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Solutions of two-phase flow equations; estimates
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Numerical illustrations
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Presentation of the problem

Models

Assumptions about groundwater flow

Water and air incompressible phases
Porous medium homogeneous and isotropic
Gravity neglected

i lower bound on saturation
Source term  of a special form

Richards model
{ ur — div(kw (1)Vp) = su,
u = Pc_l(Patm - P)a

{ uy — div(ky (u)Vp) = Gy
(1 —u)e — div(pka(u)V(p + pc(u))) = sa

where 1 ;= Ratio between the phase mobilities (we want 1 — o)



Two-phase model

Assumptions

@ Qs a polygonal subset of R, d =2 or 3; T > 0 is given,

@ u, <€ (0,1); initial saturation up, source saturation ¢
with vy, < up(x) <1l a.eonQ,
and uy, < c(t,x) <lae onQx(0,7),

© source € [? sink s€ 2, 5 5>0,

global conservation: /Q( S(x,t)—s(x,t))dx =0o0n (0, T),

Q k, €C°([0,1]), k, non-decreasing with k,,(0) = 0,
kw(1) =1 and ky(um) >0,
ks € C°([0,1]), ks non-increasing with k,(1) =0,
ki(0) =1 and ky(s) > 0 for all s € [0,1),
€ C%([um, 1]) N Lipjoc([um, 1)), pe strictly decreasing

Q@ nel,+0)
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Two-phase model

Mathematical setting of the problem

;onehas 7, — o0 11

Two-phase problem: find (v, p) such that:

— div(kw (u)Vp) = fu(c)5 — f,(u)s  on Q2 x (0, T),
(1= u); — div(uko()V(p + pe(1)))

— (- )5 - (1 ()5 on Q% (0,T),
Vp-n=20 on 9Q x (0, T),
V(p+pc(u)) - n=0 on 9Q x (0, T),
Jop(x,t) dx =0 on (0, T)

u(-,0) =ug > um >0 on Q
(') = um >0 on Qx (0, 7).

To let po — oo:  uniform estimates for discrete/regularized problem



Quasi-Richards model

The “quasi-Richards” equation

Theorem (

There exist solutions (u, p*) for the two-phase flow problem that
obey uniform estimates: lower bound u,, on the saturations u*,
L?(0, T; H') bound on the pressures p* and on the 1/2-Kirchoff
transform ((u") ,




Quasi-Richards model

The “quasi-Richards” equation

Theorem (

There exist solutions (u, p*) for the two-phase flow problem that
obey uniform estimates: lower bound u,, on the saturations u*,
L?(0, T; H') bound on the pressures p* and on the 1/2-Kirchoff
transform ((u”) , estimate on p [[ ka(u")|V(p* + pc(ut))]?.




Quasi-Richards model

The “quasi-Richards” equation

Theorem (

There exist solutions (u, p*) for the two-phase flow problem that
obey uniform estimates: lower bound u,, on the saturations u*,
L?(0, T; H') bound on the pressures p* and on the 1/2-Kirchoff
transform ((u”) , estimate on p [[ ka(u")|V(p* + pc(ut))]?.
Any accumulation point of (u*, p"), as i — oo satisfies

ur — div(kw (v)Vp) = sy
V(p+ pc(u)) =0 a.e. on the set [u < 1],




Quasi-Richards model

The “quasi-Richards” equation

Theorem ( )

There exist solutions (u*, p*) for the two-phase flow problem that
obey uniform estimates: lower bound u,, on the saturations u*,
L2(0, T; HY) bound on the pressures p* and on the 1/2-Kirchoff
transform ((u”) , estimate on p [[ ka(u™)|V(p* + pc(u™))[?.
Any accumulation point of (u*, p*),, as i — oo satisfies

V(p+ pc(u)) =0 a.e. on the set [u < 1],

where 0 is an unknown [0, 1]-valued function .

{ u — div(kn(u)Vp) = s = Sy — 05 Uj,y)




Quasi-Richards model

The “quasi-Richards” equation

Theorem ( )

There exist solutions (u*, p*) for the two-phase flow problem that
obey uniform estimates: lower bound u,, on the saturations u*,
L2(0, T; HY) bound on the pressures p* and on the 1/2-Kirchoff
transform ((u”) , estimate on p [[ ka(u™)|V(p* + pc(u™))[?.
Any accumulation point of (u*, p*),, as i — oo satisfies

ur — div(kw (u)Vp) = sw = sUjc_q) — 051,y
V(p+ pc(u)) =0 a.e. on the set [u < 1],

where 0 is an unknown [0, 1]-valued function .

