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Background and motivation

Observations suggest: Our universe is very close to spatial

homogeneity on large averaging scales (~ 100 Mlys) and close to
isotropy (CMB). It is expanding.
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Inflation:

m Epoch in the very early universe of rapid accelerated expansion
driven by a hypothetical matter field inflaton.
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driven by a hypothetical matter field inflaton.
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Observations suggest: Our universe is very close to spatial
homogeneity on large averaging scales (~ 100 Mlys) and close to
isotropy (CMB). It is expanding.

Inflation:

m Epoch in the very early universe of rapid accelerated expansion
driven by a hypothetical matter field inflaton.

m Mechanism which is supposed to drive the universe from arbitrary
large primordial inhomogeneities and anisotropies towards spatial
homogeneity and isotropy.

m Inflation is believed to have stopped at 10-3* to 1036 sec after

the big bang (after 75 — 100 “efolds”), and succeeded by a “normal
matter” dominated decelerated epoch.
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Background and motivation

Observations suggest: Our universe is very close to spatial

homogeneity on large averaging scales (~ 100 Mlys) and close to
isotropy (CMB). It is expanding.

Inflation:

m Epoch in the very early universe of rapid accelerated expansion
driven by a hypothetical matter field inflaton.

m Mechanism which is supposed to drive the universe from arbitrary
large primordial inhomogeneities and anisotropies towards spatial
homogeneity and isotropy.

m Inflation is believed to have stopped at 10-3* to 1036 sec after

the big bang (after 75 — 100 “efolds”), and succeeded by a “normal
matter” dominated decelerated epoch.

Graceful exit from inflation is the transition

Accelerated expansion (inflation) — Decelerated expansion.
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Background and motivation

Status: Mathematically, we know quite a bit about cosmological

models with eternal accelerated expansion and how inhomogeneities
and anisotropies decay.
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Background and motivation

Status: Mathematically, we know quite a bit about cosmological

models with eternal accelerated expansion and how inhomogeneities
and anisotropies decay.

However: Concerning finite phases of accelerated expansion there are
several open questions:

m For which matter models is this possible?
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Background and motivation

Status: Mathematically, we know quite a bit about cosmological
models with eternal accelerated expansion and how inhomogeneities
and anisotropies decay.

However: Concerning finite phases of accelerated expansion there are
several open questions:

m For which matter models is this possible?

m Even if inhomogeneities and anisotropies are small by the end of

inflation, could they grow again in the decelerated epoch after
inflation?
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Background and motivation

Answers to these questions are highly relevant to justify the standard
model of cosmology:

The universe is modeled as an expanding exactly homogeneous and
isotropic solution of Einstein’s equations with certain matter fields.

— Friedmann-Robertson-Walker (FRW) spacetimes
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Background and motivation

Answers to these questions are highly relevant to justify the standard
model of cosmology:

The universe is modeled as an expanding exactly homogeneous and
isotropic solution of Einstein’s equations with certain matter fields.

— Friedmann-Robertson-Walker (FRW) spacetimes

Intermediate step towards answering these questions:
Restrict to spatially homogeneous, but in general anisotropic models.
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In order to obtain accelerated expansion, the matter fields must violate
the strong energy condition.



Relevant matter models

In order to obtain accelerated expansion, the matter fields must violate
the strong energy condition.

Possibilities:

Positive cosmological constant (+ further matter fields which
satisfy the strong and dominant energy conditions) [Wald, 1983]:
exponential eternal inflation and hence no graceful exit.
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Relevant matter models

In order to obtain accelerated expansion, the matter fields must violate
the strong energy condition.

Possibilities:

Positive cosmological constant (+ further matter fields which
satisfy the strong and dominant energy conditions) [Wald, 1983]:
exponential eternal inflation and hence no graceful exit.

Minimally coupled scalar field models. Focus on this for the rest of
the talk.
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A scalar field is a smooth function ¢ : M — R.
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A scalar field is a smooth function ¢ : M — R.

Let V: R — R be another smooth function (scalar field potential).



Minimally coupled (self-gravitating) scalar field models

A scalar field is a smooth function ¢ : M — R.
Let V: R — R be another smooth function (scalar field potential).

A solution (M, g, ¢) of the following system of equation is called
minimally coupled self gravitating scalar field model

Einstein’s field equations
G/,Lv = Tuw

with energy momentum tensor

Tuv =Vi0¥9 — Guv (9P Va9 V9 /2+ V(9))
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Minimally coupled (self-gravitating) scalar field models

A scalar field is a smooth function ¢ : M — R.
Let V: R — R be another smooth function (scalar field potential).

