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1. Introduction

Consider linear partial differential equations:

P (∂t, ∂x)u = 0.

The characteristic equation is: P (λ, iξ) = 0.

Let λ = λ(iξ) be the dispersion relation.

Dissipative structure: Key to the stability for t→ ∞.

Dissipativity: Reλ(iξ) ≤ 0 for any ξ.

Strict dissipativity: Reλ(iξ) < 0 for any ξ ̸= 0.

Type (I): Reλ(iξ) ≤ −c|ξ|2/(1 + |ξ|2)

Type (II): Reλ(iξ) ≤ −c|ξ|2/(1 + |ξ|2)2
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Strict dissipativity

Type (I): Reλ(iξ) ≤ −c|ξ|2/(1 + |ξ|2)

Reλ(iξ) ～ −c|ξ|2 for |ξ| → 0,

Reλ(iξ) ～ −c for |ξ| → ∞.

General framework:

Symmetric hyperbolic-parabolic systems

Symmetric hyperbolic systems

◦ T. Umeda, S.K & Y. Shizuta (1984): Condition (K)

◦ Y. Shizuta & S.K (1985): (SK) stability condition

◦ K. Beauchard & E. Zuazua (2010): Kalman rank condition

Symmetric hyperbolic-elliptic systems

◦ S.K, Y. Nikkuni & S. Nishibata (1998)
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Strict dissipativity

Type (II): Reλ(iξ) ≤ −c|ξ|2/(1 + |ξ|2)2

Reλ(iξ) ～ −c|ξ|2 for |ξ| → 0,

Reλ(iξ) ～ −c|ξ|−2 for |ξ| → ∞.

For Type (II), λ(iξ) may approach the imaginary axis Reλ = 0

for |ξ| → ∞.

Decay property of regularity-loss type:

Dissipative Timoshenko system

◦ J.E.M. Rivera & R. Racke (2003)

◦ K. Ide, K. Haramoto & S.K (2008), ◦ K. Ide & S.K (2008)

Euler-Maxwell system

◦ Y. Ueda, S. Wang & S.K (2010 preprint)

◦ R. Duan (2010 preprint)
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Aim

To survey the general theory for Type (I).

To study the dissipative Timoshenko system

as an example of type (II).{
wtt − (wx − ψ)x = 0,

ψtt − a2 ψxx − (wx − ψ) + γψt = 0,

where a, γ > 0 are constants.

To study the Euler-Maxwell system as an example of type (II).

To report a new progress on the general framework for the dissipative

structure of type (II).

◦ A joint work with Y. Ueda and R. Duan
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2. Motivation of general formulation

Compressible Navier-Stokes equation: The simplest model is given by{
ρt + ux = 0,

ut + ρx = uxx.

Standard energy: Multiply the first and the second equations by ρ and

u, respectively, and add them. This yields

1

2
(ρ2 + u2)t + (ρu− uux)x + u2x = 0.

Similarly, we have

1

2
(ρ2x + u2x)t + (ρxux − uxuxx)x + u2xx = 0.
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Special technique

Special technique: The technique due to Kanal’ (1968) and Matsumura

& Nishida (1981) is as follows. Substitute ux = −ρt to the second

equaion:

ρxt + ρx + ut = 0.

Multiply by ρx:
1

2
(ρ2x)t + ρ2x + ρxut = 0.

Here the last term can be rewritten as

ρxut = (ρxu)t − ρtxu

= (ρxu)t − (ρtu)x + ρtux ⇐ ρt = −ux
= (ρxu)t − (ρtu)x − u2x.

Thus we obtain

1

2
(ρ2x + 2ρxu)t − (ρtu)x + ρ2x − u2x = 0.
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Simpler technique

Simpler technique: The above computation is perfect. But it is too

technical and not suitable for the general framework. A simpler

computation is as follows. Multiply the first and the second equations by

−ux and ρx, and add them. This yields

(ρxut − ρtux) + ρ2x − ρxuxx − u2x = 0

with ρxut − ρtux = (ρxu)t − (ρtu)x. This computation can be expressed

as(
−ux
ρx

)
·
(
ρt
ut

)
=

(
0 −1
1 0

)(
ρx
ux

)
·
(
ρt
ut

)
=

(
ρx
ux

)
·
(

0 1
−1 0

)(
ρt
ut

)
,

which suggests a formulation in terms of a skew-symmetric matrix.
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3. General theory for type (I)

Symmetric hyperbolic systems:

A0ut +

n∑
j=1

Ajuxj + Lu = 0, (1)

where u = u(x, t): m-vector function of x = (x1, · · · , xn) ∈ Rn and t > 0.

