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1 Introduction

The most elegant and convincing proof of the positive energy theorem is by
using spinors, as did Witten in the case n = 3 inspired by heuristic works of
Deser and Grisaru originating from supergravity. The aim of this Note is to
present a streamlined, complete proof, valid in arbitrary space dimension n,
and using only spinors on the oriented Riemannian space (Mn; g), without
invoking spacetime spinors.
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2 Einsteinian spacetime.

An Einsteinian spacetime is a Lorentzian manifold (Mn+1,g) which satisfies
the Einstein equations

Rαβ −
1

2
gαβR = Tαβ,

it satisfies the dominant energy condition if uαT
αβ is non spacelike for every

time like vector u.
On each spacelike slice Mn, x0 =constant (we assumeMn+1 =Mn×R),

the induced metric g and extrinsic curvatureK satisfy the constraints written
here in a Cauchy adapted local frame

R0j ≡ DhP
h
j = −T0j, P ih := Kih − gihtrK (2.1)

S00 ≡
1

2
{R− |K|2 + (trK)2} = T00. (2.2)

The mass m and linear momentum p, called ADM, associated to an
asymptotically Euclidean end of (Mn, g) originate from an Hamiltonian for-
mulation of the Einstein equations, they define a spacetime vector E with
components

E0 := m := lim
r→∞

1

2

∫

Sn−1r

(
∂gij

∂xj
−

∂gjj

∂xi
)niµḡ, (2.3)

Eh := ph := lim
r→∞

∫

Sn−1r

P ihniµḡ.

The positive energy theorem says that

m ≥ |p| if T00 ≥ (g
ijT0iToj)

1

2
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3 Asymptotically Euclidean space.

Mn is a smooth manifold union of a compact setW and a finite number N of
sets ΩI , diffeomorphic to the complement of a ball in Rn. One covers W by
a finite number N ′ of open sets WK each diffeomorphic to a ball in Rn. We
denote by xi local coordinates for a domain ΩI orWK.We set r :=

∑
(xi)2}

1

2

and we take r0 > 0 such that ΩI := {r > r0}, ΩI ∩WK = /0 if r < 2r0.
We consider a smooth partition of unity, fI , I = 1, ...N, fK, K = 1, ...N ′,

called a preparation of Mn; fK with support in Wk, fI support in ΩI and
fI = 1 for r > 2r0.
The Riemannian metric g is assumed continuous and uniformly bounded

above and below in each ΩI and WK by constant positive definite quadratic
forms.
A tensor field u on Mn is written

u ≡
∑

I=1,..N

uI +
∑

K=1,..N ′

uK with uI := fIu, uK := fKu.

Norms on spaces of tensor fields are defined through their components in the
ΩI , WK , each endowed with the Euclidean metric e := ηijdx

idxj ≡
∑
(dxi)2,

with pointwise norm |.| and volume element µe. We use the Banach and
Hilbert spaces Ck

β and Hs,δ with norms

||u||Ck
β
≡ sup

I,K
{sup
ΩI

(rβ+k|DkuI |), sup
WK

|DkuK|}, Dk :=
∂k

∂xi1 ...∂xik
. (3.1)

||u||2Hs,δ :=
∑

I=1,...N

∫

ΩI

∑

0≤k≤s

r2(k+δ)|DkuI |
2µe +

∑

K=1,...N ′

∫

WK

∑

0≤k≤s

|DkuK|
2µe

(3.2)

Different preparations ofMn give equivalent norms. A Riemannian man-
ifold (Mn, g) is called asymptotically Euclidean (A.E) if

hI := fI(g − e) ∈ Hs,δ ∩ C1
n−2, fKg ∈ Hs, s >

n

2
+ 1,

n

2
− 2 > δ > −

n

2
.

(3.3)
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It can be proved, using the fact that Hs,δ is an algebra if s > n
2
, δ > −n

2

that an A.E (Mn, g) admits in each end ΩI an orthonormal coframe

θi := a
j
idx

j a
j
i = δ

j
i +

1

2
λ
j
i , λ

j
i ∈ Hs,δ ∩ C1

n−2. (3.4)

Then, underlying components in the coordinates xi of ΩI , it holds that

gij ≡
∑

h

ahi a
h
j ≡ ηij + hij, ηij := δ

j
i (3.5)

with

hij ≡
1

2
(λji + λij) +

1

4

∑

h

λhjλ
h
i , λhjλ

h
i ∈ Hs,2δ+n

2
∩ C1

2n−4. (3.6)