A solution (M, g, ¢) of the following system of equation is called
minimally coupled self gravitating scalar field model

Einstein’s field equations
G/,tv = Tuw

with energy momentum tensor

Tuv =Vi0¥9 — Guv (9P Va9 V9 /2+ V(9))

Scalar wave equation

VAV, 0 — V/(9) =0.
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Minimally coupled (self-gravitating) scalar field models

Comments:

m One usually assumes that V is non-negative. This implies the
dominant energy condition. The strong energy condition is in
general broken.
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Minimally coupled (self-gravitating) scalar field models

Comments:

m One usually assumes that V is non-negative. This implies the
dominant energy condition. The strong energy condition is in
general broken.

m We could add further matter fields which satisfy the strong and
dominant energy conditions. Most of the analytic results
mentioned in the following allow this. For our purposes here, we
consider pure self-gravitating scalar field models.
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Minimally coupled (self-gravitating) scalar field models

Comments:

m One usually assumes that V is non-negative. This implies the
dominant energy condition. The strong energy condition is in
general broken.

m We could add further matter fields which satisfy the strong and
dominant energy conditions. Most of the analytic results
mentioned in the following allow this. For our purposes here, we
consider pure self-gravitating scalar field models.

m The scalar wave equation reduces to
¢ +3H¢ + V'(¢) =0

in the spatially homogeneous case and for scalar fields which are
constant on the surfaces of homogeneity.
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Status: We have a fair amount of mathematical knowledge about

minimally coupled scalar field models which exhibit eternal inflation.



Known results

Status: We have a fair amount of mathematical knowledge about
minimally coupled scalar field models which exhibit eternal inflation.

Known results for the spatially homogeneous case (Bianchi A):

m Potential with a positive lower bound [Rendall, 2004]: eternal
exponential inflation.
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Status: We have a fair amount of mathematical knowledge about

minimally coupled scalar field models which exhibit eternal inflation.

Known results for the spatially homogeneous case (Bianchi A):

m Potential with a positive lower bound [Rendall, 2004]: eternal
exponential inflation.

m Potentials with V(¢) > 0 for all ¢ € R,

Mg e V(¢) = limy_e V'(¢)/V(9) = 0 [Rendall, 2005]: eternal
“intermediate” inflation.
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Status: We have a fair amount of mathematical knowledge about
minimally coupled scalar field models which exhibit eternal inflation.
Known results for the spatially homogeneous case (Bianchi A):

m Potential with a positive lower bound [Rendall, 2004]: eternal
exponential inflation.

m Potentials with V(¢) > 0 for all ¢ € R,

Mg e V(¢) = limy_e V'(¢)/V(9) = 0 [Rendall, 2005]: eternal
“intermediate” inflation.

m Exponential potential [Kitada and Maeda, 1993]: eternal
power-law inflation (if exponent of potential is not too negative).
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Known results

Status: We have a fair amount of mathematical knowledge about
minimally coupled scalar field models which exhibit eternal inflation.
Known results for the spatially homogeneous case (Bianchi A):

m Potential with a positive lower bound [Rendall, 2004]: eternal
exponential inflation.

m Potentials with V(¢) > 0 for all ¢ € R,

Mg e V(¢) = limy_e V'(¢)/V(9) = 0 [Rendall, 2005]: eternal
“intermediate” inflation.

m Exponential potential [Kitada and Maeda, 1993]: eternal
power-law inflation (if exponent of potential is not too negative).

Stability under inhomogeneous perturbations: Ringstrém [2008, 2009].
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Known results

Status: We have a fair amount of mathematical knowledge about
minimally coupled scalar field models which exhibit eternal inflation.
Known results for the spatially homogeneous case (Bianchi A):

m Potential with a positive lower bound [Rendall, 2004]: eternal
exponential inflation.

m Potentials with V(¢) > 0 for all ¢ € R,

Mg e V(¢) = limy_e V'(¢)/V(9) = 0 [Rendall, 2005]: eternal
“intermediate” inflation.

m Exponential potential [Kitada and Maeda, 1993]: eternal
power-law inflation (if exponent of potential is not too negative).

Stability under inhomogeneous perturbations: Ringstrém [2008, 2009].

However: Not much is known about finite inflation and the graceful exit
problem.
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We have decided to study the following potential

V(¢) =e “?(ca+9¢7),

where ¢y, ¢ > 0 are arbitrary constants.



