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MAIN OBJECTIVES

Introduction to Matter Models

Three main results

Weakly Regular Vacuum Spacetimes with T2 Symmetry
impulsive gravitational waves

Weakly Regular Matter Spacetimes with Spherical Symmetry
shock waves in self-gravitating compressible fluids

Stability of Minkowski Space for Self-Gravitating Massive
Fields

Einstein-Klein-Gordon equation, theory of modified gravity

Remarks.
» techniques of analysis
» matter models or/and weak solutions
» scope of the lectures

» selected results with full proofs
» overview of more advanced statements



CHAPTER |
Introduction to Matter Models

Outline of this chapter
» Section 1. Field Equations

» Einstein equations, Euler equations
> initial value problem
» Section 2. The Theory of Modified Gravity
» the f(R)—gravity
» Jordan coupling vs. Einstein coupling
» Section 3. The Formulation in Wave Gauge

» augmented Formulation
» wave coordinates
» Einstein-Klein-Gordon system



Section 1. FIELD EQUATIONS
EINSTEIN EQUATIONS

Lorentzian metric g on a four-dimensional manifold M
» Inner product with signature (—, +, +, +)

» A vector X € T,M at pe M is said to be time-like, null, or
space-like iff g(X, X) is negative, zero, or positive.

» Time-orientation: future or past timelike vectors

(observers, worldlines)
Differential gemetry

» Local coordinates (x®) with Greek indices o, 3,...=0,1,2,3
> ax% defines a basis of the tangent space TM
» Vector fields X = X® -2 and metric g = g, sdxdx”

Ox™

(summation over repeated indices)
Riemann curvature tensor R,3.s

» Riemannian geometry (see below)
» Ricci curvature R, := g% Rop4s
» scalar curvature R = g7 R,

Minkowski spacetime M = R* and g = —(dx®)? + (dx")? + (dx?)? + (dx®)?

» Vanishing curvature



VACUUM EINSTEIN EQUATIONS

R.g =0 (vacuum spacetime) J

> Vanishing scalar curvature
Decomposition of the Riemann curvature:

R

Ragys = ﬁ(

1
8o 835 — gMgﬁv) ) (gavsﬁé — 80558y + 865Sary — 8p Sas) + Wapys

> Sap = Rap — 1 Rgap (traceless part)

» Only the Weyl curvature is non-vanishing. (gravitation radiation)

FIELD EQUATIONS
Gaﬁ = 8r TQB J

» Einstein's gravitation tensor Gop = Rap — & gag
» T.p stress-energy tensor / matter content of the spacetime

» 8m: gravitational constant after normalization



EULER EQUATIONS

Levi-Civita connection V associated with the metric g
» Preserves the metric Vg =0

» Torsion-free VxY — Vy X = [X, Y] (Lie bracket)
Riemann curvature tensor
R(X,Y)Z =VxVyZ—VyVxZ - VxyZ

(second contracted) Bianchi identities
1
VPR, = 5VaR

EULER EQUATIONS
VP T.s =0

Proof.
1 1 R
8 - B — B -
VT = 5=V Gap = o=V (Ras = 5 8as)

- (vﬁRaﬁ - fvﬁRgaﬁ) 0



CAUCHY DEVELOPMENTS

Initial data set.

» Riemannian 3-manifold (M, g)
» Symmetric 2-covariant tensor field k
(second fundamental form, embedding)
» Notation
> gy ki (with i,j =1,2,3)
» V: connection associated with g R: scalar curvature of g
+ Trace Trk = K, = gk; norm [k|? = kjk” = g" gi'ky; kj

» Einstein's constraint equations

§+ (Tr?)z - |E|2 = 167TT00 (Hamiltonian Goo = 8m TOO)
ﬁjﬂ —Vi(Trk) = 87 Toj (Momentum To; = 87 To;)

(Gauss-Codazzi equations, nonlinear elliptic equations)

» Matter fields (components Togo, To))
(scalar field, perfect fluid, modified gravity, etc.)



INITIAL VALUE PROBLEM. Future development of the initial data
set

» Lorentzian manifold satisfying the Einstein equations (M, g)
» Embedding v M—->HcM
» Induced metric V'g=g
» Second fundamental form k (extrinsic curvature) vk =k
In coordinates gus ‘:Z/:! a{jj =g,
» Matter fields (scalar field, perfect fluid, modified gravity, etc.)

FORMULATION AS PARTIAL DIFFERENTIAL EQUATIONS.

» Einstein equation as a hyperbolic-elliptic system of PDE'’s
» choice of coordinates / diffeomorphism invariance
» wave gauge

» coordinate functions such that
[Jgx® := ViVox® =0

» system of coupled nonlinear wave equations for the metric
[(Je8as = Qap(g,08)



SELF-GRAVITATING MASSIVE FIELDS

Massive scalar field with potential V(¢)

(minimally coupled)

1
Top = VadVso — (vaﬁvw + V(¢))gaﬁ

Write the Euler equations V, T = 0 for ¢

Einstein-Klein-Gordon system
(g9 — V’( 9)
Rap — 87 (VadVsd + V(¢) gap) =

,é

for instance with the quadratic potential V(qb) =5

The theory of modified gravity.

