 1(t)

Shock wave:

{(U(Co‘) +

U(gy))/2="n)

U(gy) >n(t) > U(y)

u
U(—e)
W (t)

U(e)

0 1 H;
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Germ Gp (W', A) for a linear drag force D(v) = v

Smooth solutions:

Either  U(E) = I'(t)
Or  U(&) + AH.(¢) = Cst

Shock wave:

{<u<¢a> +U(ES) /2 =1(t)
U(Ey) > 1 (t) > U(E)

u
U(—e)
40
> U(e)
o H,
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Germ Gp(h', A) according the drag force

Germ Gp(',A): set of all pairs (u_,u,) € IR? such that
(U?/2 =K ()U)' (&) — AD(K'(t) — U(&))Hi(¢) = 0
U(—¢) =u_ and U(+¢) = us

U4 U

{uy =u_e ™ +n'}

{uy =u_e™ + 1} {uy = —u_et™ +1'}

D(v) =v D(v) = v|v|
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Alternative ODE

Instead of
mh" = A D(u(t,h) — 1)

we use
Opu + mh" &, + 9, (u?/2) = 0

Jump relations at {x = h(t)}:
—H () [u] +mh"(t) + [?]/2 =0

This leads to the new ODE

i (1) = (ut, (1)) — (e () )) (LMD i)

Nicolas Seguin (LJLL, UMPC) Equation de Burgers + particule ponctuelle 7 juin 2010 15 / 37



Definition of solutions

Definition
A solution of the Burgers-particle problem
is a pair (u,h) € L°(R; x R) x W**(R;) which fulfills:
o The function u is an entropy solution away from the particle:
Vi € R 9¢ju — x|+ 0,®P(u,x) <0 in D'(Ry x R\ {x=h(t)})
o The traces are compatible:

Vi>0 <'yh_(t)u, 'y;“(t)u) € Gp(H'(), M)
o The trajectory of the particle satisfy:

— +
_ Yupy® T V¥
/! . o + AN (o LV N M)
mh'(t) = (’Yh(t)” 'yh(t)u) ( 5 W (t)
’y;t: left and right trace operators at {x = y} (see Panov, Vasseur...)
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The case of one particle with a zero velocity

The case (h = 0)

Ot + 9 (u?/2) + AD(u) 8 =0
[Po]
H—y —

See also Isaacson-Temple, LeRoux, Dielh, Gosse, Vasseur,
Birger-Garcia-Karlsen-Towers...

Definition

A function u € L®(R; x R) is an entropy solution of [Py] if
o Vk € R 9¢ju — x|+ 9, P(u,x) <0 in D'(Ry xR\ {x =0})
o Vt>0 (yyu(t),ygu(t)) € Go(0,A)
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The Riemann problem

Theorem (with D(v) = v or v|v|)
The Riemann problem
Osu + 0y (u?/2) + AD(u) 6 = 0

u(0,x) = up ifx <0
T ug ifx >0

admits one and only one self-similar entropy solution for all (ur,ug) € R.

Construct the set U_(up) = {W(0~;ur, 1), # € R}
Construct the set Uy (ug) = {W(0"; @1, ug),n € R}
Existence and uniqueness of (1,1, ) € IR? such that
u_ € U_(up), uy € U+ (ug) and (u_,us) € Gp(0,A). O

N.B. Uniqueness fails if A < 0 !
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The solution of the Riemann problem when D(v) = v

UR

Nz %
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The solution of the Riemann problem when D(v) = v|v|

UR

A

N

——

e

N\
|
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The Cauchy problem for a particle with a zero velocity

Alternative definition: Adapted Kruzhkov entropies

if x <O,
Let ¢ be defined by c(x) = { & "
cg ifx>0.

A function u € L®(R; X IR) is an entropy solution of [Py] iff

Olu —c| +0x®P(u,c) <0  inD'(Ry xR\ {x=0})
for all (c,cr) € Gp(0, A).

