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NSAC (PROPOSED BY TRUSKINOVSKY/BLESGEN)

» Helmholtz energy density 1) = 1 (p, ¢, ¢), ¢ := |Vc|?

» phase field (mass fraction) ¢ : J x G — [0, 1] corresponding to
concentration of one of two phases

c

s

phase 1 interface phase 2

xeG

» fluid moves with velocity u : J X G — R3,
different apparent densities p; = cp, p2 = (1 — ¢)p,
p - total mass density, p; satisfy mass balance equation

9o+ V - (pju) + T =0

with J; + 7> = 0, J; - transition rates



NSAC (PROPOSED BY TRUSKINOVSKY/BLESGEN)

» phase field (mass fraction) ¢ : J x G — [0, 1]

» fluid moves with velocity u : J x G — R3,
o1 =cp, p2 = (1 — ¢)p, p - total mass density,
p; satisfy mass balance equation

Opj +V - (pu) +J;=0
with 71 + 7, = 0, J; - transition rates
= Op+V-(pu)=0

» suppose that 7 := J is given by

with

o

€ - relaxation time, e - generalised chemical potential



NSAC (PROPOSED BY TRUSKINOVSKY/BLESGEN)

» Helmholtz energy density ) = ¥(p, ¢, @), ¢

= |Vel?
» suppose that 7 := J is given by

with

computmg y1elds

O~ o) — V- (Geelo0) = D(p0) V- (200,0)

» consider mass balance equation of p;

0=0,p1+V-(pru) + T = 0,(pc) +V - (peu) + T
-~

0/pe) +V - (peu) — (V- (2p0,09¢) ~ 0, (o)) =



NSAC

So far we have

Op+V-(pu)=0, JxG,
8t(pC)+V(CpM)+j:O, JXG?

with
1
J = Z( — V- (2p0,0Vc) + 86-(/)«#))
and

POy ¥(pic,¢) >0 Vp>0,cel0,1], ¢ >0.

» balance of momentum
Opu) +V - (pu@u) =V - T = pfex

with Cauchy stress T



NSAC: CONSTITUTIVE EQUATIONS

> assume
T=8+P

S - Newtonian viscous stress, P - pressure tensor

» Newtonian viscous stress:
S=20D(u) + AV -uZ, D(u)=3(du+ Oju;)
assumptions on the coefficients
n(p,0,¢) >0, 2n(p,0,c)+ A(p,0,¢) >0
> pressure tensor P:
P=—p 00T —Ve®dg(pp) = —p* 0,0 I —2p0 Ve @ Ve

Ve ® Og.(pv) - Ericksen’s stress represents capillarity.



NSAC: MATHEMATICAL PROBLEM

LetJ = [0,7] and G C R" be a domain (with C? boundary I'). Consider the
compressible Navier-Stokes-Allen-Cahn system

Op+V - (pu) =0, J x G,
O(pu) + V- (pu@u) =V -(S+P)=pfew, JxG, (1)
O(cp) + Y - (cpu) — V- (2pD,65E) + 0,(pb) =0, I X G,

with initial data
p(0) =po, u(0)=up, c(0)=co, G 2
and boundary conditions

non-slip: u =20
pure-slip:  (u|v)
Dirichlet: ¢ =0

Neumann: (Vc|v) =0

3



NSCH (PROPOSED BY LOWENGRUB & TRUSKINOVSKY)

phase field (mass fraction) ¢ : J x G — [0, 1]
fluid moves with velocity u : J x G — R3
Helmholtz energy density v = ¥ (p, ¢, ¢), ¢ := |Vc|?

o =cp, p2 = (1 — ¢)p, p - total mass density,
p; satisfy mass balance equation

vV v . vvY

Opi+V - (pu) +V-J; =0
with
Ji+Fh=0 = 0Op+V-(pu)=0
suppose that 7 := 7 is given by (Fick’s law)
J =mVyu
with mobility m and generalised chemical potential p,

pi = 0.(p1) = V - (2p04¢Vc).



