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1. Statement of the main result

Let (t,x) — (n,%)(t,x) be a function from [Ty, T[xR to R2
solving the Craig-Sulem-Zakharov system:

om = G(n)y

L 6Oy + Dx )

(CS2)
o) = —n — *( Ox)® + 2(1+ (8n)?)

where G( is the Dirichlet-Neumann operator defined by

= /14 (0xn)?0n®|,— —n(t,x), Where

(0% + ) =0 in y <i(t,x), Ply—y(en) = -



1. Statement of the main result

Let (t,x) — (n,%)(t,x) be a function from [Ty, T[xR to R2
solving the Craig-Sulem-Zakharov system:

om = G(n)y

(CS2) MEOUE: O]

o) = —n — *( Ox)® + 2(1+ (8n)?)

where G( is the Dirichlet-Neumann operator defined by

m& q>‘y —n(tx)s where
(24 2)0 =0iny <n(t,x), Dlymy(er) = .

Known results: e Local existence in dimension 1 or 2 (Sijue Wu).
e Almost global existence with small data in dimension one: if
(1,9)|t=1 = €(no, 1h0), the solution exists on an interval [1, e/¢[
(Sijue Wu).

e Global existence in dimension 2 for ¢ < 1 (Sijue Wu), global
existence and scattering (Germain-Masmoudi-Shatah).



Theorem

In dimension one, take s > s; > 1 integers. Let (no,10o) be such
that

(x0x)Pro € HS™P, (x0,)P|D|Y 4o € H™P, p < s1.

For e < 1, (CSZ) with data (n,)|t=1 = €(no,%o) has a unique
global smooth solution. Moreover, u = \D[l/zw + in has the
asymptotic expansion

u(t,x) = ~=a log t| +£~2 " p(t, x),

Vit

where k>0, o € C)(R), p € L™.
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u(t,x) = N

Vit

where k>0, o € C)(R), p € L™.

t

Reference: lonescu-Pusateri obtained independently a similar
result of global existence, with the following differences: Decay
assumptions are weaker, and asymptotics are obtained for i(t, &)
instead of u(t,x).



2. Strategy of proof

One uses the Klainerman vector field Z = t0; + 2x0x.

Model problem: (D; — P(Dy))u = N(u), where D, = 19,, P(¢)
——

cubic
real valued symbol (for instance P(¢) = [¢]Y/?).
Let Z be a vector field so that [Z, D; — P(Dy)] = 0. One gets

(D; — P(Dx))ZXu = Z*¥N(u) ~ u?Z5u + - --

whence

1Z5u(t, )2 < [ Z%u(1 ||L2+/ Cllu(r, )IZe |1 Z5u(r, )|l d7.
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e Apparent loss of derivatives
Consider a quadratic para-differential approximation of the (CSZ)
system 0:U = TpU, with

U= { D|§’/2 w} . Ta = paradiff. operator with symbol A = A(U, x, €),

where A is a 2 x 2 matrix of symbols

A(U,x,&) = Ao(U,x,&) +A1(U,x,§).

anti-self-adjoint self-adjoint

Because of Aj, the eigenvalues of A have non zero real part, so
generate a loss of derivatives in energy inequalities.



e Apparent loss of derivatives
Consider a quadratic para-differential approximation of the (CSZ)
system 0;U = TAU, with

U= { D|§’/2 w} . Ta = paradiff. operator with symbol A = A(U, x, €),

where A is a 2 x 2 matrix of symbols

A(U,x,&) = Ao(U,x,&) +A1(U,x,§).

anti-self-adjoint self-adjoint

Because of Aj, the eigenvalues of A have non zero real part, so
generate a loss of derivatives in energy inequalities.

Way to overcome this difficulty: Use the “good unknown” of
Alinhac. For the quadratic approximation above, this means

introducing U= LD?/ZW} , with w =4 — Tpjn. Then

9:U = Ta, U. Since the eigenvalues of Ag are purely imaginary, one
gets Sobolev energy inequalities.
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Because the non-linearity is quadratic, the energy inequality reads

1Z5u(t, )2 < 1 Z*u(1 uLz+c/ (e, Y| Z¥u(r, ) 2 .
6/\f)

which gives a O(eV?) estimate for the left hand side.