Baiti-Jenssen, Audusse-Perthame, Adimurthi-Mishra-Veerappa Gowda,
Blrger-Karlsen-Towers, Andreianov-Karlsen-Risebro...

o If u;_o(x) = c(x), then c is a stationary entropy solution of [Po],
for all (cr,cr) € Gp(0,A).

o An entropy solution is “dissipative” w.r.t. any stationary solution.
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The Cauchy problem for a particle with a zero velocity

Proposition (dissipative germ)
For all (cr,cr) € Gp(0,A) and (dr,dr) € Gp(0,A), we have

CD(CR,dR) — (I)(CL,dL) < 0.

This property enables to compare two solutions, in the spirit of Kruzhkov's
uniqueness proof.

Theorem

Let the drag force be D(v) = v or v|v|.
The Cauchy problem [Py| admits one and only one entropy solution in L*,

The existence will follow, using the convergence of numerical schemes.

N.B. Also available for I/(t) =V, V € R.
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The full model

Theorem (D(v) = v)

The Riemann problem for the Burgers-particle model

Oy + O (u 2/2) (h'( ) —u) do(x —h(£))

m () = (Vi = Vi) (i + Vi) /2= H(®))
Uy, /fx < 0

ug ifx >0

h(0) =0, H(0)=V

U= =

admits at least one solution for all ur,ug,V € R.

Proof by construction (solutions are not self-similar).

When t — +00 or A — 00, the solution tends to a solution of the
classical Burgers equation and /' (t) to a predictable constant.
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Examples of solution of the Riemann problem
Trajectory of the particle

t
byp----
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Examples of solution of the Riemann problem

Trajectory of the particle

t
2| ——
tol - - A4
________ fe
T
T
wh't X
L
L
@
|
X
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Examples of solution of the Riemann problem

Trajectory of the particle

t
b
o _to.f_ AV R
|
|
|
/ I | X
w, bt
Lo
Lo
Lo
|
X
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Examples of solution of the Riemann problem

Trajectory of the particle

t
t1F-----
________ __I I
tol - -4/
I/l
I
[
why ! x
I
I
I
I
X
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Examples of solution of the Riemann problem

Trajectory of the particle

t
______ _tl_k_-_, s —
|
tol - - A
I
|
|
u, i’ | X
|
|
|
|
|
X
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Examples of solution of the Riemann problem

Trajectory of the particle

_______ t____ — -
fp----- )
|
tol - /177
|
|
|
u,h' | x
|
|
|
|
|
X
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Examples of solution of the Riemann problem

Shock waves _
Trajectory of the particle
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Well-posedness of the Burgers-particle model

Riemann problem
o The solution is not self-similar
o Existence by construction

o Uniqueness... Probably equivalent to study the Cauchy problem

Cauchy problem: still open
o Existence via the methods devoted to hyperbolic systems?

o Uniqueness by comparison, continuity...
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Numerical methods

Requirements for the numerical methods

Based on classical Finite Volume schemes for the fluid part

©

o Accurate tracking of the particle(s) (no diffusion)
o Avoid as much as possible remeshing techniques
o

Avoid as much as possible complex Riemann solvers
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Numerical methods

Requirements for the numerical methods

Based on classical Finite Volume schemes for the fluid part

©

o Accurate tracking of the particle(s) (no diffusion)
o Avoid as much as possible remeshing techniques
o

Avoid as much as possible complex Riemann solvers

What we are able to do...
o Burgers equation with a particle with a zero velocity
» Simple numerical schemes (no Riemann solver)
» Analysis of convergence
o The full Burgers-particle model

» Use of the Riemann solver for a particle with a constant velocity
» Random sampling for the evolution of the position of the particle
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Burgers equation with a particle with a zero velocity
Numerical methods for

Opu + 9 (u?/2) + A D(u) 6 =0
Mesh: interfaces x;,1,0 = iAx, cells K; = [x;_1/2,Xi11/2]

o Away from the particle: classical consistent monotone scheme

_ At
Vi£0,1 ultt=ul T Ax — (g(uf’, uiy) — g(uiy, ui'))

o Near the particle

At

g = — (g p (1Y) — g(uy, )
At

u’f+1 = u’f — A—x(g(ulf,ug) _g;CD(ug’ uif))

gip(  u") =gy p(u,u") = A D(u)
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Burgers equation with a particle with a zero velocity
Well-balanced schemes (Greenberg-LeRoux, Gosse-LeRoux...)