NSCH: MATHEMATICAL PROBLEM

LetJ = [0,7] and G C R" be a domain (with C?> boundary I'). Consider the
compressible Navier-Stokes-Allen-Cahn system

8,,0—1—V (pu) =0, J x G,
at(pu) + V N (P” ® M) ( P) P exts ‘I X G» (4)
9(cp) +V - (cpu) =V - (mVp) =0,  JxG,
o.(p) =V - (2p0,9V¢c) = pp, T %G,
with initial data
p(0) = po, u(0) =up, ¢(0)=rco (5)

and boundary conditions

non-slip: u=0
): Q(V)S.Vzo, Q=T-vev (6

pure-slip:  (u|v
(Vuly

Neumann:

~—"
—
<
el
S
S~—"
I



FEATURES/ADVANTAGES/DIFFERENCES

classical description/sharp interfaces:
» problem with merging, reconnecting, and hitting interfaces

» contact angle conditions, jump conditions of stress tensor across
interface, quasilinear evolution equations on boundary

diffuse interface models NSAC/NSCH:
» interfaces described by phase field (molecular mixing near interfaces)
» capillary effects inherent in additional stress tensor;

» Korteweg case: density serves order parameter;
van der Waals pressure law is needed (“unphysical” pressure law)



DIFFICULTIES (1N CASE OF STRONG SOLUTIONS)

» system of hyperbolic-parabolic equations

» quasilinear partial differential equations (even for constant coefficients)
m pou, V- (pdyyVc);
B V- (Ve ® pdgyVe) — quasilinearity of highest order,
similar to quasilinear elliptic operators: V - (a(Vv)Vv);

» n > 1 — dimension of the problem
> strong coupled equations

» avoid vacuum, e.g. in case of NSAC

pOu+ pVu-u—V -S(u) + V(pzapz/J) + V- (2p0,4Ve @ V) = pfeu
poc+ pu-NVe =V - (2p0,Ve) + 0.(pyp) = 0



TYPICAL SITUATION/CONFIGURATIONS

Interested in Helmholtz energy of the form

p(p,c.0) = plew + (1 — ol + p(W(e) + 56), 6 =|Vel”

m convex combination of energies ¥, and 1, of the pure phases
m § - a measure of thickness for the interface
m typically: W - double-well potential, e.g.

W(c) =kcln(c) + (1 —c)In(1 = ¢)] + koe(1 —¢), ki,k» €R
m Iy (pp) = 2p0y(pp)Ve = pdVc and
P = —pzapz/)I — dpVe ® Ve,
pi=0:(p¥) =V - (p6Vc).

m depending on the choice of v); different kinds of fluid mixtures are
modelled (two compressible mixtures, one compressible and one
incompressible fluid, two incompressible fluids)
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27 | AW OF THERMODYNAMICS

Considering the non-isothermal counterparts of NSAC and NSCH we have

THEOREM

The thermodynamically closed systems of NSAC and NSCH are
thermodynamically and mechanically consistent and the following equations

hold:
Vo
/at(Ps)de/ﬁ‘T
G G

/Ga,(pS)dx=/G,8‘v79

0 - temperature, 3 - heat conducting coefficient, s - entropy density

2
dx+/gszpdx+/s|j|2dx,
G Gp

2
dx—l—/éS:'Ddx—i—/iLﬂzdx.
G G




WELL-POSEDNESS OF NSAC: SETTING

We are looking for strong solutions in the L,-setting. Consider first the
equation for ¢ in L,(/; L, (G)):

0,(pc) + 5 - (cpu) — ¥ - (p8V<) +0,(pp) = 0
=
pO,c+ pVe-u—V - (péVe) + 0. (py) =0

The natural regularity class is
c € H,(J;L,(G)) NL,(J; H,(G)).
Notice: Vp occurs in the Allen-Cahn equation, i.e. we need at least

p € L,(J;H,(G)).



SETTING NSAC

Consider the Navier-Stokes equation in L, (J; L,(G; R")):

O,(pu) + V- (pu®@u) =V -8 =V P = pfor
V-P ~ V¢ andagain Vp
V-8 ~ Vu, Ve, Vp

This is compatible with the regularity of ¢, since ¢ € L,(J; H;(G)) and thus
VP~ VieL,(J;L,(GR").
The natural regularity class for u is:
u € H,(J; L,(G;R")) NL,(J; HIZ,(G; R")).

Note: need again p € L,(J; H,(G)).