(a) A0 is symmetric and positive definite,

(b) Aj is symmetric for each j,

(c) L is symmetric and nonnegative definite.

(c) L is nonnegative definite (not necessarily symmetric) such that

ker(L) = ker(L1),

where L1 is the symmetric part of L.
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Condition (K)

Apply the Fourier transform:

A0ût + i|ξ|A(ω)û+ Lû = 0, (2)

where A(ω) =
∑n

j=1A
jωj , ω = ξ/|ξ| ∈ Sn−1.

• Dispersion relation λ = λ(iξ):

det(λA0 + i|ξ|A(ω) + L) = 0.

.

Condition (K): Umeda, S.K. & Shizuta (1984)

.

.

.

. ..

.

.

There exists K(ω) with the following properties:

(i) K(ω)A0 is skew-symmetric.

(ii) (K(ω)A(ω))1 + L is positive definite,

where X1 is the symmetric part of X.
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Decay property

.

Theorem 1 (Pointwise estimate) Umeda, S.K. & Shizuta (1984)

.

.

.

. ..

.

.

Under the condition (K), we have

|û(ξ, t)| ≤ Ce−cρ(ξ)t|û0(ξ)|, (3)

where ρ(ξ) = |ξ|2/(1 + |ξ|2).

.

Corollary (Decay estimate) Umeda, S.K. & Shizuta (1984)

.

.

.

. ..

.

.

Under the condition (K), we have

∥∂kxu(t)∥L2 ≤ C(1 + t)−n/4−k/2∥u0∥L1 + Ce−ct∥∂kxu0∥L2 , (4)

where k ≥ 0.

• Decay estimate of the standard type (without loss of regularity)
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Lyapunov function

Lyapunov function:

E[ û ] = ⟨A0û, û⟩ − α|ξ|
1 + |ξ|2

⟨iK(ω)A0û, û⟩,

where α > 0 is a small constant. We have

∂

∂t
E[ û ] +

c|ξ|2

1 + |ξ|2
|û|2 + c|(I − P )û|2 ≤ 0,

where P is the orthogonal projection onto ker(L). Therefore we have

∂

∂t
E[ û ] + cρ(ξ)E[ û ] ≤ 0,

where ρ(ξ) = |ξ|2/(1 + |ξ|2). This is solved as

E[ û ](ξ, t) ≤ e−cρ(ξ)tE[ û0 ](ξ),

which gives the desired pointwise estimate (3).
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Energy estimate

Energy estimate: As a simple corollary of

∂

∂t
E[ û ] +

c|ξ|2

1 + |ξ|2
|û|2 + c|(I − P )û|2 ≤ 0,

we have the energy estimate of the form

∥u(t)∥2Hs +

∫ t

0
∥∂xu(τ)∥2Hs−1 + ∥(I − P )u(τ)∥2Hs dτ ≤ C∥u0∥2Hs ,

where s ≥ 0.

• Energy estimate of the standard type (without loss of regularity)
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Dissipative structure

.

(SK) stability condition: Shizuta & S.K. (1985)

.

.

.

. ..

.

.

Let φ ∈ Rm, µ ∈ R and ω ∈ Sn−1.

If Lφ = 0 and µA0φ+A(ω)φ = 0, then φ = 0.

.

Theorem 2 (Characterization of dissipativity)
Shizuta & S.K. (1985), Beauchard & Zuazua (2010)

.

.

.

. ..

.

.

The following five conditions are equivalent.

(a) (SK) stability condition.

(b) Condition (K).

(c) Reλ(iξ) ≤ −c|ξ|2/(1 + |ξ|2) for any ξ ∈ Rn.

(d) Reλ(iξ) < 0 for any ξ ̸= 0.