CL, VZSO

Preserve some stationary solutions: V(cr,cg) € G2 (0,A) C Gp(0,A)
If u! = ‘ , then u/*1 = u? for all i € Z.
cg Vi>0
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Burgers equation with a particle with a zero velocity

Well-balanced schemes (Greenberg-LeRoux, Gosse-LeRoux...)

Preserve some stationary solutions: V(cr,cg) € G2 (0,A) C Gp(0,A)

| <
Ifu;?:{cL Vi<O0

‘ , then u/*1 = u? for all i € Z.
cg Vi>0

Insert such a solution in the numerical scheme for i = 0, 1:

== S gplencr) —f(e) = gipleucr) =f(c0)
cr = e — - (F(er) — g pler,cr) = giplerscn) =flen)
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Burgers equation with a particle with a zero velocity

Well-balanced schemes (Greenberg-LeRoux, Gosse-LeRoux...)
Preserve some stationary solutions: V(cr,cg) € G2 (0,A) C Gp(0,A)

c Vi<O0 .
fur =" = then u! ! = ul for all i € Z.
cg Vi>0

Insert such a solution in the numerical scheme for i = 0, 1:

== S gplencr) —f(e) = gipleucr) =f(c0)
cr = e — - (F(er) — g pler,cr) = giplerscn) =flen)

TR gipleL,cr) = gler, ¢y p(cr)) o ¢y plcr) =cr
gipler cr) = g(¢y pler), cr) ¢rpler) =cr
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Burgers equation with a particle with a zero velocity

Requirement for the reconstruction functions cpr

qﬁD: R +— R invertible functions such that

. ¢y pler) =cL
V(CL/CR) < gD(O’ A) - gD(O’ A) {(PID(CL) = CRr

u4 u4

D(v) =v D(v) = v|v|
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Burgers equation with a particle with a zero velocity

Requirement for the reconstruction functions cpr

q))ij: R +— R invertible functions such that

0 ¢rplcr) =cr
V(CL,CR) S QD(O,)\) C gD(OrA) {4)/\1:)( ) = cg
u4 U+
gD (0,7)
D(v) =v D(v) = v|v|
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Burgers equation with a particle with a zero velocity

Reconstruction functions cpr

D(v) =v D(v) = v|v|
¢~ (s) =s+A| P (s) =s e85
pr(s) =s—A [T (s) =5 BN
U U
K U_
Go(0,A)
D(v) =v D(v) = v|v|
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Burgers equation with a particle with a zero velocity

Well-balanced scheme

witt = up — 8 (g p(uh, ) —g(uy, uf)) gy p(u,0) = 8(u, ¢y p(0))
W = — 2 (g(ul, uf) — gip(ug,up))  ghp(uv) = g(¢fp(u),0)

Exactly preserves any initial data obtained from gg(O,)\).

U U

G9(0,7)

D(v) =v D(v) = v|v|
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Burgers equation with a particle with a zero velocity

Analysis of the well-balanced scheme

Let 1 be the piecewise constant function obtained from (u!); ,
Under a classical CFL condition:

o 1y is uniformly bounded in L*(IR . x RR)
o up is uniformly bounded in BV ([0, T] x (R \ {0})) [BGKT 08]

o uy satisfies discrete (adapted) entropy inequalities

1

O up converges in L;

(R4 x R) to the entropy weak solution

Corollary. Existence of the entropy weak solution.

