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Gravitational Waves
What is a gravitational wave?

= Fluctuation of curvature of the spacetime

propagating as a wave.

Gravitational waves: Localized disturbances in the geom-
etry propagate at the speed of light.

Spacetimes (M, g), where M a 4-dimensional manifold with
Lorentzian metric g solving Einstein equations:

1
Gluy = RHV — 5 guy R = 2 T,uy , (1)

where

G, is the Einstein tensor,

R, is the Ricci curvature tensor,

R the scalar curvature tensor,

g the metric tensor and

T, denotes the energy-momentum tensor.

Definition. A Lorentzian metric g is a continuous assign-
ment of a non-degenerate quadratic form g,, of index 1, in
T,M at eachp € M.



Observation of Gravitational Waves

'"We -the observers- are sitting at null infinity.’

= Understand geometry of spacetimes at null infinity:
Investigate and compute null asymptotics of solutions of
the Einstein equations, null asymptotic behavior of curva-
ture components and geometric quantities.

= Understand gravitational radiation

= Detect gravitational waves

Nonlinear memory effect (D. Christodoulou, 1991) in
regime of Einstein vacuum equations (with large data)

Here: Investigate the nonlinear memory effect in regime
of Einstein-Maxwell equations



Christodoulou-Klainerman result
"The global nonlinear stability of the Minkowski space’

(ICKD

= describes precisely asymptotic behavior at null and
timelike infinity.

This result established that under 'suitable’ assumptions on
the initial data, i.e. under a smallness assumption, the initial
data vield a geodesically complete spacetime.

However, as we want to observe 'from null infinity’, we need
'only’ investigate the null asymptotics. The results for null

infinity are independent from the smallness assumption.

= Can have large data.



Solutions of the Einstein-Vacuum (EV) equations:

R, = 0. (2)

Spacetimes (M, g), where M is a four-dimensional, oriented,
differentiable manifold and ¢ is a Lorentzian metric obeying

(2).

Is there any non-trivial, asymptotically flat initial data
whose maximal development is complete?



Answer

Joint work of D. Christodoulou and S. Klainerman
([CK], 1993),
T he global nonlinear stability of the Minkowski space’.

Every asymptotically flat initial data which is globally
close to the trivial data gives rise to a solution which is
a complete spacetime tending to the Minkowski space-
time at infinity along any geodesic.

e Relied on the invariant formulation of the E-V equa-

tions.

e Precise description of the asymptotic behaviour at
null infinity.



Initial data set: A triplet (H, g, k) with (H,g) being a three-
dimensional complete Riemannian manifold and k£ a two-
covariant symmetric tensorfield on H, satisfying the con-
straint equations:

Vikij—VjtTk = 0
R— |k|” + @rk)? = 0.

Maximal initial data set: In addition trk = 0.
T he constraint equations then are:
Vikij = 0
R = |k|* .



Evolution equations of a maximal foliation:

95— ook,
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akij m
at — —Vz-VjCD —|— (RZ] — Qkimk j)cb

Constraint equations of a maximal foliation:

trk = O
Vikiy = 0
R = [k

Lapse equation of a maximal foliation:

AP — |[k|PP =0



The (t,u) foliations of the spacetime define a codimension
2 foliation by 2-surfaces

Stu — Ht M CU7 (3)

Y

the intersection between H; (foliation by t) and a wu-null-
hypersurface C, (foliation by u).

Null pairs consisting of 2 future-directed null vectors e4 and
ez orthogonal to S;, with e4 tangent to C, and

<€4,€3> = — 2. (4)

A null pair together with an orthonormal frame e, e> on S;
forms a null frame.

The null decomposition of a tensor relative to a null frame
e4, €3, €2, e1 IS obtained by taking contractions with the vec-
torfields ey, es.



Let L and L be the outgoing, respectively incoming, null
normals to the surface S;, = H; N Cy, for which the compo-
nent along 7' is equal to T'. Also, the integral curves of L
are the null geodesic generators of the null hypersurfaces C,

parametrized by t.