Our choice of potential

We have decided to study the following potential

V(9)=e ?(co+9?),

where ¢y, ¢ > 0 are arbitrary constants.

) :\/g‘\//l \/>< ¢2+Cz>
= [im F(9) = —v/3/2¢, £0.

Therefore, none of the three previous results apply!

We have
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Our choice of potential

We have decided to study the following potential

V(9)=e ?(co+9?),

where ¢y, ¢ > 0 are arbitrary constants.

) :\/g‘\//l \/>< ¢2+02>
= [im F(9) = —v/3/2¢, £0.

Therefore, none of the three previous results apply!

We have

Notice: Studies of the graceful exit problem in the isotropic case for
this potential were carried out by Parsons and Barrow [1995].
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Our potential: The three main cases

\ parameters
0.8f V™. - - -c=143,¢,71.0| |

V(o)

ol : :
00, 1 @2 3 4 5 6

Assumption for today: Choose parameters of the potential ¢; and ¢,
such that the potential is strictly monotonically decreasing.
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Spatially homogeneous models

Bianchi model: 3 + 1-dimensional spacetime which admits a foliation of
Cauchy surfaces X ; such that the isometry group has a 3-dim.
subgroup acting simply transitively on each ¥;.
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Spatially homogeneous models

Bianchi model: 3 + 1-dimensional spacetime which admits a foliation of
Cauchy surfaces X ; such that the isometry group has a 3-dim.
subgroup acting simply transitively on each ¥;.

Bianchi classification:

m Up to topological questions, such isometry groups are determined
by their 3-dimensional real Lie algebras.

m The Bianchi A case corresponds to the class of unimodular real
3-dimensional Lie algebras. For those, we can choose a basis

{&4,&5,E3} such that

3
[8b:Ecl = Z epcen®?Ea;

a,e=1

for a symmetric constant matrix (n®?).
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Bianchi A classification continued

Result: Given any unimodular real 3-dimensional real Lie algebra, we
can choose a basis {£1,&5,&3} such

(n®¥) =diag(n1,n2,n3),

where the real numbers ny, n, and n3 satisfy one of the following

cases:

Bianchi |
Bianchi Il
Bianchi Vlg
Bianchi Vllg
Bianchi VI
Bianchi IX

nM=n=n3=0
n=n=0n>0
n=0,n>0n<0
n=0,n>0,n>0
n<0,n>0n>0
n>0,n>0,n>0
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Formulate the field equations

Introduce a symmetry invariant orthonormal frame { ey, ey, €2, €3}
with gy perpendicular to the symmetry hypersurfaces. Let the
symmetry hypersurfaces be labeled by a global time function t
with unit gradient and choose coordinates (t,x%) so that ey = ;.

Florian Beyer (Otago) Graceful exit from inflation Paris 13/44



Formulate the field equations

Introduce a symmetry invariant orthonormal frame { ey, ey, €2, €3}
with gy perpendicular to the symmetry hypersurfaces. Let the
symmetry hypersurfaces be labeled by a global time function t
with unit gradient and choose coordinates (t,x%) so that ey = ;.

Describe the models by
H(t): Hubble scalar. Proportional to vol(t)/vol(t). Assume
that H(t) > 0 during the whole evolution.
o4 (t): Anisotropy scalars.
ny(t): Eigenvalues of the matrix (n®?) of the Lie algebra
spanned by {e1, ez, e3}. These determine the Bianchi
type and the spatial curvature.
¢(t): Scalar field.
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Formulate the field equations

Introduce Hubble time t by % = H and Hubble-normalized
(dimensionless) quantities

(Z+7Z—7N17N27N3) = (G+7G—7n17n27n3)/H7

and
x:=¢/(V6H), y:=+/V(9)/(V3H),

all of which are now interpreted as functions of .
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Formulate the field equations

Introduce Hubble time t by % = H and Hubble-normalized
(dimensionless) quantities

(Z+7Z—7N17N27N3) = (G+7G—7n17n27n3)/H7

and
x:=¢/(V6H), y:=+/V(9)/(V3H),

all of which are now interpreted as functions of .

Notice: x? can be interpreted as the kinetic, and y? as the potential
Hubble-normalized energies of the scalar field.
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Formulate the field equations

Introduce Hubble time t by % = H and Hubble-normalized
(dimensionless) quantities

(Z+7Z—7N17N27N3) = (G+7G—7n17n27n3)/H7

and
x:=¢/(V6H), y:=+/V(9)/(V3H),

all of which are now interpreted as functions of .