SETTING NSAC

Since p is governed by the hyperbolic equation
0p+Vp-u=—pV-u,
we need u € L,(J;H)(G; R")) N L (J;C'(G)). Recall
u € Hy(J;L,(G:R")) NL,(J; H,(G; R")) =: Z; ()
and the embedding
H,(G;R") — C'(G;R"), p>n.
Using this regularity the continuity equation yields

p € C'(J;L,(G)) N C(J; HY(G)).



SETTING NSAC

Seek solutions (u, ¢, p) in the regularity class Z;(J) x Z,(J) X Z3(J),
Z(J)
()
Z(J)

H,(J;L,(G;R")) N L,(J; H3(G; R")),
H,(J;L,(G)) N L, (J; H,(G)),
C'(/;Ly(G)) N C(J5 H,(G)).-



WELL-POSEDNESS RESULT: NSAC

THEOREM (K., ARMA 2012)

Let G C R" be a bounded domain with C* boundary T, Joy = [0, Ty), and let
p > n+ 2. Assume that

(1) p, A 96, W1, o, W sufficiently smooth;

(1) u(p,c) >0, 2u(p,c) + A(p,c) > 0, §(c) > 0 forall (p,c) € (0,00)%;
(1) fexr € Ly(Jo; Ly (G; RY));
(1v) wq := (uo, co, po) €V,

Vi={(u,¢c,p) € W/ (G;R") x W27(G) x H.(G) : 0 < p(x),
0<c(x)<1,VxeG, (uylv(y) >0, Vyel}

(V) compatibility conditions.

Then there exists 0 < T < Ty such that the NSAC-system has a unique
solution w := (u,c, p) € Z,(J) x Z(J) X Zz(J) on J = [0, T].

The map wo — w(t) generates a local semiflow on

Ve:={¢p € V: ¢satisfies (V)}.



WELL-POSEDNESS OF NSCH: THE SETTING

We are looking for strong solutions in the L,-setting. Consider first the
Cahn-Hilliard equation in L,,(J;L,(G)):

po,c+ pVe-u—V - (mVu) =0,
0.(py) =V - (pdVc) = pp.

The natural regularity class is
¢ € H,(J;L,(G)) N L, (J; H,(G))-
Notice: V3p occurs in the Allen-Cahn equation, i.e. we need at least

p € L,(J;H(G)).



SETTING IN CASE OF NSCH
p is governed by the hyperbolic equation

Op+V - (pu) =0.
Usually,

u € Li(J;C(G;R")) NL,(J; H, (G R"))

U
p € C(1:L,(G)) NCU; ) (G)).

Cahn-Hilliard eq.: p has to be in L, (J; H,(G)) at least. We therefore need
u € L,(J;H,(G;R")).
One can prove

u € Li(J;C'(G;R")) NL,(J; H,(G; R"))

!
p € C'(J;H3(G)) N C(J; H(G)).



SETTING IN CASE OF NSCH

Bear in mind that we need to have
u € Li(J;C'(G;R")) NL,(J; H,(G; R")).

To obtain this regularity for u, we consider the Navier-Stokes equation in
L, (J; Hy(G;R")):

pou+pVu -u—V-8=V"-P+ pfox
V-P ~ 9.Vc, Vp
Note that
c € H,(J;L,(G)) NL,(J; H,(G)) — H;*(J; H,(G))

3
9, Ve € HY?(J;L,(G; R") NL,(J; H3(G; R")).

Regularity of u implies Vp € C'(J;H,(G;R")) N C(J; H,(G; R")).
Therefore

V- P e H(J;L,(G;R")) NL,(J; H,(G; R")) =: X.



SETTING IN CASE OF NSCH

Taking X; = H*(J; L,(G; R")) N L, (J; H,(G; R")) as the base space for the
Navier-Stokes equation one expects that

u € H*(J;L,(G;R")) N H,(J;H,(G;R")) N L, (J; Hy(G; R")).
Using this regularity the continuity equation yields
p € H"(J:L,(G)) N C,(J; H,(G)) N C(J; Hy(G)).

Seek solutions (u, ¢, p) in

REGULARITY CLASS

Z(J) = Z\(JV) x (J) x Z3(J),

Zi(J) = B (J; L,(G; R")) M HL (J; H3 (G RY)) N Ly (J; Hy (G5 RY)),
2,(J) = H,(J; L,(G)) N L, (J; H,(G)),

Z3(J) = B24(J; L, (G)) N Ch(J; H3(G)) N C(J; H(G).