Then T is expressed as

1
T =3 (L + L) . (5)
The generator S of scalings is defined to be:
1
S=§@L+ug. (6)
And the generator K of inverted time translations is defined
as:
1 2 2
KZE(QL—I—uL). (7)
Then the vectorfield K = K 4+ T reads as:
_ 1
K=2(3L+2L) . (8)
We denote
u = u-+2r
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In [CK], D. Christodoulou and S. Klainerman achieve

e Proof of existence and uniqueness of solutions,
global result

e Asymptotic behaviour: Precise description

Null decomposition of the Riemann curvature tensor of
an E-V spacetime:

Rasps = auas (9)
Razza = 2 [a (10)
R3s34 = 4 p (11)
*R3434 = 40 (12)
Raaza = 2 84 (13)
Raapa = «aB (14)

The null components have the
decay properties:

N o

a = O (12

B = 0@217)

p = 0@

o = O (r 3 7‘__%)
a, B = o(r)



From the main theorem in [CK], the authors derive the fol-
lowing limiting behaviour of the curvature components
along the null hypersurfaces C, as t — oo.

Am e = AW
Am %8 = B
C'”trljoo’r:go- — Q(U)
Am e = PG
,
lim 72 =
C’u,t—>oo,r26 0
im r:a¢ = O
Cy,t—o0

with A being a symmetric trace-free 2-covariant tensorfield,
B a 1-form, P and Q functions on S?,

all depending on u

with decay properties as | u |— oo

A o (lul™)
B = o(lul™)
Q = o(ul™)
P — P o (| ul™)
It is
P = o(ul|?) as u — —oo
— Mo 1
P+ — = o(ul2) as u — o
2w

My is the ADM mass.



Important Geometric Quantities in the Measurement
of QGravitational Waves

Fundamental form y of S relative to C:

x(X,Y) = g(DxL,Y)

for any pair of vectors X,Y € 71,5 and L generating vector-
field of C.

Also
x(X,Y) = g(DxL,Y)

Shear x Traceless part of y.

Torsion (.
¢ (NX) = g (Z, X)

for all X in T,M, where Il denotes the projection to 7,5 with

p €S and

1
Z = — = DrL
> LY

where L is the generator of the interior cone.



Method as introduced by D. Christodoulou and S. Klainer-
man in [CK]: Treating propagation equations along the
cones (), coupled to elliptic systems on the surfaces S;,.

This method applied in Zipser's proof [Z] and in Bieri's
proof [B].

In [Z] = electromagnetic field is present

In [B] = details different and borderline cases

Derivatives of the optical function:

One derives in the EM case the following. For the EV case,

just ignore the terms involving F.

S0’ = Rl

S 2

dA A~

Z;‘B +trxxap = —a(W)as
d
% = —xaB¢(B + xaBCB — B (W),
—p(F)a (F) 4 — eapo (F) ap (F)

dw

= 20 P (W)~ (P (F) + 02 ()



To estimate the tangential derivatives of y:

Commute ¥ with

dtry
ds
And couple with Codazzi equation.

1 .
+5 (trx)* = — |XI° — |a (F)[?

However: one term that does not have fast enough decay.

To solve this problem, define the 1-form x

ka=V ztrx + trx¢a.

Taking into account the propagation equation for (, calcu-
late a propagation equation for 4. Derive the equation for

A
d 3 R ~ -
gk 4t Et’rxk = —XaBK g — 2XBCY AXBC
—trxB (W), —trxRas
+trxXasCs — 2|X|° Ca
+V 4l (F)? 4 (Ca+Ca) la ().

The Gauss equation for the Gauss curvature K of Si, is
represented by

1 1.
K = —Ztrxt@—l—ix-x—p(W) (15)

— (P () + 02 ().



Null Asymptotics = Gravitational Radiation

Limit for the shear y

im %y = Z(u)

C,,t—o0

> symmetric trace-free 2-covariant tensorfield on S? depend-

ing on wu.
Moreover,
lim »r tr = — Iim ritry = 2
C,,t—o0 X C,,t—oo X
lim rx = =(u)
C,t—oco —

= symmetric trace-free 2-covariant tensorfield on S? depend-

ing on wu.

= =o(ul3) as |u|— o

2 and = are related by

or _
ou

- _= . (16)



A, B and = are related according to the formulas

= 1
= = -4 (17)
VP=4p = Ba (18)

with ¥ relative to an arbitrary local frame on S2.

ADM mass M enters the
asymptotic expansion of the area radius of the sections
St OF null hypersurface C, as t — oo:

r(t,u) = t — 2Mplogt + O(1) (19)

at constant v as t — oo.