Thus: solution of the quasi-Richards eqn. is a triple (u, p, 0)
with Vp = —Vpc(u) on [u < 1] and with 6§ defined on [u = 1].
Regularity:

u is [Um, 1]-valued with ¢(u) € L3(0, T; HY), p € L3(0, T; HY).
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Formal justification of the estimates:

o Multiply first equation by p, second equation by (p + p.(u)),
sum up, use chain rule on pc(u)u;, use ky(u) > ky(um) >0
= L% bounds on |Vp|?, on ky(u) u|V(p+ pc(u))? .
o Write a “global flux" formulation:
—divg=5s—35, q-n=0,
— div[f,(u)g — ky(u)V Q(u )] = Sw, VQ( ) n=0
with g = M,,(u) V(p + Q(v)) and Q(u) := [;'(1 p.(s) ds.

Eliminate g from the resulting system test fct —pc(u ) in the 2nd,
test function F,( fo u( s)ds in the 1st equation =

ko (1)V Q(1) - Vpe(u) = Im|pé(u)|2|VU|2 bounded in L!

= using ky(u) > kw(um) > 0, we get L' bound on

P o) k() | oo
V()P = k() (o) Vol 2 e sl ()PIV ol
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e In addition to estimate of V((u*), use translation estimates in
time to get strong compactness of {(u*); use invertibility of {(+)
= create a strong limit u of u* .
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Quasi-Richards model

Justification of passage to the limit; multiplier 0

e In addition to estimate of V((u*), use translation estimates in
time to get strong compactness of {(u*); use invertibility of {(+)
= create a strong limit u of u* .

e Pass to strong limit in nonlinearities k,(u*), kw(u*), to weak
limit in Vp* = create a weak limit p of p/ .

e Pass to weak-+ L* limit in [0, 1]-valued multipliers f,(u")

= create a weak limit 6 of f,(u*) .

Identify the limit 6 to 0 on the set [u = 1]

e Combine everything

= get 1st line (equation) of weak quasi-Richards formulation .

e On the set [u < 1] where k,(u) > 0,

pass to the limit 1 — oo in Lt bound ky(u*)u|V(p + pe(ut))|?
= get 2nd line (constraint) of weak quasi-Richards formulation .
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Is quasi-Richards well-posed? Is it different from Richards?

@ Richards is well-posed: Alt, Luckhaus'83 .
L' contraction inequality holds. (= uniqueness, stability)

@ Existence of sols to quasi-Richards:Eymard, Henry, Hilhorst .
Uniqueness ? Relation to the unique solution of Richards 7

Theorem (

|

Assume u, & are weak solutions of the quasi-Richards equation

corresponding to data (ug, 5) and (ii,5). Then we have the
following incomplete contraction inequality : for a.e. t,

/K;(u—aﬁ(t,.)</S;(uo—ao)++/ot/g(s—§r+/:/[u1a] 3 (1)

Proof: use renormalized solutions of Plouvier-Debaigt, Gagneux .

4
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Some theory

Is quasi-Richards well-posed? Is it different from Richards?

Theorem (

Assume there is no water injection: Slljc._y) =0 a.e. on (0, T) x Q
(with ¢ = c(t, x) the saturation in water of the injected fluid).

Then for every datum ug there exists a unique u such that (u, p,0) is a
solution of the quasi-Richards equation.

Moreover, in absence of water injection we have 8 s =0 a.e. (no water
production!); and the saturation u given by quasi-Richards eqn coincides
with the unique solution of the Richards eqn.

In general, we do not expect that quasi-Richards and Richards coincide:

@ Physical reasons: p.:m is not the good pressure for air
when air is captured by saturated water phase

@ While uniqueness of u in the triple (u, p,0) can be hoped for,
we do not expect uniqueness of (p,#) in the saturated set [u = 1].

More work needed to understand quasi-Richards !
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e Idea: multiply quasi-Richards by a nonlinear truncation T,(u),
T,=1on[0,1-1] T,(1)=0.

Use chain rules, obtain family of evolution equations
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with ad hoc nonlinearities by, ©n, ¥n.
The information from [u < 1] is recovered as n — oo but the
information from [u = 1] is lost.
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Some theory

Renormalized solutions...

e Idea: multiply quasi-Richards by a nonlinear truncation T,(u),
T,=1on[0,1-1] T,(1)=0.

Use chain rules, obtain family of evolution equations

(RenEqy)  bn(u)e — Apn(u) = 5 To(u) + |V (u)?

with ad hoc nonlinearities by, ©n, ¥n.
The information from [u < 1] is recovered as n — oo but the
information from [u = 1] is lost.

e To recover some information from [u = 1], compute

(Cstr) limy o0 fotfgz [Vipn(u)|? = fotf[uzl](g —0s).

Def. Combination of equations (RenEg,), n — oo and of constraint
(Cstr) is called renormalized formulation of quasi-Richards.
Prop. A weak solution is also a renormalized solution.