WELL-POSEDNESS RESULT: NSCH

THEOREM (K., ZACHER 2013)

Let G C R" be a bounded domain with C* boundary T, Jo = [0, Ty), and let
p > p* :=max{4,n}, p # 5. Assume that

(V) pv =3(p,c) + p(W(c) + §IVel);
() m, A, 6, m, @, W sufficiently smooth;
(1) n(p, e), 2n(p; ¢) + Alp, ¢), 3(p, ¢), m(p,c) > 0 for all (p,c) € (0,00)*
(IV) fen € X1 = H/*(Jo; L,(G; R")) N L, (Jo; H;(G; R™));
(V)

Wo ‘= (MOaC()apO) evV:= {(ua c, p) € W;;Z/p(G; Rn)
X Wi (G) x H,(G) : 0 < p(x) Vx € G};

(V1) compatibility conditions (There are many of them. ).

Then there exists 0 < T < Ty such that the NSCH-system has a unique
solution w := (u,c,p) € Z(J) on J = [0, T]. The map wy — w(t) generates
a local semiflow on V. := {¢ € V : ¢ satisfies (VI)}.



OUTLINE OF THE PROOF

wn B~ W

. Suppose py € H)(G), p > p*, pp > 0in G, and (u|v) > 0on [0,T] x T.

Then the continuity equation, together with p;,—g = po and
u € Z,(]0, T]), has a unique positive solution.

= p = Llulpy € Z3([0,T)).

Insert p = L[u]pp into momentum and phase field equations. (nonlocal,
fully nonlinear)
Find appropriate fixed point formulation and subset ¥ C Z;(J) x Z»(J).
Contraction mapping principle
Problem with contraction:
m Contraction cannot be proved in Z; (J) x Z>(J). (loss of regularity!)
m Well-known in the theory of symmetric quasilinear hyperbolic systems.
m Kato/Lax resolve this problem by studying contraction in a larger space.
m Find an appropriate space WW([0, T]), such that
Zi(J) x Z(J) C W([0, T]), contraction in W(J),
V{®,} CXwith®, = PinW(J)=PeX



LLACK OF REGULARITY
Let p; = L[u,‘]po with u; € Z, (J), i.e.

Opi +Vpi-uj=—pV-uy, (t,x) €J xG,
pl(o) =po, XE G7

and p; € C'(J;L,(G)) N C(J; H,(G)).
Then (p; — pa, u; — up) =: (g, v) satisfies

0,g+Vq-u=—qV-uy —pV-v—Vpy-v=:F,
0(0) =0.
We need F € C(J; H,(G)) to get g € C'(J;L,(G)) N C(J;H,,(G)).

Note: 1. piV - u;, gV - uy € C(J; H;<G))
2. Vpy-v e C(J;H,(G))

Conclusion: p; — py ¢ C'(J;L,(G)) N C(J; H,(G)) and thus

o1 = p2ller g, epncume)) £ klluy —u2llz gy, 0 <k <1.



BASIC IDEAS: FIXED POINT EQUATION

Linearize quasilinear terms (freeze coefficients):

poOu + Au+ Be+ Cu = Fi(u, ¢, u, Llulpo), J x G,
podic =V - (movluf) = FZ(“a C, ,u,L[u]po), J %G,

—u—V - (8oVe) = Fs(c, Llu]po), J x G,
u=0, O,u=0, 0,c=0, JxT,
u(0) = up, ¢(0) = co, G,

where
Au = =V - 2uoD(u) + AV - ul),
Be := [péap(so + podo]Veo - Ve,
Cp = —poVeop.
Linearization maintains divergence structure! More abstractly,

Fi —nonlocal, fully nonlinear.
£22(C7 ,LL) = fz(ll, c, .u)a



BASIC IDEAS: FIXED POINT EQUATION

1. Deﬁne
2([0,T]) == Z: ([0, T]) x Zx([0, T]) x Z,([0,T]) — Z([0, T]) by
Ao 2 (3o,
Liyu+ Lip(c, @) = Fi(u,c, pm),
Lan(c, 1) = Fau,c, p).