Hawking mass m(t,u) contained in a surface S;, defined
as:

T 1
m(t,u) = 5 (1 + Ton /S try tr&) (20)

t,u

Bondi mass M (u) contained in C, defined as:

M(u) = tILn;Om(t,u) (21)



[CK] derived the Bondi mass loss formula
oM 1

— 2
- = = = A, 22

Obtained the limits
lim M(u) = Mo (23)
lim M(u) = O (24)

U——00

My is the total mass.

Important difference between the limits X1 and X~

as u — oo resp. u — —oo

=

Yielding equation for nonlinear memory effect [Christodoulou]

Define the total energy radiated to infinity in a given
direction, per unit solid angle as

F 1 [
— for F = = / | =(w) | du (25)
41 8 J_ o

Consider equation
dip (Z* — £7) = Vf
with f being a solution of
Af=2F-F), f=0
YV, dip, /A on SZ.



Integrability condition of the last two equations is that F is
L2-orthogonal to the first eigenspace of /N

F(l) — O



Derive

s+ _ oy = 1 /OO =(u) du (26)

— 00

and

u

>(u) = X7 + % / =(u) du
(u) — X~
related to

iInstantaneous displacements of faraway test masses
w.r.t. reference test mass, relative to which they are

initially at rest.

>t 3~
yields

permanent displacement of the test masses.
Non-linear effect.

An effect observable in principle.



Gravitational Radiation in Different Situations

In [Christodoulou-Klainerman] , [Zipser]: strongly asymp-
totically flat initial data set (H,g,k), where g and k are
sufficiently smooth and there exists a coordinate system
(!, 22, 23) defined in a neighbourhood of infinity such that,

as 7= (022, (27)2): — oo
i o= A+ 26+t @D
kij = o3 (rz2), (28)

where M denotes the mass.

In [Bieri]: Asymptotically flat initial data (Hg,g, k), where
g and k are sufficiently smooth and for which there exists a
coordinate system (z!, 22, 23) in a neighbourhood of infinity
such that with r = (322, (29)?)? — oo, it is:

gi; = 0ij + o3 (r2) (29)
kij = o2 (rz). (30)

= Can compute gravitational radiation for the cases
[CK], [Z], but not for [B].
Decay!



Einstein-Maxwell Case
What happens in the presence of an electromagnetic field?

Einstein-Maxwell equations:

1
G =R —  gw R =87 Ty, (31)

setting G=c=1, pu,v=20,1,2,3, where

G, is the Einstein tensor,

R, is the Ricci curvature tensor,

R the scalar curvature tensor,

g the metric tensor and

T, denotes the stress-energy tensor of the electromag-
netic field.

In particular, F denoting the electromagnetic field, the
tensor T,z reads:

1 1 J
Tog = —(F,"Fg, — ZgaﬁFngﬂ ) (32)

8
F' is an antisymmetric covariant 2-tensor.



The Einstein-Maxwell (EM) equations are given by

Ry = 8nT (33)
D%F,3 = O (34)
D* *F,3 = O. (35)

Whereas in the EV case, the Weyl tensor satisfies the ho-
mogeneous equations

_DQWQMMSZZO,

in the EM case the corresponding equations are inhomoge-

neous

. 1
D*Wagys = - (DyRgs — DsRay) (36)



Zipser works with the same conditions as [CK] on the met-
ric, second fundamental form and curvature,

in addition she imposes a decay condition on the electro-
magnetic field, namely

Flg = o3 (’r—g) : (37)

The null components of the electromagnetic field are written

as
Faz=oa(F)a Faa=a(F),
(38)
Fsa =2p(F)  Fi» =0 (F).

The corresponding null decomposition {a (*F) ,a (*F) ,p (*F) ,0c (*F)}
of *F' is given by
a(F), = —a(@Pe;s  a(F)=a(F) e
p(F) = o(F) o("F) = —p(F) (39)
where the Hodge dual of a tensor v tangent to S;,, is defined
by
“us = es"up.
The estimates in Zipser yield the decay behaviour:
a(F) = O @G tr
p(F),o(F) = O@*r
a(F) = o(r?)



Null Asymptotics = Gravitational Radiation

The parameters of the foliations and the components of

the Weyl tensor behave exactly as in [CK].