(d) Kalman rank condition.
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4. Dissipative Timoshenko system

Dissipative Timoshenko system:{
wtt − (wx − ψ)x = 0,

ψtt − a2 ψxx − (wx − ψ) + γψt = 0,

where a > 0, γ > 0 are constants. The equivalent 1st order system is
vt − ux + y = 0,

ut − vx = 0,

zt − ayx = 0,

yt − azx − v + γy = 0,

(5)

where

u = wt, v = wx − ψ, y = ψt, z = aψx.
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Dissipative Timoshenko system

The system is written as

Ut +AUx + LU = 0,

where

U =


v
u
z
y

 , A = −


0 1 0 0
1 0 0 0
0 0 0 a
0 0 a 0

 , L =


0 0 0 1
0 0 0 0
0 0 0 0
−1 0 0 γ

 .

.

Claim:

.

.

.

. ..

.

.

L is not symmetric but satisfies the (SK) stability condition:

If Lφ = 0 and µφ+Aφ = 0, then φ = 0.

In this case, however, ker(L) ̸= ker(L1).
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Dissipative structure

Dissipative structure:

If a = 1, then Reλ(iξ) ≤ −c ξ2/(1 + ξ2).

If a ̸= 1, then Reλ(iξ) ≤ −c ξ2/(1 + ξ2)2.

When a ̸= 1, the asymptotic expansion of λ(iξ) for |ξ| → ∞ is:

λ(iξ) = ± iξ ± σ

2
(iξ)−1 + σ2γ(iξ)−2 +O(|ξ|−3),

λ(iξ) = ± aiξ − γ

2
+O(|ξ|−1),

where σ = 1/(a2 − 1).
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Decay property

.

Theorem 3 (Pointwise estimate) Ide, Haramoto & S.K (2008)

.

.

.

. ..

.

.

When a ̸= 1, we have

|Û(ξ, t)| ≤ Ce−cη(ξ)t|Û0(ξ)|, (6)

where η(ξ) = ξ2/(1 + ξ2)2.

.

Corollary (Decay estimate) Ide, Haramoto & S.K (2008)

.

.

.

. ..

.

.

When a ̸= 1, we have

∥∂kxU(t)∥L2 ≤ C(1 + t)−1/4−k/2∥U0∥L1 + C(1 + t)−l/2∥∂k+l
x U0∥L2 , (7)

where k, l ≥ 0.

• Decay estimate of the regularity-loss type
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Lyapunov function

Lyapunov function: When a ̸= 1,

E[ Û ] = |Û |2 + α1

1 + ξ2

{
− Re

(
v̂ŷ + aûẑ

)
+

α2ξ

1 + ξ2
Re

(
iv̂û+ iŷẑ

)}
,

where α1, α2 > 0 are small constants. We have

∂

∂t
E[ Û ] + cD[ Û ] ≤ 0,

where

D[ Û ] =
ξ2

(1 + ξ2)2
(
|û|2 + |ẑ|2

)
+

1

1 + ξ2
|v̂|2 + |ŷ|2.

Therefore we obtain

∂

∂t
E[ Û ] + cη(ξ)E[ Û ] ≤ 0,

where η(ξ) = ξ2/(1 + ξ2)2. This yields the desired pointwise estimate (6).
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Energy estimate

Energy estimate: When a ̸= 1, as a simple corollary of

∂

∂t
E[ Û ] + cD[ Û ] ≤ 0,

we have the following energy estimate:

∥U(t)∥2Hs +

∫ t

0
∥∂x(u, z)(τ)∥2Hs−2+

+ ∥v(τ)∥2Hs−1 + ∥y(τ)∥2Hs dτ ≤ C∥U0∥2Hs ,

where s ≥ 0.

• Energy estimate of the regularity-loss type: In the dissipation part, we

have the regularity loss for the component (v, u, z).
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Proof of decay estimate

Proof of Corollary: We have

∥∂kxU(t)∥2L2 =

∫
|ξ|2k|Û(ξ, t)|2 dξ ≤ C

∫
|ξ|2ke−cη(ξ)t |Û0(ξ)|2 dξ

=

∫
|ξ|≤1

+

∫
|ξ|≥1

:= I1 + I2.