Notice: x? can be interpreted as the kinetic, and y? as the potential
Hubble-normalized energies of the scalar field.

Result: The resulting state space is spanned by
(z-‘rvz*thNZvNSava?(P) S RS,
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Full set of equations — evolution equations
Evolution equations:

Y =—-(2-q)xs Sy,

Njy = (q—4%1 )Ny,

Ny = (q+2%, +2V3% )Ny,

N, = (g+2%, —2V3%_)Ns,

X' =x(q-2) - F(¢)y?,

y'=F(@)xy+y(1+q),

(P, = \/éX,
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Full set of equations — evolution equations

Evolution equations:

Ty =-(2-q)T: - Sy,

Ni =(q—4% )Ny,

Ny = (q+2%, +2V3% )Ny,
N, = (g+2%, —2V3%_)Ns,
X' =x(q-2)~ F(9)y?.
y'=F(¢)xy+y(1+q),

¢’ = V6X,

Florian Beyer (Otago)
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‘P)_\/gv

q:=2¥2 +252 +2x% - y?,
S+ =

(N o2

— N1 (2Ny — N> — N3)),
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Full set of equations — evolution equations

Evolution equations:

¥, =—(2-9)x+ -85,

N = (q— 45Ny,

Ny = (q+2%, +2V3% )Ny,
N, = (g+2%, —2V3%_)Ns,
X' =x(q—2) - F(9)y?,
y'=F(@)xy+y(1+q),

¢' = Véx,

with:

S_ =

_\F
V2 v

The quantity q is the deceleration scalar:
q > 0: Expansion is decelerated, vol < 0.
q < 0: Expansion is accelerated, vol > 0 (inflation).
Hence, a sign change — — + of q(t) signals a graceful exit.

Florian Beyer (Otago)
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¢2+co

Paris

q:=2¥2 +252 +2x% - y?,
1
Si =5 ((N2=Ny)?
— N1 (2N; — N> — N3)),
1
Ny — No)(Ny — N — Ns),
2\[( 3 — No)(Nj — N2 — N3)
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Full set of equations — constraint

Hamiltonian constraint (generalized Friedmann equation):
1=52+72 +x2+y°+K,
with

SR 1
K= = = 1 (NE+ NS+ N —2(Ni N + NoNo + Ng ;) )

where 3R is the spatial Ricci scalar.
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Full set of equations — constraint

Hamiltonian constraint (generalized Friedmann equation):
1=52+72 +x2+y°+K,
with

SR 1
K= = = 1 (NE+ NS+ N —2(Ni N + NoNo + Ng ;) )

where 3R is the spatial Ricci scalar.

Notice: K > 0 for all Bianchi A models, possibly except for Bianchi IX.
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Towards isotropy and spatial flatness during inflation

A simple argument can be used to show that general Bianchi A scalar
field models isotropize and the spatial Ricci scalar approaches zero
during inflation (g < 0).
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Towards isotropy and spatial flatness during inflation

A simple argument can be used to show that general Bianchi A scalar
field models isotropize and the spatial Ricci scalar approaches zero
during inflation (g < 0).

Define R:=1—x2 — y2.
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Towards isotropy and spatial flatness during inflation

A simple argument can be used to show that general Bianchi A scalar
field models isotropize and the spatial Ricci scalar approaches zero
during inflation (g < 0).

Define R:=1—x2 — y2.

Evolution equations imply: R’ = 2R —4¥2 < 2gR, where

¥2:=%2 +¥2. Hence R decreases rapidly during
inflation (i.e., g < 0).
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Towards isotropy and spatial flatness during inflation

A simple argument can be used to show that general Bianchi A scalar
field models isotropize and the spatial Ricci scalar approaches zero
during inflation (g < 0).

Define R:=1—x2 — y2.

Evolution equations imply: R’ =2gR —4%2 < 2qR, where
Y2 .= Zi +¥2. Hence R decreases rapidly during
inflation (i.e., g < 0).

Constraint implies: R = Y2+ K. Since K > 0 (except for Bianchi 1X), it
follows that both ¥2? and K also decay during inflation.
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Towards isotropy and spatial flatness during inflation

A simple argument can be used to show that general Bianchi A scalar

field models isotropize and the spatial Ricci scalar approaches zero

during inflation (g < 0).

Define R:=1—x2 — y2.