Some theory

Use of renormalized solutions.

e (RenEqy) is a “standard parabolic-elliptic problem” =
['-contraction ok. Given two solutions u, I, we find
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Some theory

Use of renormalized solutions.

e (RenEqy) is a “standard parabolic-elliptic problem” =
['-contraction ok. Given two solutions u, I, we find

— b(8))*112(2) < [|(b(t0) — b(0))
/ / Sign™ (b(u) —ba(D)) (5 Ta(u)—3 Ta(0)+Von() = [Vein(8)[?).
e Let n— oo : using b, — Id, we get

1w = @)l (t) < [l (o — o)™l 12

//[u>u 5 Uy =5 Tpey)) + + lim // (IV () 2= |Veon(2)?).

e Use (Cstr) trying to simplify the right-hand side...
...aie aie... the term .j.()t-/.[uzlzﬁ] S survives.
= incomplete contraction inequality follows.
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Finite volume scheme

Write ky, (u)=f,,(u)M,(u), M, =ky+pka. Set o). (Zp)=2Z'-Z3.
The scheme is: find Up = (UR)nk, Pp = (P2)n.k satisfying

untt —uz _
KTnK’"K = Z TK\LfH(U;TLI)M#(U"H)é,”(le(PD) + water sources

K|L
LeNK
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( k) — ( K)mK = air sources ‘ Kirchoff transform‘ Llg' = kipl

ot _
+ Z 7'K\L(l - fu(U/’;TLl )Mﬂ(U;TLl)(;r;](TLl(PP) Y Z TK|L(5f(fL1(g(UD))
LeNk LeNk
(+ discretization of IC up, + normalization of Pp due to Neumann BC)
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p-robust FV scheme

Finite volume scheme

Write ky, (u)=f,,(u)M,(u), M, =ky+pka. Set o). (Zp)=2Z'-Z3.
The scheme is: find Up = (UR)nk, Pp = (P2)n.k satisfying
U;Jrl o

Uz _
57 Kmk = Z TK‘LfH(U;TLI)M#(U;TLI)&”:LI(PD) + water sources

LENK

1- U —(1— U
( K gt,, ( K)mK = aif sourfes ‘ Kirchoff transfor\m ‘ Llg' = kipl
+ Z TriL(1 = fu(U;QTLl )M,,(U;TLl)o',’(le(Pp) — I Z TrL0% . (g(Up))

LeNk LeNk
(4 discretization of IC up, + normalization of Pp due to Neumann BC)
where Ur i 7 (Py)
- i ' p) =0
@ Upt!is the upwind value : UL} = L KL\ ’
Kit P KL Uptt otherwise,

° U;TLI between U[}+1 and U,’_7+1 is the auxiliary value:

 eUr) (U
pC(UEJrl)*PC(UfTrl)

k(U1 5772 (pe(Un)) = 03 He(Up)) e ko Ui



p-robust FV scheme

Properties of the scheme

@ the choice Ugl;' makes appear 1k.(Uy[ )0 (Pp — pe(Up)) =

KL KL
uniform in p, h (discrete) estimates as for Eymard, Henry, Hilhorst
. except for time translation estimate on Up (not uniform in p)
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p-robust FV scheme

Properties of the scheme

@ the choice U,’}TLI makes appear ;Lka(U;TLl)dﬁLl(Pp — pc(Up)) =
uniform in p, h (discrete) estimates as for Eymard, Henry, Hilhorst

. except for time translation estimate on Up (not uniform in p)

@ robustness even for p ~ 107 (with 102..10% needed in practice)
empirical convergence orders: 0.9 in natural norms (for simple tests)

@ existence, compactness, convergence as h — 0: “as usual”

. const
@ numerical tests: ||U}y — UR[l10r00 ~

+ residual(h) =

Asymptotics of the scheme as 1 — oo: a scheme for Richards?



p-robust FV scheme

Properties of the scheme

@ the choice U,’}TLI makes appear ;Lka(U;TLl)dﬁLl(Pp — pc(Up)) =
uniform in p, h (discrete) estimates as for Eymard, Henry, Hilhorst
. except for time translation estimate on Up (not uniform in p)
@ robustness even for p ~ 107 (with 102..10% needed in practice)
empirical convergence orders: 0.9 in natural norms (for simple tests)

@ existence, compactness, convergence as h — 0: “as usual”
const

@ numerical tests: ||U}y — UR[l10r00 ~ + residual(h) =

Asymptotics of the scheme as 1 — oo: a scheme for Richards?
In the gradually saturated regime (v < upy < 1) we find

n+1
Ut — un . ka(UKTL) i
— - E Yy S (Pp) =
5t" mg LENKTK‘LkW(UK‘L)ka(U;TLl)OK’L( D) 07

while the straightforward discretization of Richards equation yields

R kS(DnAI)

+1 +1 KL
kuw(Uji )0k . (Pp). One can see that U
have an “almost asymptotic preserving” scheme: (limit u — oo of

the two-phase scheme is a “strange” scheme for Richards eqn).

—1as h— 0, so we




Merci pour votre attention !
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