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A geometric operator
Let x,A € R and let

Ein(g) = Ric(g9) + kR(g) g+ N g € S».
®*(Ein(g)) = Ein(®*(g))
» A =k =0 Ricci tensor
Ein(g) = Ric(9).
» x = —3 : Einstein tensor

Ein(g) = Ric(g) ~ yR(9)9 +\g.

» A=0, k= —ﬁ : Schouten tensor

Ein(g) = Ric(g) — 2(,71_1)/%’(9)9.



The geometric equation
Let E be a field of symmetric bilinear forms on R”, we want to
find a metric g on R” such that

Ein(g) = E.

This is a Quasi-linear system of PDE with n(n+ 1)/2 equations
and n(n+ 1)/2 unknown.
For the talk we take x = 0 first so

Ein(g) = Ric(g) + Ag.

Preceding results (A = 0) :
» DeTurck 1981, near a point.
Hamilton 1984, On S”, near the canonical metric.
D- 1999, On H", near the canonical metric.
D- Herzlich 2001, On CH", near the canonical metric.
D- 2002, On some AH manifold, near some Einstein
metrics.
» Delanoé 2003, On some compact manifold, near some
Einstein metrics.
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Remarks about the equation

If the metric g is C**2, then Ein(g) is C*.
Let ® be a C**' diffeomorphism and let

E := ®*Ein(9).
Then E is C* and
Ein(®*g) = ®*Ein(g) = E,

but d*g is only C*!
In particular Ein can not be elliptic.



The result on R”

For x € R", let
.
(x)=(1+|x]?)z.

For s, t € R, let us define the weighted Sobolev space :

HSt = (x)7tH® = {x — (x)"'u(x), u € H%}.

Theorem

Lets,t,A € R suchthats > 5,t >0, A > 0. Then For all
e € HT21(R" S,) close to zero, there exist a small h in
HS+24(R", So) such that

Ein(é + h) = Ein(5) + e.

Moreover, the map e — h is smooth near zero between the
corresponding Hilbert spaces.




Idea of proof step 1 : Linearised operators

D Ein(s)h = & [Ein(s + th)], = %Ah +Ah— LBs(h),

at
where
[Bg(h)]; = —9V*hy; + ;3j(9k'hk/),
and ]
(Lw)j = E(@,wj + Ojwi).

Recall the Bianchi identity
By(Ein(g)) =0,
and note that

D[B(Ein(5))](6)h = —AB;(h)



Idea of proof step 2 : The modified equation
We thus define, for the moment formally, for h and e small

F(h,e) = Ein(s + h) — E — %./;(;BM,,(E),

where E = Ein(§) + e = \d + e.
So if there is a solution to

Ein(6 + h) = E

then
F(h,e)=0.
And now we have
DyF(0,0) = %A + A.

We want to prove, by the implicit function theorem is some
Banach spaces, there is solution to F(h, e) = 0.



Idea of proof step 2 : The modified equation

Proposition
The map

F: HP2H(R", 8p) x HSTBH(R", Sp) — H¥(R, Sy),

is well defined and smooth near (0, 0).

PROOF : First recall that

7o)
kr I rpk,

RIC(g)jk = a/r/k akrj/ + I pl —

J

where ’
[—k g (81951+a/g/s asgij)'



Idea of proof step 2 : The modified equation
Let us write

Ric(g) =or +IT, T =g 'ag.

where g = 6 + hand his small in Hst2t g > g, t>0.
We can see that

gf‘l — 571 _i_E, 7.; e II_ISJrZ,l'7

and

[hlls+2.t
IAlls2, < § Cholnllst) = : :
’ HS+ +21H ”34_27[ 1_ Cs+2,t”hHs+27t

So if [|Al|si2, < 2c oo e obtain

[hlls2,t < 2[[hllst2,-



Idea of proof step 2 : The modified equation

We deduce
M= (" +mohe H N Msyrr < [[hllsiz

then
or € H¥', ||oT |st < T llsg1,e < llAllss2,t0

thus,
Ric(g) € H*', ||Ric(9)lls.t < [lss2,-



Idea of proof step 2 : The modified equation
Let us study the Bianchi operator

By(E) = divgE + %d TryE.
We write abusively
By(E) =g "(OE +TE) + (g™ 'E).
Recall that E = Ad + e, then
By(E) = (67" + h)[0e + T(AS + e)] + [~ "e + h(As + e)].
As before, we can deduce
Bg(E) € H 10 |IBg(E)llst1,t < (Ihllss2t + llellss2e),
and
LsBg(E) € HY, [|L5Bg(E)lst < IBg(E)llst1,t < (lAllsr2,e+l€lls12,0)
|



Idea of proof step 2 : The modified equation

Proposition
The map

DyF(0,0) = %A + A HSP2HRM Sp) — HSY(R™, S))

is an isomorphism.

PROOF : Use the Fourier transform.