Evolution equations imply: R’ =2gR —4%2 < 2qR, where
¥2:=%2 +¥2. Hence R decreases rapidly during
inflation (i.e., g < 0).

Constraint implies: R = Y2+ K. Since K > 0 (except for Bianchi 1X), it
follows that both ¥2? and K also decay during inflation.

Comments: It is remarkable that this holds independently of the choice
of the scalar field potential.
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Towards isotropy and spatial flatness during inflation

A simple argument can be used to show that general Bianchi A scalar

field models isotropize and the spatial Ricci scalar approaches zero

during inflation (g < 0).

Define R:=1—x2 — y2.

Evolution equations imply: R’ =2gR —4%2 < 2qR, where
¥2:=%2 +¥2. Hence R decreases rapidly during
inflation (i.e., g < 0).

Constraint implies: R = Y2+ K. Since K > 0 (except for Bianchi 1X), it
follows that both ¥2? and K also decay during inflation.

Comments: It is remarkable that this holds independently of the choice
of the scalar field potential.

Open question: What happens after inflation, i.e., when g goes from
negative to positive?
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Basic strategy for our research

Recall: Aim is to construct Bianchi A scalar field models for our choice
of the scalar field potential and to study the graceful exit problem.
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Basic strategy for our research

Recall: Aim is to construct Bianchi A scalar field models for our choice
of the scalar field potential and to study the graceful exit problem.

Strategy: Choose initial data in the inflationary regime, i.e., with
g(7) < 0, and solve the evolution equations. If g(r) becomes (and
stays) positive after a finite evolution time 7, then we have a graceful
exit.
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Basic strategy for our research

Recall: Aim is to construct Bianchi A scalar field models for our choice
of the scalar field potential and to study the graceful exit problem.

Strategy: Choose initial data in the inflationary regime, i.e., with
g(7) < 0, and solve the evolution equations. If g(r) becomes (and
stays) positive after a finite evolution time 7, then we have a graceful
exit.

Basic observations, which we discuss in detail now:

m We find lim;_,.. ¢(7) = o for generic initial data (monotonic
potential). We replace ¢ by y:=1/¢.
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Basic strategy for our research

Recall: Aim is to construct Bianchi A scalar field models for our choice
of the scalar field potential and to study the graceful exit problem.

Strategy: Choose initial data in the inflationary regime, i.e., with
g(7) < 0, and solve the evolution equations. If g(r) becomes (and
stays) positive after a finite evolution time 7, then we have a graceful
exit.

Basic observations, which we discuss in detail now:
m We find lim;_,.. ¢(7) = o for generic initial data (monotonic
potential). We replace ¢ by y:=1/¢.

m If ¢; and ¢, satisfy certain conditions, then it turns out that there
exist “future attractors” characterized by lim;_,..q(t) > 0. For
inflationary initial data as above, a graceful exit then occurs
naturally after some finite t.
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Bianchi | (N; = No = N3 = 0): Full set of equations

Evolution equations (dynamical system):

Y, =—(2-9)%s,
X'=x(q—2) - F(y)y?,
y'=F(yv)xy+y(1+aq),
v = —Vexy2.

with g =2%2 4252 +2x2 - y2.

Constraint:
1=22 +52 + X2+ y2
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Bianchi | (Ny = N, = N3 = 0): Fixed point

Numerical observation: Generic initially inflationary Bianchi | solutions
approach the following fixed point of the dynamical system for T —

Y.=0, Ny=No=N3=0, x=0¢1/V6, y=1/1-¢c%/6, y=0,

where g = (¢ — 2)/2. This corresponds (in some sense) to a flat FRW
perfect fluid solution.
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Bianchi | (Ny = N, = N3 = 0): Fixed point

Numerical observation: Generic initially inflationary Bianchi | solutions
approach the following fixed point of the dynamical system for T —

Y.=0, Ny=No=N3=0, x=0¢1/V6, y=1/1-¢c%/6, y=0,

where g = (¢ — 2)/2. This corresponds (in some sense) to a flat FRW
perfect fluid solution.