Along the null hypersurfaces ', as t — oo, one finds

lim =1 lim =1 40
C,t—oo ¢ 7 C,t—oo 4 ( )
and
lim t =2 lim t = -2 (41
 m (rtrx) :  m (rtrx) (41)

Furthermore, we let

H= lim (ﬂ(w%-%)). (42)

C,t—oo

Zipser makes the following conclusions:



Theorem 1. On any null hypersurface C,, the normalized
curvature components ra (W), r?g (W), r3p (W), r3c (W),
ra (F), r?p(F), r°c (F) have limits as t — oo, that is

Nim ra (W) = Aw (u,),
lim (W) = Py (u,),
Jim ra(F) = Ap(u.).
Nim 12p(F) = Pe(u,),

lim TQQ(W) = Bw (u, )

Cy,t—o0

lim r3¢ (W) = Qw (u,-)

C,t—o0

lim 20 (F) = Qr (u,-)

C,t—oo

where Ayw is a symmetric traceless covariant 2-tensor, By

and Ap are 1-forms and Py, Qw, Pr, Qr are functions on S?

depending on uw and having the following decay properties:

Aw (u,)] < CQ+[u)™>?
By (u,)| < O+ [u)>?
|Pw (u,”) = Pw (w)| < (1+u) ?
Qw (u,) = Qw (W) < A+ |u) '
Ap (u,)] < O+ [u)>?
Pr(u, )| < (14 |u))™H?
Qr (u, )] < (A4 |up)'?
and
1im Py (w) =0,  1lim Qy (u) =0.
Pointwise norms | | of the tensors on S2 relate to metric 7,

being the limit of the induced metrics on S;, Vu as t — oo .



More Structure:

Have

Null second fundamental form y and
conjugate null second fundamental form X of S

x(X,Y) = g(VxL,Y)
x(X,Y) = g(VxLY) VXY € T,

Shear: traceless part y of x

Torsion: ¢ defined by

¢ (X) = 5 g (VxL,L)

for all X in T),S.

Mass aspect function p and
conjugate mass aspect function p of S:

1
L4 K + Ztrx trx — dip(¢

1
L K + Ztrx trxy — dip(¢



The Hawking mass:

r 1
tu)=— (14— [ trytry d

If S has the topology of S2, then the following holds by

8mm
/ Bodpy =
S

r

Gauss-Bonnet

Null Codazzi equation and its conjugate:

(BY) (@i + fasts = S (Vatrx + trx6a) — 04(00)
1

(dpX)a — X, 568 = E(WAtTX — trx¢a) + Ba(W)
1

(BM) (@i + Sans = o(Vatrx + trxCa) — G4(0)

— p(F)a(F)a — eapo(F)ap(F)

@01 ~ Xupln = H(Vatrx — trxCa) + Ba(W)
T o(F)an(F) + cano(Fap(F)



On the null hypersurface C,, the normalized shear r?y’ has
limit as t — oc:

im r?y == (u,)

C\y,t—o0

where ¥ is a symmetric traceless covariant 2-tensor on S2
depending on wu.

On any null hypersurface C,, the limit of rn exists as t — oo,
i.e.

lim r7 == (u,)

C,,t—oo

where = is a symmetric traceless 2-covariant tensor on S2
depending on u and having the decay property

= (u, )], SO @+ [u) 72

Moreover,
lim 70 = —= lim rY ==
Cust—00 C,t—oo —
and
02
- = _= 43
o (43)
= 1
— = —Aw. (44)

ou 4



Bondi mass loss formula

The Hawking mass is defined as follows

m(t,u) = 5 ( + E/ trxtrx) : (45)

To calculate the propagation equation for m, let

p=—dipC+ %X - p(W) =5 (P (F) + 02 (F)) . (46)

Using the null structure equations with respect to the [-pair,

dtry

1
+ trxtrxy = —2p+21¢[°
ds 2 —
dtrx 1 ~
+2(tr><) = —|xI* = e ()
Derive that
2m(t u) = - z / (agbtr —¢at7") (47)
ot T Tien X X B

1 1
4= [ 0 (GraIcl = Jerx R = Jarxla (F )



Because K + %trxtrx = O (7“_3), p =0 (7“_3). Given the

asymptotic behavior of the right-hand side terms of 47, we

conclude that

0
Pl (t,u) = O (r_z) :

= m (t,u) has a limit M (u) for any fixed u as t — oo.