Way to overcome this difficulty: Use a Shatah normal form:
Look for a new unknown W = U + B(U, U), where B is a bounded
quadratic map on H®, chosen so that W solves an equation

W = TA6W + TAgW, where

e A} is sublinear in W and Ty, is antiself-adjoint on H*

e A is quadratic and is an anti-self-adjoint matrix.

One gets in that way that the integral term in the energy inequality
is cubic.



3. Klainerman-Sobolev estimates

We want to prove that (A) + (B) = (A) (with a better constant).
We first show, with u = ]D[1/2w + in,
o Jlu(t, )= = O(e/ V1) 1Z5u(t, ) e =
o | ZKu(t, )| e = O(et™2+%), k < s/2 = O(et™2*7%)
N HZku(t, Mz = O(et(;k), k<s. for k <'s —100.
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3. Klainerman-Sobolev estimates

We want to prove that (A) + (B) = (A) (with a better constant).
We first show, with u = |D[1/2w +in,

o Jlu(t, )= = O(e/ V1) 1Z5u(t, ) e =

o |Zu(t, )1 = O(et~375), k < 5/2 = O(et™2%%)

N HZku(t, Mz = O(et(;k), k<s. for k <'s —100.
Define v(t,x) by u(t,x) = 2-v(t,%) and set h=1

ﬁV r
Notation: If a is a symbol, set

Opy(a)v = alx hD)v = - [ ealx he)o(e) e
s
The (CSZ) system written on v is given by

(De=Opy(xE-+E[2)v = VAQo(V)+h[ Co( V)~ 1v] +hHR(V)

where Qp (resp. (p) is a nonlocal quadratic (resp. cubic) form in
V = (v,v), and R(V) a remainder.



Express 0; from the Klainerman vector field Z = td; + x05. One
gets:

Opp(2xE+1€[72)v = —v/hQo(V)+h év—in—Co(V) _HRR(V).

Set A = {(x,£): € # 0,2x¢ + €Y% = 0} = {(x,€); € = dw(x)}
with w(x) = 1/(4|x]).
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Proof. (i) Use that on the support of 75, 2x§ + |§|1/2 is elliptic.
Then || Z5vpc| 2 = O(ehz %),



(/i) Recall the equation
Opy,(2x€ + €]Y?)v = —VhQo(V) + h[év —izv - CO(V)} )
One may write 2x¢ + |¢[Y? = e(x, £)(€ — dw(x)), whence

Opp(& — dw)Opy(ya)v = —VhOp,(74)Op,(8) Qo (V) + h(- - ).

Since by (i), v =wa + OLz(h%—O),
1
Qo(v, ) = Qo(va, Va) + Op2(h279).
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(/i) Recall the equation
Opy,(2x€ + €]Y?)v = —VhQo(V) + h[év —izv - CO(V)} )
One may write 2x¢ + |¢[Y? = e(x, £)(€ — dw(x)), whence

Opp(& — dw)Opy(ya)v = —VhOp,(74)Op,(8) Qo (V) + h(- - ).

Since by (i), v =wa + OLz(h%—O),
1
Qo(v, ¥) = Qo(va, Vo) + Op2(h279).
By localization, Op, (1) Qo(va, Va) ~ 0.




(iii) Let us prove that || ZXv||;~ = O(eh~%). One may reduce
oneself to the case when v is microlocally supported in h|{| ~ 1.
Then since by (1), || Z¥vacl|;2 = O(ehéf‘sl), by Sobolev injection,
| Z¥pc|| 1= = O(eh~%). On the other hand

1Z* VAl = [le™™/PZ¥vn]| o=

< e /P ZR |47 D(e ™/ Z¥ up) 47

(0~ %)z

—0(v/eh™ k') by (i)

1/2

< |1 Z*wll 2 = O(ch™%),

L2

for k < s —100.