Hence: This fixed point is in the decelerated regime if and only if

V2 < <V6.
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Bianchi I: Future non-linear stability of fixed point

Linear stability: Linearize Bianchi | evolution equations around fixed
point. We get eigenvalues } (¢ —6) (triple), 0 (single), ¢ — 2 (single).
Hence for ¢y as above, we find:

m 3-dimensional future stable subspace.
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Bianchi I: Future non-linear stability of fixed point

Linear stability: Linearize Bianchi | evolution equations around fixed
point. We get eigenvalues } (¢ —6) (triple), 0 (single), ¢ — 2 (single).
Hence for ¢y as above, we find:

m 3-dimensional future stable subspace.

m 1-dimensional future unstable subspace: constraint violating
mode (can be ignored if the constraints are satisfied).
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Bianchi I: Future non-linear stability of fixed point

Linear stability: Linearize Bianchi | evolution equations around fixed
point. We get eigenvalues } (¢ —6) (triple), 0 (single), ¢ — 2 (single).
Hence for ¢y as above, we find:

m 3-dimensional future stable subspace.

m 1-dimensional future unstable subspace: constraint violating
mode (can be ignored if the constraints are satisfied).

m 1-dimensional center subspace.
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Bianchi I: Future non-linear stability of fixed point

Linear stability: Linearize Bianchi | evolution equations around fixed
point. We get eigenvalues } (¢ —6) (triple), 0 (single), ¢ — 2 (single).
Hence for ¢y as above, we find:

m 3-dimensional future stable subspace.

m 1-dimensional future unstable subspace: constraint violating
mode (can be ignored if the constraints are satisfied).

m 1-dimensional center subspace.

Hence: Fixed point is not hyperbolic. Must apply center manifold
theory.
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Bianchi |: Dynamics on the center manifold and future
non-linear stability

We find: Leading-order dynamics on the center manifold for
n=1/t—0is

ri(n)=0,

2lo
v(n)=n/ci+ (qb*— C?") n+...,
1

_G_\Fn_\ﬁz 2 2logn
X(n)_\fe 3¢ 3" ¢*+c1(6—c12) c3 o

for a number ¢,.
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Bianchi |: Dynamics on the center manifold and future
non-linear stability

We find: Leading-order dynamics on the center manifold for
n=1/t—0is

Y:(n)=0,
w(n) =n/ci + (cb*— 'Og"> 2+,

_a 2 _ 2logn
n)—fe \/; \/> ( 6 2) & >+

for a number ¢,.

In particular: Fixed point is future non-linearly stable within the
Bianchi | class.
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Bianchi | (Ny = N> = N3 = 0): Numerical studies

Numerical studies support the claim that the fixed point is indeed a
future attractor if V2 < ¢; < V6.
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Bianchi | (Ny = N> = N3 = 0): Numerical studies

1.05
Initial data Forbidden Region
Wk id.1 N ‘
----- id.2 ’
- --id.3
0.95f
o ¢y =1.43,
0.9
c=1.0.
q<0
0.85f
0.8 ’ g>0
-0.6 -0.4 -0.2 0 0.2 0.4 0.6

X

Notice: Constraint implies x2 + y® < 1 and g = 2 — 3y2. Recall that we
have shown that R =1 — x?> — y? decays so long as g < 0.
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Bianchi | (Ny = Np = N3 = 0): Results

We have found:

m If 2 < ¢y < v/6 and initial data are in the inflationary regime, then
the corresponding Bianchi | solutions have graceful exits from
inflation. We have not proven this, but our numerical studies
suggest that the fixed point is a future attractor.
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Bianchi | (Ny = Np = N3 = 0): Results

We have found:

m If 2 < ¢y < v/6 and initial data are in the inflationary regime, then
the corresponding Bianchi | solutions have graceful exits from
inflation. We have not proven this, but our numerical studies
suggest that the fixed point is a future attractor.

m Fixed point is isotropic, so anisotropies continue to decay after
inflation.

m Due to the unstable constraint violating mode, it is crucial to add
constraint damping terms to the evolution equations to obtain
reliable numerical results.

Florian Beyer (Otago) Graceful exit from inflation Paris 26 /44



Bianchi Il (Ny > 0, No = N3 = 0): Full set of equations

Evolution equations:
Y, =-(2-9)x+-S:,
N =(q—45 )N,
X' =x(q-2) - F(w)y?,
y'=F(w)xy+y(1+aq),
v = —Vexy2.
with g=2%2 +252 +2x2—y2, S, = —IN2and S_ =0.