M (u) : Bondi mass of the null hypersurface C,.



Only difference between EM and EV case:
terms appearing due to the presence of the
electromagnetic field.

However, these terms decay fast enough so that the mass
decays at the same rate as in [CK]. In particular, as ¢t — oo

on C,, we find:

m(t,u) =M (u) + O (7“_1)

Calculate a Bondi mass loss formula by considering

%m (t,u)

where

o 11— r
Lo (t,u) = ~atr@
gg " (b = Hatrfm 4+ oo

/ a (VNg + tr@&) .
St

One can then prove

3 — i — 2 l 2
M (u) = /S | (\_\ + 3 14x ) dus.  (48)

RHS of (48) positive and integrable in u.



= M (u) is a non-decreasing function of v and has
finite limits M (—o0) for u — —oo and M (oc0) for u — oo.

= M (—o0) =0, and M (oc0) is the total mass.



Theorem 2. [Z] The Hawking mass m (t,u) tends to the
Bondi mass M (u) ast — oo on any null hypersurface C,.
More precisely,

m(t,u) = M(u) + 0@ 1).

And M (u) verifies the Bondi mass loss formula

0 1 —2, 1 2
—M = — = — A dpt-
om =g [ (IZP+5 140 du,

where d,u% is the area element of the standard unit sphere SZ.

In the Bondi mass loss formula
= limiting term Apr of electromagnetic field comes in.

Comparison with the Bondi mass loss formula obtained
in [CK]:

9 1 .
M@ =—{ |=%du. .
oM (u) = o Szl |~ dp



We find: the electromagnetic field contributes to the
change of the Bondi mass by

1
167'(' S2

2
|Ap| d,ufy :
[BCY]
The decay behaviour of Ay is the same as for E.

[Bieri-Chen-Yau] Define the new function

F—1/+°° =P 41 4pP)d (49)
g ) TP T laE v

% is the total energy radiated to infinity in a given di-

rection per unit solid angle.

Thus: the integrand in (49) is proportional to the power
radiated to infinity at a given retarded time u, in a given
direction, per unit area on S? (per unit solid angle).

Already Christodoulou tells us how to adapt the formula
for FF when matter radiation is present, that is also in the
EM case.



The Bondi mass loss formula from [Z] agrees with the one
in Bondi coordinates derived by van der Burg.

Permanent Displacement Formula

Christodoulou’s Memory Effect = governed by the
permanent displacement formula ~+ — X .

We consider X1t — >~ in the EM case.

Theorem 3. [BCY] Let () = limy_oo = (u, ) and
() = liMyoo =(u,-). Let

> _ 1
FO=[ (12 P4y Ac(w) P)du . (50)
Moreover, let ® be the solution with ® = 0 on S? of the
equation
AdP=F-F

Then T — X~ is given by the following equation on S?:

dz?ﬁ) (=T —-3X7) =yo7 P . (51)

Proof - Sketch: We have

S(u) =5 — /u =(u)du

— 00



and

>ty = —/ =(u)du

We work with the following as derived in [Z]

N T
AV = 'r\nIQ—ZIg(F)\Q
AV = —raA(|7 ]2 =17 [?)
7“2a_1 5
+——(aDy | a(F) [P —aD, | a(F) I?)
whereas in [CK] it is
AV = r|7]|?
AV = —ra A7 2 =17 )

We compute the following limits in the new case.

im v=W® im W =
C,,t—oo C, t—o0
lim rVyW = Q(u,-) lim VW = Q' (u,-).
C,t—oo C,t—oo

Hodge system for e

3 ~
dive = —Vni— 5757“95 +7n-6
1 1
—2(aVa) e+ 2 [a(F) [P =7 | a(F)
chrle = o(W)+0A7
We derive
dipe = p—p+xX-T—X-0+r AV —r2VyV
—r 37 I\V + Lo.t. (52)

chrl e = o(W)+0A7 (53)



Let
E= lim (r’)

Cy,t—o0
Multiply equations (52) and (53) by 3 and take the limits
on Cy as t — oo. This yields:

c;irl E = Q+xXA= (54)
dip E = P-P4+5.=-%.=
FAV-V_Q . (55)

Investigate limits as u — +o00 and u — —oo.