Low frequency term I1 is estimated as

I1 ≤ C

∫
|ξ|≤1

|ξ|2ke−c|ξ|2t |Û0(ξ)|2 dξ

≤ C sup
|ξ|≤1

|Û0(ξ)|2
∫
|ξ|≤1

|ξ|2ke−c|ξ|2t dξ

≤ C(1 + t)−1/2−k∥U0∥2L1 .
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Proof of decay estimate

High frequency term I2 can be estimated as

I2 ≤ C

∫
|ξ|≥1

|ξ|2ke−ct/|ξ|2 |Û0(ξ)|2 dξ

≤ C sup
|ξ|≥1

e−ct/|ξ|2

|ξ|2l

∫
|ξ|≥1

|ξ|2(k+l) |Û0(ξ)|2 dξ

≤ C(1 + t)−l∥∂k+l
x U0∥2L2 .

This shows the desired decay estimate (7).
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5. Euler-Maxwell system

Euler-Maxwell system in R3 :

nt + div(nu) = 0,

(nu)t + div(nu⊗ u) +∇p(n) = −n(E + u×B)− nu,

Et − rotB = nu,

Bt + rotE = 0,

(8)

divE = n∞ − n, divB = 0, (9)

Here n > 0: mass density, u ∈ R3: velocity, E ∈ R3: electric field, and

B ∈ R3: magnetic induction; p(n): pressure satisfying p′(n) > 0 for

n > 0, and n∞ > 0: a constant.

Solutions of (8) satisfy (9) for t > 0 if the initial data verify (9).
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Euler-Maxwell system

The system (8) is written as

A0(w)wt +
3∑

j=1

Aj(w)wxj + L(w)w = 0,

where w = (n, u,E,B)T and

A0(w) =


p′(n)/n

nI
I

I

 , L(w) =


0

n(I − ΩB) nI
−nI O

O

 ,

3∑
j=1

Aj(w)ξj =


(p′(n)/n)(u · ξ) p′(n)ξ

p′(n)ξT n(u · ξ)I
O −Ωξ

Ωξ O

 .
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Euler-Maxwell system

Here I and O denotes the 3× 3 identity matrix and the zero matrix,

respectively, and Ωξ is the skew-symmetric matrix defined by

Ωξ =

 0 −ξ3 ξ2
ξ3 0 −ξ1
−ξ2 ξ1 0


for ξ ∈ R3. Note that ΩξE = ξ × E as a column vector in R3.

Constant equilibrium: The Euler-Maxwell system admits a constant

equilibrium state

w∞ = (n∞, 0, 0, B∞)T ,

where n∞ > 0 and B∞ ∈ R3 are constant states. Note that L(w)w∞ = 0

for each w.
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Linearized Euler-Maxwell system

Linearized Euler-Maxwell system:

A0zt +

3∑
j=1

Ajzxj + Lz = 0, (10)

divE = −ρ, div h = 0, (11)

where z = (ρ, u,E, h)T with ρ = n− n∞ and h = B −B∞, and

A0 = A0(w∞), Aj = Aj(w∞) and L = L(w∞).

Apply the Fourier transform:

A0ẑt + i|ξ|A(ω)ẑ + Lẑ = 0, (12)

i|ξ|Ê · ω = −ρ̂, i|ξ|ĥ · ω = 0, (13)

where A(ω) =
∑3

j=1A
jωj , ω = ξ/|ξ| ∈ S2.
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.

Claim: Ueda, Wang & S.K (2010 preprint)

.

.

.

. ..

.

.

L is not symmetric but satisfies the following modified (SK) stability

condition: Let φ = (ρ, u,E, h)T ∈ R10.

If Lφ = 0, µA0φ+A(ω)φ = 0 and h · ω = 0, then φ = 0.

In this case, however, ker(L) ̸= ker(L1).