Constraint:
1=%3+32 +x%+y2 + K,

with
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Bianchi Il (N; > 0, No = N3 = 0): Fixed point

Fact: Bianchi | fixed point before is unstable in Bianchi Il.
Bianchi Il fixed point:

_2(é-2) I R

y

T 2416 T 2416’
6,/—ct+10c; — 16
Ny = . y=0.
1 @116 v
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Bianchi Il (N; > 0, No = N3 = 0): Fixed point

Fact: Bianchi | fixed point before is unstable in Bianchi Il.
Bianchi Il fixed point:

2(cf-2) 3v6c 6\/8—cF
=2 16 1-=0, x=5 0 V=5 e

c2+16 2+16 2416

6,/—ct+10c; — 16
B c2+16

+

N;

, y=0.

Hence: Since q = 8(c? —2)/(16+ c2), the fixed point is in the
decelerated regime if and only if

V2 < ¢ < V8.
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Bianchi Il (N; > 0, No = N3 = 0): Fixed point

Fact: Bianchi | fixed point before is unstable in Bianchi Il.
Bianchi Il fixed point:

_2(é-2) 3y | _8/s-¢

2416 T ere VT ete
6,/—ct+10c; — 16
B c2+16

+

N;

, y=0.

Hence: Since q = 8(c? —2)/(16+ c2), the fixed point is in the
decelerated regime if and only if

V2 < ¢ < V8.

Notice: This corresponds to the Collins-Stewart (Il) perfect fluid
solution (called P;"(/l) in Wainwright and Ellis [1997]).
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Bianchi Il (Ny > 0, No = N3 = 0): Numerical studies

Numerical studies support the claim that the fixed point is a future
attractor if v2 < ¢; < V8.
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Bianchi Il (Ny > 0, No = N3 = 0): Numerical studies

Numerical studies support the claim that the fixed point is a future
attractor if v2 < ¢; < V8.

We find: This Bianchi Il fixed point has similar stability properties within
Bianchi Il as the previous Bianchi | fixed point within Bianchi .
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Bianchi Il (Ny > 0, No = N3 = 0): Results

We have found:

m If V2 < ¢y < /8 and initial data are in the inflationary regime, then

the corresponding Bianchi Il solutions have graceful exits from
inflation.

m Fixed point is anisotropic and spatial curvature is not zero. Hence,
anisotropies and spatial curvature do not stay small after inflation!
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Bianchi Vllg (N1 =0, N>, N5 > 0): Full set of equations
Evolution equations:
Y =-(2-qx.-S:,
L =(q+2%X 1 +2V3X )Ny, Nj=(g+2%, —2V3XL )Ns,
X' =x(q-2)=F(y)y?, ¥ =Fy)xy+y(1+q),

v = —Vexy?.

with

q=2¥2 4252 4 2x% — y?,

1

Sy = —(No— N3)?, S = No — N3)(No + N3).

+6(2 3) 2\f(z 3)(N2+ N3)
Constraint:

1=%2+32 +x%+y2 + K,

with 1
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Bianchi Vlly: Heuristic analysis

Basic phenomenology: The constraint implies that while ¥, X _, x, y
are bounded, the variables N> and N3 may become arbitrarily large!
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Bianchi Vlly: Heuristic analysis

We find numerically: The quantities ¥, ¥ _, x, y and y approach
stationary values 0, 0, x,, y, and 0 in the limit T — . Hence
q— q.=2x2—yZ2.

Based on this, the evolution equations imply (in consistency with the
numerics) that

Ny — N*eq*f, N3 — N*eq*f,

for some N, > 0 in a way such that

S =(N2—N3)?/6=2K -0, S =(N2-N2)/2v/3—0.
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Bianchi Vlly: Heuristic analysis

We find numerically: The quantities ¥, ¥ _, x, y and y approach
stationary values 0, 0, x,, y, and 0 in the limit T — . Hence
q— q.=2x2—yZ2.

Based on this, the evolution equations imply (in consistency with the
numerics) that
Ny — N*eq*f, N3 — N*eq*f,

for some N, > 0 in a way such that

S =(N2—N3)?/6=2K -0, S =(N2-N2)/2v/3—0.