=
E tends to a limit ET as u« — 400 and to E~ as u — —oo.

Obtain
cyrl (ET —E7) = 0

Now, compute dip (ET — E7).
Have to consider the corresponding limits for the terms in-
volving ¥ and W/, that is also €2'.

We use the fact that

P ja(F)a = ~Strxa(F)a + Lot (56)



Now, considering (52) and using (56), we find that

D4l a(F) [P= —trx | a(F) |* +l.o.t. (57)

Using (57), (52) and (52), we deduce formulas for ¥, ¥’
Q, ' by computing the limits (52). We give the formulas

qualitatively:



U /+OO {/ ( .-involving(| = |7 (v/,w")) - --)dw’

—I—/ --involving(| Ar |? (v/,)) - )dw’}du’

o’ / {/ ( —involving(| = 2 (¢, ') — [ = |2 (u’))---)dw’

+ / -involving(| Ar |? (W, ') — | Ar |2 (W)) - - ) }du’

Q = / {/ ( .-involving(| = |2 (u’,w’))---)dw'
—I—/ --involving(| Ar |? (v/,)) - )dw’

mvolvmg( =2 (W, )+ | Ar |? (W, w )> }du’

Q = /+oo{/ ( —involving(| = |2 (W, ) — | = (u’))---)dw’
+/ involving(| Ar [2 (i, — A F () -+ )d!
mvo|vmg((|:|2 (') == |2 (u))
(1 4r P () = TAR @) ) -+ o




Evaluating the difference of the limits as

u — +oo and u — —oo in (55), the contribution of Ai W,
W’ and ' comes only from terms in 2. We find that &’
tends to limits Q7(.) and () ast — oo and t — —oo,

respectively. Thus, we conclude

QF(C) —27()

+o0
/ (12w P -T=@) P

— 00

1 1
+5 [ Ar(u,) P =5 Ar(u, ) P )du

Finally, we obtain

d;/v (E+—E_) = _Qt4 Q" (58)
+o0
= [ (-12@)IPHEGITE (9

1 1
—5 [ ApQu, ) P +5] Ap(u, ) 2 ) du

We know that

with & being the solution of vanishing mean of

A D = —QT+Q~ onS?



We derive

dib ~ =Y H+E

We conclude (as 22 = 0)

d;b (St - )=EtT—-E . (61)

This proves theorem 3.



Limit for r as t — oo on Null Hypersurface C,

Constraint on the spacelike scalar curvature, which is given
by

R = |k|* + Rer,
differs from the constraint in the vacuum case only by the

term Rpp, which is a quadratic in F.

We also prove the following theorem.

Theorem 4. [Bieri-Chen-Yau] Ast — oo we obtain on any

null hypersurface C,,

r=t—2M(oc0)logt—+ O(1)



Gravitational Wave Experiments

How do these results relate to experiment?

Christodoulou discusses idea and setup for a laser inter-
ferometer gravitational-wave detector.

He shows how the theoretical result on >+t — >~ leads to

an effect measurable by such detectors.

This effect manifests itself in a permanent displacement of
the test masses of the detector after a wave train has passed.

Permanent displacement of the test masses in the
EM case:

Electromagnetic field comes into the formula X1+ — >~

Instantaneous displacement of the test masses in the
EM case:

Nothing changes at highest order.



3 test masses mg, mi;, mo suspended by equal length pen-

dulums.

mg:. reference mass.

Measure by laser interferometry the distance of m; and ms

from the reference mass my

The beam splitter is at mg.

Motion of masses on the horizontal plane: considered free
for timelike scales much shorter than the period of the pen-

dulums.

Any difference in the light travel times between mg and
m1 and mo, respectively, results in a difference of phase of
the laser light at myg.

mo, mi1, m2 move along geodesics g, v1, 72 in spacetime.
T unit future-directed tangent vectorfield of ~g

t. arc length along ~o.

Let H; for each t be the spacelike, geodesic hyperplane
through ~o(t) orthogonal to T.



Consider the orthonormal frame field (7, F, E>, E3) along
Yo, Where (FE1,E», E3) is an orthonormal frame for Hy at
~0(0), parallely propagated along ~o.