The rotation coefficients chij of the coframe θh are, with (bji ) the matrix

inverse of (aij) and ∂i the Pfaff derivative with respect to θi, dθh ≡ 1
2
chijθ

i∧θj ,

chij ≡ bkj∂iλ
h
k − bki ∂jλ

h
i ≡

1

2
(∂iλ

h
j − ∂jλ

h
i ) + c′hij , c′hij ∈ Hs−1,2δ+1+n

2

The components of the Riemannian connection ω in the coframe θi are

ωi,jh ≡
1

2
(−cijh + chij − c

j
ih)

hence by straightforward computation

ωi,jh ≡ {
1

4
{−∂j(λ

h
i + λih) + ∂h(λ

i
j + λ

j
i )}+ ω′i,hj, ω′i,hj ∈ Hs−1,2δ+1+n

2
,

therefore, formula useful in the computation of the mass,

ωi,hj ≡
1

2
{∂hhij −

1

2
∂jhih}+ ζ i,hj , ζ i,hj ∈ Hs−1,2δ+1+n

2
. (3.7)
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3.1 Mass m and linear momentum p of an end.

We assume the extrinsic curvature K of our A.E (Mn, g) slice to be like ω in
Hs−1,δ+1∩C0

n−1.We then say that (M
n, g,K) is A.E. The mass m and linear

momentum p,

E0 := m := lim
r→∞

1

2

∫

Sn−1r

(∂jhij − ∂ihjj)niµḡ, (3.8)

Eh := ph := lim
r→∞

∫

Sn−1r

P ihniµḡ

are then well defined because µḡ is equivalent to rn−1µSn−1
1

and ni is uniformy
bounded.
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4 Spinor fields.

The gamma matrices associated with an orthonormal coframe θi of g at
x ∈Mn are linear endomorphisms of a complex vector space S of dimension
p := 2[n/2] which satisfy the identities

γiγj + γjγi = 2ηijIp, i, j = 1, ...n, Ip identity matrix (4.1)

The γi are chosen hermitian, i.e. γi = γ̃i , as is possible for an O(n) group.
The spinor group Spin(n), double homomorphism covering of SO(n), can

be realized by the group of invertible linear maps Λ of S which satisfy, with
O := (Oj

i ) a n× n orthogonal matrix

ΛγiΛ−1 = Oi
jγ
j and detΛ = 1. (4.2)

In a subset ΩI or WK with a given field ρ0 of orthonormal frames a spinor
field ψ is represented by a mapping (xi) �→ ψ(xi) ∈ S. Under an O ∈ SO(n)
change of frame, ρ = Oρ0 the spinor ψ becomes represented by ψ′ = Λψ
where some choice has been made of the correspondance between Λ and O.

This can be made consistently on Mn if it admits a spin structure; that
is, a homomorphism of a Spin(n) principal bundle PSpinn onto the principal
bundle of oriented orthonormal frames. It is a topological property ofMn, the
vanishing of its second Stiefel-Whitney class, always true for orientable M3.

A spinor field on Mn is then a section of a vector bundle ΨSpin(n) associated
with PSpin(n), with base Mn and typical fiber S.
To a space of spinors corresponds a space of cospinors, replacing S by

the adjoint (complex dual) vector space S̃ and the change of representation
by φ′ = φΛ−1. Using dual frames eA of S and θA of S̃ we have ψ ≡ ψAeA,

φ = θAφA, A = 1, ...p, we denote the duality relation by

φψ ≡ (φ, ψ) := φAψ
A, a frame independent scalar.

By the definitions ψ̃ represented by ψ̃A := (ψ
A)∗ is a cospinor if ψ is a spinor,

|ψ|2 ≡ ψ̃ψ is positive definite.
A spin connection σ on (Mn, g) is deduced from an O(n) connection ω

by the isomorphism between the Lie algebras of O(n) and Spin(n) obtained
by differentiation of the relation linking Λ and O, it is represented in each
domain of the preparation by
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σi ≡
1

4
γhγkωi,hk, i = 1, ...n. (4.3)

The covariant derivative of a spinor ψ is a covariant vector - spinor, the
covariant derivative of a cospinor is a covariant vector - cospinor. Their
components in the frames respectively θi ⊗ eA and θi ⊗ θA are

(Diψ)
A ≡ ∂iψ

A + (σiψ)A ,

(Diφ)A ≡ ∂iφA − (φσi)A.

The hermiticity of γi shows that

σ̃i = −σi, hence D̃iψ ≡ Diψ̃.