2. Define subset > C Z([|0,T]). For T € (0,Tp) and r € (0,1) let

Y= {(u,c, ) € Z([0,T]) = (u,0u,c, )= = (o, Us, Co, f10),
u=0,9,c=0,u=00nT, |[(&cm)— (uc, pm)llzqo,m <}

Y —closed ball in Z([0, T]) with centre (ﬁ ¢, 71) and radius r.
= [0,

3. Reference function (%, ¢, t) € Z(Jo), J.
of

To], is given as solution

Liu+ ﬁlz(f,ﬁ) =F (u(),C(),M()),
Lo (¢, 1) = Fa(uo, co, o)



BASIC IDEAS: THINGS TO DO
Fixed point mapping: A(u, ¢, u) := (4,¢, ft),

= %)
m .

1. Ais well-defined: 3!(u, ¢, ) € Z([0,T]) of (7).
2. For sufficiently small 7 and r:

(1) A leaves X invariant.
(11) A is a strict contraction in
W([0,7]) := Wi([0,7]) x Wa([0, T]) x Wi ([0, T]) with

Wi(J) := HY*(J;Lo(G)) N Hy*(J; H,(G; R")) N La(J; Hy (G5 R")),
Wi (J) := HY"(J; Lo(G)) N Lo (J; H3(G)),
Ws(J) := HY"(J; Lo(G)) N Lo (J; Hy(G)).

There holds, e.g.,

25((0,7]) == H,([0, T}; L,(G)) N Ly ([0, T]; H,(G)) — Wa([0,7]).

(111) X is closed in Wi ([0, T]) x W»([0, T]).



BASIC IDEAS: SOME AUXILIARY RESULTS
1. The system

Lu+ Lya(C

c,
C

ﬁ) :fla
Lxn(c, i

) = f 2
has maximal L,-regularity, i.e.
Am, ¢, 1) € Z([0,T]) < fi, /> have certain regularity.

Use: The problem decouples.
Solve second equation, (¢, i) = L,,'f>. Solve equation for %

Lyu+ Lip(c, ) =fi

(3
Lyu=f

withfs :=fi — L12(¢, 1)) = fi — L12L3) fo.

= A is well-defined.



BASIC IDEAS: SOME AUXILIARY RESULTS

2. Selfmapping means: Let (u, ¢, ) € X. Then (4, ¢, i) = A(u,c, 1) has

to satisfy
(@, ¢, 1) — (@, @) zq0,rm) <
The trick is
~ Ay »Cll £12 - J:l(uvca/u’)
@ p) = < 0 sz) Fa(u,c,pn)
__ . (Lu Ln - <-7:1(u07€0,/10)>
@25 = ( 0 £22> Fa(uo, co, f10)
and

(@, e, )=, ¢, )| z(o,1) < M (|1 F1 (u, ¢, 1) —Fi (o, o, 110)x, 0,7])
+ H.FQ(M,C,‘LL) -7 (”07003 /U'O)H)(z([O,T]))~

Note: only estimates of differences in space of data,
p = L[u]p € C([0,T];H,(G)) behaves as lower order term



BASIC IDEAS: SOME AUXILIARY RESULTS
3. Contraction in W(]0, T]) - crucial part.
Recall A(u,c,n) = (u,¢, ),
Lyt + Lo (e, 1) = Fi(u, ¢, ),
ﬁzz(/c\, /7) = .7:2(14, C, ,u).

Let (u;, ci, i) € 3, pi = L{ui]po, and (u;, ¢, i) = A(u, ¢i, i), i = 1,2.
Then (i) — Up,¢1 — Ca, i1 — [i2) satisfies

LU — ) + Lia(c1 — ¢, i — [12) = Fi(ur, c1, pr) — Fi(uz, 2, 12),
Loy (1 =2, 1 — i) = Fa(ur, c2, p2) — Fa(ua, c2, p2).
One can prove
||(12\1,/C\17//E) - (’2\272'\27/72)||W([0,T])
< K(T,r)|[(ur, e1, 1) — (u2, €2, 2)llw(jo,1))>

where k(T,r) = 0as T, r — 0.
Use: divergence structure, weak formulation, max. reg. methods, and

o1 = PZHC([O,T];Hg(G)) < C1T1/2H“1 - ”2||L2([O,T];H3(G;Rn))-



Thank you.