Let φ = (ρ, u,E, h)T . Then Lφ = 0 gives

n∞(u−B∞ × u) + n∞E = 0, −n∞u = 0,

which shows that u = E = 0. Then φ = (ρ, 0, 0, h)T . For this φ, we

suppose that µA0φ+A(ω)φ = 0 and h · ω = 0. This implies

µa∞ρ = 0, b∞ρω = 0, h× ω = 0, µh = 0, h · ω = 0,

where a∞ = p′(n∞)/n∞ and b∞ = p′(n∞) are positive constants. This

shows that ρ = h = 0 and hence φ = 0.
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Decay property

.

Theorem 4 (Pointwise estimate)
Ueda & S.K (2010 preprint), Duan (2010 preprint)

.

.

.

. ..

.

.

We have
|ẑ(ξ, t)| ≤ Ce−cη(ξ)t|ẑ0(ξ)|, (14)

where η(ξ) = |ξ|2/(1 + |ξ|2)2.

.

Corollary (Decay estimate) Ueda & S.K (preprint), Duan (preprint)

.

.

.

. ..

.

.

We have

∥∂kxz(t)∥L2 ≤ C(1 + t)−3/4−k/2∥z0∥L1 + C(1 + t)−l/2∥∂k+l
x z0∥L2 , (15)

where k, l ≥ 0.

• Decay estimate of the regularity-loss type
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Lyapunov function

Lyapunov function:

E[ ẑ ] = H0 +
α1

1 + |ξ|2
(
H1 +

α2|ξ|
1 + |ξ|2

H2

)
.

Here

H0 = ⟨A0ẑ, ẑ⟩ = a∞|ρ̂|2 + n∞|û|2 + |Ê|2 + |ĥ|2,

H1 = Re{a∞i|ξ|⟨ρ̂ω | û⟩+ ⟨û | Ê⟩}

H2 = Re⟨Ê | ĥ× iω⟩

where α1, α2 > 0 are small constants, a∞ = p′(n∞)/n∞, and ⟨· | ·⟩ is the
inner product of C3.

Shuichi Kawashima (Kyushu University) Stability Analysis March 16, 2011 30 / 40



Lyapunov function

We have
∂

∂t
E[ ẑ ] + cD[ ẑ ] ≤ 0,

where

D[ ẑ ] = |ρ̂|2 + |û|2 + 1

1 + |ξ|2
|Ê|2 + |ξ|2

(1 + |ξ|2)2
|ĥ|2.

Therefore we obtain

∂

∂t
E[ ẑ ] + cη(ξ)E[ ẑ ] ≤ 0,

where η(ξ) = |ξ|2/(1 + |ξ|2)2. This yields the desired pointwise estimate

(14).
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Energy estimate

Energy estimate: As a simple corollary of

∂

∂t
E[ ẑ ] + cD[ ẑ ] ≤ 0,

we have the following energy estimate:

∥z(t)∥2Hs +

∫ t

0
∥(ρ, u)(τ)∥2Hs

+ ∥E(τ)∥2Hs−1 + ∥∂xh(τ)∥2Hs−2 dτ ≤ C∥z0∥2Hs ,

where s ≥ 0.

• Energy estimate of the regularity-loss type: In the dissipation part, we

have the regularity loss for the component (E, h).
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6. General framework for type (II)

Symmetric hyperbolic systems:

A0ut +

n∑
j=1

Ajuxj + Lu = 0, (16)

where u = u(x, t): m-vector function of x = (x1, · · · , xn) ∈ Rn and t > 0.

(a) A0 is symmetric and positive definite,

(b) Aj is symmetric for each j,

(c) L is nonnegative definite (not symmetric) such that

ker(L) ̸= ker(L1),

where L1 is the symmetric part of L.
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Structural conditions

Apply the Fourier transform:

A0ût + i|ξ|A(ω)û+ Lû = 0. (17)

.

Condition (S): Ueda, Duan & S.K

.

.

.

. ..

.

.

There exits S with the following properties:

(i) SA0 is symmetric.

(ii) (SL)1 + L1 is nonnegative definite and ker((SL)1 + L1) = ker(L).

(iii) i(SA(ω))2 is nonnegative on ker(L1), where X2 is the

skew-symmetric part of X.

.

Modified condition (K): Ueda, Duan & S.K

.

.

.

. ..

.

.

There exists K(ω) with the following properties:

(i) K(ω)A0 is skew-symmetric.