= at each t, (F1, E», E3) is an orthonormal frame for H;
at ().

Measure distances of mi1 and mo from mg.

Under corresponding physical assumption, differences in
phase of the laser light will reflect differences in dis-
tance of mi1 and m»> from mg.

The same assumption allows us to replace the geodesic
equation for 1 and ~2 by the Jacobi equation (geodesic
deviation from ~g).

d2zk

72 — Rynir o (62)

with

Rk‘TZT = R (Ek’aT7 ElaT) . (63)



Now, assume for simplicity that the source is in the FEs-

direction.

Investigate the formula (62) for the Einstein-Maxwell

situation:

Non-charged test masses: formula (62) stays the same, but
the electromagnetic field comes in.
However, it enters at lower order.

It is:
1
Raﬂ’y5 — Waﬁfy(S + E(ga’yRﬁé + gﬁéRa’y — gﬁfyRa5 - goz5Rﬁ’y)
1
s (9ar985 — Gasgsy) R (64)

Using the EM equations:
Roo = 87lpo

and in particular,

Roo = 5(| a(F) [+ |a(F) ) + p(F)? + o(F)>  (65)



we can investigate the components of the Ricci curvature.
Roo includes the term | a(F) |°. Worst decay behavior.
However it enters as a quadratic the formula for Roo.

Consider L =T — E3, L =T + Es.

The leading components of the curvature are

asp(W) = R (Ea, L, Ep, L) (66)
winn) = W6 (en)

The leading components of the electromagnetic field are

as(F) = F(EaL) (68)

an(m) = 2 4o (69)




Denote the kth Cartesian coordinate of the mass my for

— k
A=1,2 by x (A)"

Then the Jacobi equation becomes

d? xF 1 1
A _ _ _
TQ() = — Z?“ 1 AAB Zl?l(B) — g?" 2 |AF |2 iUl(B) + O ("r 2)

that is
2 .3
d= %0 _ 5
d t2
d? zA 1 1
C _ _ _
Ty = — Z T 1 AAB a:B(D) — g'r' 2 | AF |2 :IZB(D) _I_ O('r 2)

From the Jacobi equation = see that the electromagnetic
field enters on the right hand side at order (r=2) only.

= The electromagnetic field does not contribute at
leading order to the deviation measured by the Jacobi
equation.

= At leading order, results for the Einstein vacuum case

apply.



Christodoulou derived:

2k
d:l:(A) B

1 z -2

Obtain: In the vertical direction there is no acceleration to

leading order (r—1).

Initially m1 and mo are at rest at equal distance dgp and at
right angles from mg. This implies the following initial con-
ditions, as t — —oo:

3 — -3
a:(A)—O, x

- B - B - B -
(A)—O, x (A)_d05A , T (A)—O.
The right hand side being very small, one can substitute
the initial values on the right hand side. Then the motion
is confined to the horizontal plane. One has to leading order:

A

T (B) = — rt do Aap . (70)

NN

One obtains

. 1 _ t
oy 0 = = 3dort [ Aw@du. (1)



In view of equation

o= __ 1 : —_
> =—7Aand limy_,.,==0
we obtain
t
- / Aap (w) du = = (1) (72)

and

A (1) = 2=, 1) (73)

T (B) — . At

As = — 0 for u — oo, the test masses return to rest after
the passage of the gravitational wave.

Taking into account
o> __ o

Ou —

and integrating again:

P ) = O @ - ). 7



The limit t — oo is taken and it follows that the test masses
experience permanent displacements.

Thus
>+ 3y
IS equivalent to an overall displacement of the test masses:

do _
A aipg = — (=) (=, — Z15) (75)

The right hand side of (75) includes terms from the
electromagnetic field at highest order
as given in our theorem 3.

Even though the form of (75) is as in the EV case investi-
gated by Christodoulou, the nonlinear contribution from
the electromagnetic field is present in Zj{B -2 45

F

Recall also: total energy o= radiated to infinity in a

given direction per unit solid angle:

1 [T 1
F=_ =124+ AR %) d
[ (1=r 4



Open Questions

e What happens, when inserting other fields on the right

hand side of Einstein equations?

e What are the patterns in the gravitational radiation for

typical sources such as mergers of binary black holes, binary

neutron stars?

= Leads to another challenge of GR: 2-body problem.