Then the equations imply: x, = ¢{/v6, y.=/1—¢?/6, and hence
1

g.=(c2—2)/2>0 ifandonlyif c;> V2.
Therefore graceful exits occur as before!
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Bianchi Vlly (N; = 0, Ny, N3 > 0): Results

We have found:

m If V2 < ¢y and initial data are in the inflationary regime, then the
corresponding Bianchi Vlly solutions have graceful exits from
inflation.
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We have found:

m If V2 < ¢y and initial data are in the inflationary regime, then the
corresponding Bianchi Vlly solutions have graceful exits from
inflation.

m The solutions continue to isotropize and spatial curvature
continues to decay even after inflation is over.
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previous Bianchi cases. The N-variables are unbounded and
certain other variables are oscillatory.
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Bianchi Vlly (N; = 0, Ny, N3 > 0): Results

We have found:

m If V2 < ¢y and initial data are in the inflationary regime, then the
corresponding Bianchi Vlly solutions have graceful exits from
inflation.

m The solutions continue to isotropize and spatial curvature
continues to decay even after inflation is over.

m Future asymptotic behavior is much more complicated than in
previous Bianchi cases. The N-variables are unbounded and
certain other variables are oscillatory.

m In the pure vacuum case, a result by Ringstrém [2001] implies that
for generic Bianchi Vlly initial data, the N-variables are bounded
and that the solutions generically approach the flat spacetime.
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Bianchi VIII (Ny < 0, Na, N3 > 0)

Basic phenomenology: The constraint implies that while ¥, X _, x, y

and N; are bounded, the variables N> and N3 may become arbitrarily
large!
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Bianchi VIII: Heuristic analysis

A similar heuristic discussion as before yields the following picture:
cz-2
2(c2+1)’

L

Z+ — Z+* =

s
2

> —0,

, w—0.
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Bianchi VIII: Heuristic analysis

A similar heuristic discussion as before yields the following picture:
cz-2
2(c2+1)’

L

Z+ — Z+* =

i
2

This implies that

> —0,

, y—0.

2
G

2(c2+1)

qg—q. = >0 ifandonlyif ¢ > 2.
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Bianchi VIII: Heuristic analysis

A similar heuristic discussion as before yields the following picture:
cz-2
2(c2+1)’

L

Z+ — Z+* =

i
2

This implies that

> —0,

, y—0.

2
G

2(c2+1)

qg—q. = >0 ifandonlyif ¢ > 2.

Moreover,
Ni = Ny, el@ =407 Ny — N, e(@+220)7 - Ny — N, g0 227,

such that

’
No—Ns —0, N2—N2—0, 5| Ni(N2+Ng) = (2 G.)% 4.
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if c; > 2.

m Generic initially inflating Bianchi VIII solutions have a graceful exit
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Bianchi VIII: Results

m Generic initially inflating Bianchi VIII solutions have a graceful exit

if ¢ > V2.

m Similar to Bianchi Vlly, S_ approaches zero in an oscillatory
manner and hence X _. However, now S, , K and X, approach
non-zero finite values.
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Bianchi VIII: Results

m Generic initially inflating Bianchi VIII solutions have a graceful exit

if ¢ > V2.

m Similar to Bianchi Vlly, S_ approaches zero in an oscillatory
manner and hence X _. However, now S, , K and X, approach
non-zero finite values.

m Asymptotics for 7 — « is neither flat nor isotropic.
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Summary and outlook

m We have studied the graceful exit problem for minimally-coupled
scalar field Bianchi A models with a particular scalar field potential
(except for Bianchi IX).
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m We have found conditions for the existence of future attractors in
the decelerated regime. This allows to obtain cosmological
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m Although spatial curvature and anisotropies decay during inflation,
they do not always continue to be small in the decelerated regime
after inflation.
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m We have studied the graceful exit problem for minimally-coupled
scalar field Bianchi A models with a particular scalar field potential
(except for Bianchi IX).

m We have found conditions for the existence of future attractors in
the decelerated regime. This allows to obtain cosmological
models which are inflationary initially and have a graceful exit from
inflation after a finite time.

m Although spatial curvature and anisotropies decay during inflation,
they do not always continue to be small in the decelerated regime
after inflation.

m The future asymptotics has been studied numerically. However,
we lack an analytical understanding, in particular, of the oscillatory
behavior for Bianchi Vlly and VIII.
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Summary and outlook

m We have studied the graceful exit problem for minimally-coupled
scalar field Bianchi A models with a particular scalar field potential
(except for Bianchi IX).

m We have found conditions for the existence of future attractors in
the decelerated regime. This allows to obtain cosmological
models which are inflationary initially and have a graceful exit from
inflation after a finite time.

m Although spatial curvature and anisotropies decay during inflation,
they do not always continue to be small in the decelerated regime
after inflation.

m The future asymptotics has been studied numerically. However,
we lack an analytical understanding, in particular, of the oscillatory
behavior for Bianchi Vlly and VIII.

m Do our results also apply to larger classes of potentials? Work in
progress.
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