The Riemannian connection together with the spin connection define a first
order derivation operator mapping tensor-spinor-cospinor fields into tensor-
spinor- cospinor fields with one more covariant tensorial index.

The gamma matrices are the components of a vector-spinor-cospinor which
has covariant derivative zero.

The spin curvature ρ is a 2-tensor- spinor -cospinor, image by the mapping
of Lie algebras of the curvature tensor of g. The Ricci identity for spinors
reads

DiDjψ −DjDiψ ≡ ρijψ with ρij :=
1

4
Rij,hkγ

hγk. (4.4)
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5 Dirac operator.

The Dirac operator on sections of the vector bundle Ψ(n) reads locally

Dψ ≡ γiDiψ ≡ γi(∂iψ +
1

4
ωi,hkγ

hγkψ), hence D̃ψ ≡ Diψ̃γi. (5.1)

The algebraic Bianchi identity together with definitions lead to the im-
portant well known formula

D2ψ ≡ ηijDiDjψ +
1

2
γiγjρijψ ≡ ηijDiDjψ −

1

4
Rψ. (5.2)

The Dirac operator is a first order linear operator with principal symbol
(ηijξiξj)

p

2 , hence elliptic. Weighted Sobolev spaces for spinor fields on a
preparedMn are defined as for tensor fields after setting ψ =

∑
(βIψ+βKψ)

and using representations ψ. A known theorem (Christodoulou and C-B)
gives:

Theorem 1 On an A.E. (Mn, g) the Dirac operator is a Fredholm operator
from spinors in Hs,δ to spinors in Hs−1,δ+1, it is an isomorphism if injective.
The same is true of Dψ + fψ if f is a bounded linear map from spinors in
Hs,δ to spinors in Hs−1,δ+1.

8



6 Gravitational mass.

We prove for arbitrary n > 2 the fundamental fact used by Witten for n = 3.

Theorem 2 Let (Mn, g) be A.E. The mass m of an end ΩI is equal to

m = 2 lim
r→∞

∫

Sn−1r

U i0niµḡ, (6.1)

where

U i0 := Re{ψ̃0(η
ij − γiγj)σjψ0},

with Sn−1r the submanifold of the end ΩI with equation {
∑
(xi)2}

1

2 = r, ni its
unit normal, µḡ the volume element induced by g and ψ0 a spinor constant

in ΩI (i.e. ∂ψ0
∂xi

= 0) and |ψ0| = 1.

Proof. We first remark that, using γi = γ̃i and σ̃i = −σi, one finds

Re(ψ̃0η
ijσjψ0) ≡

1

2
ψ̃0η

ij(σj + σ̃j)ψ0 ≡ 0.

The definition of σj implies then ,

U i0 =
1

8

∑

j,h,k

ψ̃0ωj,hk(γ
iγjγhγk − γhγkγjγi)ψ0.

Recall that in an end of (Mn, g)

ωj,hk ≡
1

2
{∂hhjk −

1

2
∂khjh}+ ζj,hk, ζj,hk ∈ Hs−1,2δ+1+n

2
. (6.2)

We denote by =̃ expressions which give the same limit for the integral when
ωj,hk is replaced by its first term,

1
2
{∂hhjk −

1
2
∂khjh}.

Computation of U i0 is somewhat tedious, whatever path one uses. One
can proceed as folows.
1. All indices are different, then anticommutation of the corresponding

gamma matrices, the symmetry of ∂khhjghj in h and j and ∂hhkj in k and j

and change of names of indices lead to

U i0,diff =̃
1

8

∑

j,h,k

ψ̃0∂hhkj(γ
iγjγhγk − γiγjγhγk)ψ0 = 0,
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2. Two indices coincide.
a. h = k : gives 0 since then ωj,hk = 0.
b. j = i : gives 0 since then

U i0,j=i =
1

4
ψ̃0ωi,hk(γ

hγk − γhγk)ψ0 ≡ 0.

c. h = i, h �= k and j �= i.

U i0,h=i =
1

8

∑

j,h,k

ψ̃0ωj,hk(γ
iγjγiγk − γiγkγjγi)ψ0.

Using i �= k gives

γjγiγk − γkγjγi = −γjγkγi − γkγjγi = −2ηjkγi,

hence, using ωj,ij=̃
1
2
{∂ihjj −

1
2
∂jhji}

U i0,h=i=̃−
1

4

∑

j �=i,h=i,k �=i

ψ̃0γ
iωj,ijψ0=̃

1

8
{∂jhji − ∂ihjj}=̃U

i
0,k=i.