Conclusion step 2 : from the implicit function theorem for e
small in HSt21(R", S,) there exist a small hin HS+21(R"S,)
such that F(h, e) = 0.



Idea of proof step 3 : Our metric is a solution
Recall we have a solution to

F(h,e) = Ein(s + h) — E — %/;(;BM,,(E) ~0.

Apply B;. , to this equation, and define w = %BM,,(E) then
P5+hw = Bg+h£5w +Aw =0,
with w € HSHH(R™ (R")*). But

P5 = %(A + 2/\)

is an isomorphism from HSTLI(R" (R")*) to HS~ LR, (R™)*),
then Ps. , stay injective if his small enough. Finally

w=0.



Image of the some Riemann-Christoffel type operators
Let R} be the subspace of multi-linear forms on
(RM* x R™ x R" x R" with components satisfying

i i P i P
Tim = 05 Tiam = —Tkmis Thim + Tkt + Timk = 0-

For g € C* ariemannian metric on R”, let

gin(g) = Riem(g) + A (9B g) € C(R", RY).

2(n—1)
We thus have
gin(9)i; = Ein(9)j.
Let us define the smooth maps
p(.) = Ein(d +.) — Ein(d) : C¥HR", Sp) — CHR™, RY),

and
Tr: CHR", RY) — CH(R",S)

defined by 7/, — Th.



Let
e(.) = Ein(6 + .) — Ein(5) : C*{(R",S,) — C™(R", Sy),

and let
h(.) : C*{R",Sp) — CHR", Sy),

our solution of e(h(e)) = e. We have
Trop=e(),

and
hoe=eoh= /dCoovt(R",Sg)'



Proposition
Forallt > 0,

C®!I(R",RL) = ImDp(0) @ KerTr.

PROOF :
Tr o Dp(0) = De(0).

Dh(0) o De(0) = De(0) o Dh(0) = Idgw.(gn.s,)-

The following diagram is then commutative :

CU(R™, Sp) 29 et (R, RY) T C2(RM, Sy)
| i)
De(0)

1 |
Dh(0)




Theorem
Imp is @ smooth submanifold in C>>(R", R}), graph from
ImDp(0) to KerTr given by

V — (pohoTr)(V) — V.




PROOF

We also have the (non-linear) commutative diagram

C (R, Sp) -2 CHR™ RY) - CH(R",S,)
| )
e
1 |
h

For 7 € C>{(R",R]) close to zero :

7 = [Dp(0) o Dh(0) o Tr](7) + 7 — [Dp(0) o Dh(0) o Tr]()

€ImDp(0) cKerTr

and
T=(pohoTr)(r)+7—(pohoTr)(r).

elmp eKerTr




Decompositions of C>(R", R})

Ker Tr

Dp(0) o Dh(0) o Tr (t) Im Dp(0)




Let us define the map & from C>>{(R", R}) to C!(R", R})
given by

®(7) = 7" =[Dp(0) o Dh(0) o Tr]() + 7 — (po ho Tr)(7)

(note that Tr(7') = Tr(7)).
Then

®~(7') = 7 = 7' — [Dp(0) o Dh(0) o TH() + (p o ho Tr)(7").
And we can see that
®(Imp) = ImDp(0)

near zero . |



When k #07?

The trace of the equation
Ein(g) = Ric(9) + xR(9)g + \g = E,
gives
TrgEin(g) = (1 + nk)R(g) + n\ = TryE.
Thus the equation is equivalent to

k TrgE + N\

Riclg) = E - 1+ nk

We define the Bianchi type operator :

2k + 1 (n—2)k

BalE) = IVGE 5 1 m @ ToF = BelE) = o iy

d Th,E,



When x # 0

Let us define

K TrshE + A 1

F(h.€) := Ric(o+h) — E+ = E2(5 + h) — £ L3Bs(E),

where
E =Ein(6)+e=No+e.
But here we have

1 kN (n—2)k

Note also that when < # 0, D, F(0,0) does not preserve the
splitting )
go S



When x # 0

¢ In the conformal direction, where h = uéd we find
DpF(0,0)(ud) =

2(11%,7)[(1 +2(n—1)k)Au + 2Au)d — ml:less u,

where Hess u is the trace free Qart of the Hessian of u.
e In the trace free direction h = h we have

DpF(0,0)h = (A +2A)h.



When x # 0

But the operator

DyF(0,0): S =¢a 8 e s,

is “triangular” :
1 (T+2(n=1)r)A+2A 0
DnF(0.0) =3 ( (2 Hess A+ 2A

If « > —1/2(n—1) and A > 0 it is an isomorphism.



When x # 0

Theorem
Lets t,r,ANc Rsuchthats > 3,t>0, x> — ( 7, A > 0.

Then For all e € HST2!(R", S,) close to zero, there exist a small
hin HST24(R". S,) such that

Ein(s + h) = Ein(5) + e.

Moreover, the map e — h is smooth near zero between the
corresponding Hilbert spaces.