(ii) (K(ω)A(ω))1 + (SL)1 + L1 is positive definite.
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Decay property

.

Theorem 5 (Pointwise estimate) Ueda, Duan & S.K

.

.

.

. ..

.

.

Under the conditions (S) and modified (K), we have

|û(ξ, t)| ≤ Ce−cη(ξ)t|û0(ξ)|, (18)

where η(ξ) = |ξ|2/(1 + |ξ|2)2.

.

Corollary (Decay estimate) Ueda, Duan & S.K

.

.

.

. ..

.

.

Under the conditions (S) and modified (K), we have

∥∂kxu(t)∥L2 ≤ C(1 + t)−n/4−k/2∥u0∥L1 + C(1 + t)−l/2∥∂k+l
x u0∥L2 , (19)

where k, l ≥ 0.

• Decay estimate of the regularity-loss type
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Lyapunov function

Lyapunov function:

E[ û ] = ⟨A0û, û⟩+ α1

1 + |ξ|2
{
⟨SA0û, û⟩ − α2|ξ|

1 + |ξ|2
⟨iK(ω)A0û, û⟩

}
,

where α1, α2 > 0 are small constants. We have

∂

∂t
E[ û ] +

c|ξ|2

(1 + |ξ|2)2
|û|2

+
c

1 + |ξ|2
|(I − P )û|2 + c|(I − P1)û|2 ≤ 0,

where P and P1 are the orthogonal projections onto ker(L) and ker(L1),

respectively. Therefore we have

∂

∂t
E[ û ] + cη(ξ)E[ û ] ≤ 0,

where η(ξ) = |ξ|2/(1 + |ξ|2)2. This gives the desired pointwise estimate

(18).
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Energy estimate

Energy estimate: As a simple corollary of

∂

∂t
E[ û ] +

c|ξ|2

(1 + |ξ|2)2
|û|2

+
c

1 + |ξ|2
|(I − P )û|2 + c|(I − P1)û|2 ≤ 0,

we have the energy estimate of the form

∥u(t)∥2Hs +

∫ t

0
∥∂xu(τ)∥2Hs−2

+ ∥(I − P )u(τ)∥2Hs−1 + ∥(I − P1)u(τ)∥2Hs dτ ≤ C∥u0∥2Hs ,

where s ≥ 0.

• Energy estimate of the regularity-loss type: In the dissipation part, we

have the regularity loss for the component P1u.
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Decay property in a special case

.

Theorem 6 (Pointwise estimate) Ueda, Duan & S.K

.

.

.

. ..

.

.

Under the conditions (S) with (SA(ω))2 = 0 and modified (K), we have

|û(ξ, t)| ≤ Ce−cρ(ξ)t|û0(ξ)|, (20)

where ρ(ξ) = |ξ|2/(1 + |ξ|2).

.

Corollary (Decay estimate) Ueda, Duan & S.K

.

.

.

. ..

.

.

Under the conditions (S) with (SA(ω))2 = 0 and modified (K), we have

∥∂kxu(t)∥L2 ≤ C(1 + t)−n/4−k/2∥u0∥L1 + Ce−ct∥∂kxu0∥L2 , (21)

where k ≥ 0.

• Decay estimate of the standard type
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Lyapunov function in a spectial case

Lyapunov function: When (SA(ω))2 = 0,

E[ û ] = ⟨A0û, û⟩+ α1

{
⟨SA0û, û⟩ − α2|ξ|

1 + |ξ|2
⟨iK(ω)A0û, û⟩

}
,

where α1, α2 > 0 are small constants. We have

∂

∂t
E[ û ] +

c|ξ|2

1 + |ξ|2
|û|2 + c|(I − P )û|2 ≤ 0,

where P is the orthogonal projection onto ker(L). Therefore we have

∂

∂t
E[ û ] + cρ(ξ)E[ û ] ≤ 0,

where ρ(ξ) = |ξ|2/(1 + |ξ|2). This gives the desired pointwise estimate

(20).
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Open questions

Open questions:

General framework which covers the Euler-Maxwell system

Characterization of (S) + modified (K)

Relation with Kalman rank condition

General framework for nonlinear problems of type (II)

Thank You for Your Attention
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