On the other hand, by the symmetries appearing in ωj,hk, j �= h and
h �= i, and no summation on i,

U i0,j=k =
1

8

∑

j=k �=i,k �=h

ψ0ωj,hk(γ
iγjγhγk − γhγkγjγi)ψ0

hence using again symmetries

U i0,j=k=̃
1

8
ψ̃0∂ihjj(γ

iγh + γhγi)ψ0 = 0

The same argument gives U i0,j=h=̃0.
Hence finally

U i0=̃
1

4
|ψ0|

2(∂jhji − ∂ihjj).

From which the theorem follows.
To study the positivity of the mass m one defines a vector U i on Mn+1

such that the integrals on Sn−1r of U i and U i0 have the same limit when r →∞.
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The Stokes formula applied to the integral of the divergence of U i will give
information on this limit.
We set

U i := Re{ψ̃(η
ijDjψ − γiγjDjψ)}. (6.3)

Lemma 3 On an A.E manifold (Mn, g) it holds that
1.

DiU
i ≥ 0 if R ≥ 0 and Dψ = 0.

2. If ψ = ψ0 + ψ1 with ∂iψ0 = 0 in ΩI and ψ1 ∈ Hs,δ then in ΩI

lim
r→∞

∫

Sn−1r

U i0niµḡ = lim
r→∞

∫

Snr

U iniµḡ. (6.4)

Proof. 1. By elementary computation, using Diψ̃ = D̃iψ and the Lich-
nerowicz identity one finds

DiU
i ≡ |Dψ|2 − |Dψ|2 +

1

4
R|ψ|2 (6.5)

Therefore DiU
i ≥ 0 if R ≥ 0 and ψ satisfies the equation Dψ = 0.

2. To study the limit of the integral on Sn−1r of U i when ψ = ψ0 + ψ1 we
write

U i ≡ U i0 + V
i, (6.6)

V i ≡
1

2
Re{ψ̃0[γ

j , γi]Djψ1 + ψ̃1[γ
j , γi]Djψ)} (6.7)

Then

DiU
i = DiU

i
0 +DiV

i

Embedding and multiplication properties of Sobolev spaces give

ψ̃1[γ
j, γi]Djψ) ∈ Hs,δ × {C

1
n−1 ∩Hs−1,δ+1} ⊂ Hs−1,2δ+1+n

2
⊂ C0

β
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β < 2δ + 1 +
n

2
+

n

2
< 2n− 3, hence β > n− 1 if n > 2.

To estimate the other term one remarks that

Di{ψ̃0[γ
j , γi]Djψ1} ≡ DiDj{ψ̃0[γ

j , γi]ψ1} −Di{Djψ̃0[γ
j, γi]ψ1} (6.8)

the first parenthesis is an antisymmetric 2-tensor hence its double diver-
gence DiDj is identically zero. The second parenthesis is

Djψ̃0[γ
j , γi]ψ1 ∈ C1

n−1 ×Hs,δ ⊂ C1
β.

One deduces from the Stokes formula that
∫

Mn
r

DiU
iµg =

∫

Sn−1r

U iniµḡ ≡

∫

Sn−1r

(U i0 + V
i)niµḡ

The fall off properties found for V i imply

lim
r→∞

∫

Sn−1r

U iniµḡ = lim
r→∞

∫

Sn−1r

U i0niµḡ. (6.9)

Lemma 4 If (Mn, g) is A.E. R ≥ 0 and ψ0 is a smooth spinor constant in
ΩI and zero in the other ends there exists on Mn a spinor ψ ≡ ψ0+ψ1, such
that Dψ = 0, ψ1 ∈ Hs,δ.

Proof. The hypotheses made on ψ0 show that Dψ0 ∈ Hs−1,δ+1. Theorem
1 implies the existence of ψ1.
The lemmas imply that m ≥ 0 if R ≥ 0, that is if (Mn, g) is a maximal

submanifold of (Mn+1
,g).We will now lift this restriction, proving moreover

that m ≥ |p|.