Analysis of  9su + 9 (u?/2) + A D(u) So(x — Vt) =0
o Existence and uniqueness of the entropy weak solution

o Convergence of well-balanced schemes (in the frame of the particle)
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The full Burgers-particle model

The numerical method
o The mesh is fixed
o The particle is always located at an interface (random sampling)
o The fluid equation is solved using the Riemann problem for the case
of a particle with a constant velocity
o The trajectory of the particle is computed by the explicit Euler method
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The full Burgers-particle model

The numerical method
1 .
From {(u})iez, 1", 0"} to {(uf*)iez, W"*, 0"+ }:
o The particle is located at an interface of the mesh: 1" € {x;.1,,i}
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The full Burgers-particle model

The numerical method
From {(u])iez, 1", 0"} to {(u V)iez, "+, 0" }:
o The particle is located at an interface of the mesh: 1" € {x;,1,5,1}
o Solve the linearized (in /') fluid equation for (¢, x) € [, "] x R
O + 0, (u?/2) — A D(v" — u) dp(x — v't) =0
u(t",x) =ul ifx €K;
(exact resolution of self-similar Riemann problems)
Note ii(x) the solution of this problem at time "*!
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The full Burgers-particle model

The numerical method
From {(u])iez, 1", 0"} to {(u V)iez, "+, 0" }:
o The particle is located at an interface of the mesh: 1" € {x;,1,5,1}
o Solve the linearized (in /') fluid equation for (¢, x) € [, "] x R
Ot + 0y (u?/2) — A D(0" —u) Sp(x —0"t) =0
u(t",x) =ul ifx €K;
(exact resolution of self-similar Riemann problems)
Note ii(x) the solution of this problem at time "*!
o Compute the trajectory of the particle using an explicit Euler method
{fz = h" + v"At
1_ AE (7 (5= _ i(F, a(h)+a(h*)
ol = o 4 A (o) — () (f - U”)
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The full Burgers-particle model

The numerical method
From {(u}')iez, i",0"} to {(uf™')iez, ", 0" }:
o The particle is located at an interface of the mesh: 1" € {x;,1,5,1}
o Solve the linearized (in /') fluid equation for (¢, x) € [, "] x R
Ot + 0y (u?/2) — A D(0" —u) Sp(x —0"t) =0
u(t",x) =ul ifx €K;
(exact resolution of self-similar Riemann problems)
Note ii(x) the solution of this problem at time "*!
o Compute the trajectory of the particle using an explicit Euler method
{fz =" + 0" At
1_ AE (7 (5= _ i(F, a(h)+a(h*)
ol = o 4 A (o) — () (f - U”)
o Random sampling to define (U?H)iez and 7"t from ii and 71
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Numerical results: Riemann problem — A = 10, m = 0.1

16 T T T T T T T
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Fluid
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Numerical results: Riemann problem — A = 10, m = 0.1
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Numerical results: Riemann problem

The solution in the (x,t) plane

100
20
80
70
60
50
40
30
20
10

8 0
0 100 200 300 400 500 600 700 800 900 1000

Nicolas Seguin (LJLL, UMPC) Equation de Burgers + particule ponctuelle 7 juin 2010 34 /37



Numerical results: 2 particles (splitting method)

Trajectory of the particles: m; = 2.5 x 1072, mp = 2 x 1072
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Numerical results: 2 particles (splitting method)

Trajectory of the particles: m; =2 x 1072, np =2 x 1072
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Numerical results: 2 particles (splitting method)

Trajectory of the particles: 7y = 1.5 x 1072, mp = 2 x 1072
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Conclusion

Done...
o Models for the coupling of an inviscid fluid with point-wise particles
o Main difficulties well understood

» Influence of the particle on the fluid
» Evolution of the particle

o Several numerical strategies

» Particle with a constant velocity: simple numerical schemes
» Burgers-particle model: use the linearized Riemann solver (w.r.t. /')
» Extension to several particles

o Deep connections with interfacial coupling, with a free boundary

» Compatibility of the traces of the solution
» Exchange of informations between both sides (well-balanced schemes)
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Conclusion

To do...

o Complete the analysis of the Burgers-particle model

» Well-posedness of the Cauchy problem
» Extension to several particles

o Find numerical methods without Riemann solver

» Use the numerical schemes for a particle with a constant velocity
» Analysis of convergence

o Extension to 1D-Euler equations for the fluid
o Extension to the multidimensional case

o Adapt these works to the interfacial coupling
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