4. Optimal L estimates

Proposition: One has an expression
V=VA+ \/E(V2/\ + v_op) + h(vap + vop + vosp) + hl+ﬂg,

where vyp is microlocally supported close to /A and is a
semi-classical lagrangian distribution on /A in the following sense
o || Z¥vipl| L = O(eh™%) and
o ||Op,(er)Z5vip | = O(eh* %) for £ = —2,1,2,
o |Op,(er)Z¥vin |10 = O(eh2=%) for £ = —3,-1,3,
where e/ is a smooth symbol vanishing on ¢/A. Moreover, vyp may
be expressed as a polynomial in vp, Vj.
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these functions have some oscillatory behavior along the phase ¢A. If, for
instance, w(x) = a(x) exp(iw(x)/h), then

Op,(¢§ — dw)w = (hDyx — dw)w = O(h).



4. Optimal L estimates

Proposition: One has an expression
V=VA+ \/E(V2/\ + v_op) + h(vap + vop + vosp) + hl+ﬂg,

where vyp is microlocally supported close to /A and is a
semi-classical lagrangian distribution on /A in the following sense
o || Z¥vipl| L = O(eh™%) and
o ||Op,(er)Z5vip | = O(eh* %) for £ = —2,1,2,
o |Opy(er) Z¥vin|1oe = O(ehz0%k) for £ = —3,—1,3,
where e/ is a smooth symbol vanishing on ¢/A. Moreover, vyp may
be expressed as a polynomial in vp, Vj.
The fact that vyp are semi-classical Lagrangian distributions means that

these functions have some oscillatory behavior along the phase ¢A. If, for
instance, w(x) = a(x) exp(iw(x)/h), then

Op,(¢§ — dw)w = (hDyx — dw)w = O(h).

Idea of proof of the proposition: Argue as for the L? estimates, but
using the a priori L° bounds obtained above.



Corollary: The solution v of (CSZ) satisfies an ODE

D:v :%(1 — ) (xh~?)|dw|2v
— iVh(1 = ) (xh™?)|dw[¥2[®2(x)v? + D _o(x)V?]
+ h(1 = x)(xh~P)|dw|>?[3(x)v3 + D1 (x)|v|*v
+ O_1(X)| vV + D_3(x)7]
4 hl—l—ng

where ®, are real valued functions on R*, x € C§°(R), x = 0 close
to zero.



Corollary: The solution v of (CSZ) satisfies an ODE

D:v :%(1 — ) (xh~?)|dw|2v
— iVh(1 = ) (xh™?)|dw[¥2[®2(x)v? + D _o(x)V?]
+ h(1 = X)(xh )| dw[>?[®3(x)v® + D1(x)|v[>v
+ b1 (x)|v]* 7 + d_3(x)7°]

4 hl—l—ng

where ®, are real valued functions on R*, x € C§°(R), x = 0 close
to zero.

Corollary = Uniform bound for v and asymptotics: Applying a
normal form method to the ODE, one reduces to

1 _ |dw!?
_ NP
Def = 5(1 =) (xh™)|dw] [1+ li }f+0( M)



Proof. If b(&) is a symbol, there is e with e|;n = 0 such that
b(§) = blen + e(x, &) = b(ldw) + e(x, §).

Then Opj,(b)vin = b(ldw(x))vin +  Opj(e)ven
——
:O(hl_%) by the prop.
The quadratic form Qo(v, ¥) of the equation is made of terms of
the form Opy(bo)[(Opp(b1)v)(Opy(b2)v)].. .. Then
Op4(bo)[(OP4(b1)va)(OP4(b2)va)] = bo(2dw)by (dw)bs(dw)vR+O(h~%).
Applying the same idea to the other non-local terms in

(De—Op(xE-+E[2)v = VAQo(V) +h[ Co( V)~ 1v] +hHR(V)

one gets the wanted ODE.