12



7 Positive energy.

We assume the extrinsic curvature K of our A.E (Mn, g) slice to be in Hs,δ ∩
C0
n−1. We then say that (M

n, g,K) is A.E. Inspired by 2.4 we define a real
vector P on (Mn, g) by1

P i :=
1

2
ψ̃γhP

ihψ ≡
1

2
ψ̃(γhK

ih − γiγjγhKjh)ψ, P ih = Kih − δihtrK

If ψ0 is as before a smooth spinor constant in one end of M
n and zero in the

other ends and ψ is a spinor on Mn such that ψ − ψ0 ∈ C0
β, β > 0, then

lim
r→∞

∫

Sn−1r

P iniµḡ =
1

2
ψ̃0γhp

hψ0, ph := lim
r→∞

∫

Sn−1r

P ihniµḡ. (7.1)

It is elementary to check using the properties of the γ′s that γhp
h is an

hermitian matrix with eigenvalues ±|p|. If we choose for ψ0 an eigenvector
of the eigenvalue −|p| we have

ψ̃0γhp
hψ0 = −|ψ0|

2 |p|. (7.2)

To estimate the limit 7.1. we use again the Stokes formula, with

DiP
i ≡

1

2
Di(ψ̃γhP

ihψ) ≡
1

2
Di(ψ̃γhψ)P

ih +
1

2
ψ̃γhψDiP

ih. (7.3)

The momentum constraint gives

DiP
ih = −T h0 .

On the other hand, the Lichnerowicz identity together with the Hamiltonian
constraint implies that

DiU
i ≡ |Dψ|2 − |Dψ|2 + (

1

2
T00 +

1

4
|K|2 −

1

4
|trK|2)|ψ|2. (7.4)

One introduces the notations

∇iψ := Diψ +
1

2
γhKihψ, /∇ = γi∇i (7.5)

1
Remark that we do not introduce a matrix γ

0
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Elementary computation using Diη
hj ≡ 0, Diγ

h ≡ 0 gives

|∇ψ|2 := ηij∇̃iψ∇jψ ≡ |Dψ|2 +
1

2
Di(ψ̃γhψ)K

ih +
1

4
|K|2|ψ|2 (7.6)

The identity 7.5. can therefore be written after simplification

DiU
i ≡ |∇ψ|2 − |Dψ|2 + (

1

2
T00 −

1

4
|trK|2)|ψ|2 −

1

2
Di(ψ̃γhψ)K

ih). (7.7)

We deduce from the definition

| /∇ψ|2 ≡ |Dψ|2 +
1

2
Di(ψ̃γiψ)trK +

1

4
|trK|2|ψ|2

which gives

DiU
i ≡ |∇ψ|2 − | /∇ψ|2 +

1

2
T00|ψ|

2 −
1

2
Di(ψ̃γhψ)Pih. (7.8)

The identities 7.4 and 7.6. give the simplified identity

Di(U
i + P i) ≡ |∇ψ|2 − | /∇ψ|2 + T (7.9)

with

T :=
1

2
(T00|ψ|

2 − ψ̃γhψT0h) (7.10)

with T ≥ 0 under the dominant energy condition, because

|ψ̃γhψT0h| ≡ |ψ|
2(ηihT0iT0h)

1

2 ≤ T00|ψ|
2|.

We see that Di(U
i + P i) ≥ 0 if /∇ψ = 0.

Lemma 5 Under the hypotheses made on (Mn, g,K) and ψ0, the equation
/∇ψ = 0 has a solution ψ ≡ ψ0 + ψ1, ψ1 ∈ Hs,δ.

Proof. The operator /∇ has the same principal part as D, therefore is also
elliptic. It maps Hs,δ into Hs−1,δ+1. The equation /∇ψ1 = − /∇ψ0 ∈ Hs−1,δ+1

has one and only one solution if /∇ is injective on Hs,δ. To show injectivity
we remark that the identity 7.7 was established without restriction on ψ,

starting from the definitions of U i and P i. We make ψ = ψ1 in 7.7 and
integrate it on Mn, the fall off of ψ1 implies that the divergence gives no
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contribution, the equation | /∇ψ1|
2 = 0 implies therefore that on Mn, if T

≥ 0

|∇ψ1|
2 = 0, i.e. Diψ1 +

1

2
γhKihψ1 = 0, with γhKih ∈ Hs−1,δ+1

The Poincaré inequality in weighted Hilbert spaces leads to ψ1 = 0 if ψ1 ∈
Hs,δ, s > n

2
+ 1 and −2 + n

2
> δ > −n

2
.

We arrive at the final theorem

Theorem 6 If an Einsteinian spacetime satisfies the dominant energy con-
dition, the energy momentum vector E0 = m, Ei = pi of an A.E. slice
(Mn, g,K) satisfies the inequality

m ≥ |p|.

Proof. We have proved the result by considering one end. It holds in
the case of several ends by adding their enegy momentum vectors.
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