2 with mass ¢ > 0

(next section)

OUR OBJECTIVE: Long-time behavior of perturbations of Minkowski

spacetime by a self-gravitating massive field
» system of coupled wave-Klein-Gordon equations
» global nonlinear stability problem
» future geodesically complete spacetime
» Hyperboloidal Foliation Method



SPACETIMES WITH SYMMETRY

Symmetry assumptions

» spherical symmetry (SO(3) isometry group action)
» T2 symmetry (T2 isometry group action)
» Gowdy/plane symmetry (vanishing twists/polarization)
» 141 nonlinear wave systems arbitrary large data

rich global dynamics

Long-time issues
» maximal hyperbolic Cauchy developments
» property of the future boundary
» late-time asymptotics, geodesic completeness

» formation of trapped surfaces, (critical) collapse of matter,
censorship conjectures (generic data)

Remarks. Bianchi models (even further symmetry assumptions and vacuum)

» techniques of dynamical systems, bifurcation theory

» still many open problems



Compressible matter
» describe, for instance, the interior of a star
» discontinuity hypersurfaces (propagation at about the sound speed)
» implying curvature discontinuities, shock interactions

» scalar fields included as a special case
irrotational null fluids (see below)

OUR OBJECTIVES

» Weakly regular Ricci-flat spacetimes with T2 symmetry
impulsive gravitational waves

» Weakly regular matter spacetimes with spherical symmetry
shock waves



PERFECT FLUIDS

Energy-momentum tensor. T = (pu+ p(p) u® uP + p(p) g*?
» Proper mass-energy density u>0
> Unit time-like velocity vector u® ugu® = —1and u® >0
» Perfect fluid with given pressure-law p=p(p)

Hyperbolicity condition

0< Z—Z <1

FORMULATION OF THE CAUCHY PROBEM

» Initial data set: matter fields (energy density, current) 7, J
» Cauchy development: matter fields wyJ
pi= Tapnang Jo = (8ap + nanB)Tﬂ“’nw

(measured orthogonally to the time foliation)
n normal 1-form

71, J coincide with the restriction of 11, J to the initial hypersurface H



Dominant energy condition:
» The mass-energy density TaﬁXO‘Xﬁ > 0 for every timelike vector X
(or observer).
» For every future-oriented, timelike vector, the energy flux g7 TBWXﬂ
is causal and future-oriented

Proposition. Dominant energy condition for perfect fluids

lp(u)] <

Sketch of the proof.
» By using that 1 > 0, we have T X*X? = (1 + p)(uaX%)?> — p = 0 since
(uaX*)? = 1 for all unit timelike vectors X, u.
» By using that p® < i, we have
g Toap X TVXS = (—pi® + p?)(uaX*)? — p? < 0 for all unit timelike
vectors X, u.
EXAMPLES
» Isothermal fluids p = k%1 with constant “sound speed” k € (0,1
» Dust fluid p = 0 (not hyperbolic) » Radiation dominated p =
» Fluids with constant pressure p(u) = —p with = A/(87)

)
3M

G(x[i =87 Taﬂ = _Ag(xﬁ

where A is the “cosmological constant”.



IRROTATIONAL NULL FLUID

> Null fluid: pressure equal to its mass-energy density p =
Tap = 20U’ + pgap

sound speed = light speed normalized to 1.

» Second contracted Bianchi identities: Euler equations
1
(U Vop) u? + 1 (Vou®) u? + pu® Vaou® — Evﬁu =0

» Irrotational fluid: u® is a (normalized) gradient of a scalar
potential 1:
o Ve

VA 2



Reformulation of the Euler equations

» Multiply by ug and obtain
1o 1o «@ B 1 a
u* Vop 4+ pVou® + pu®ugVau® — Eu Vaprr =0
which, in view of usV,u? = 0, simplifies into

1
§uava,u +puVau® =0.

Setting M := %Iog,u

UV oM + Vou® =0

» Multiply by the projection operator Hu3 := gag + UqUg:

1
UV o u” — EHO‘BVQM =0

HYY oM — u®V 4uP =0




Reduced equations for irrotational null fluids
Impose that u® = ——~%___ for some potential 7).

P e P (G
After some elementary computations:

Va <u1/2va¢> =0
V=V VA
Vs (M ~log \/—vawalp) —QVs0

VOypVaM  VYVPyYVase
Vo‘wvaw (Vawvaw)2

» The gradient of M — log/—V Vv is parallel to V),
» so that M — log /— VYV o1 is simply a function F(1)) for some F.
» Replace the chosen potential 1) by some function G(v) (if

necessary), so that
M — log r/— V)V ath = O.

p=—VYPVqaip

where the scalar factor Q reads Q =




Proposition. Einstein-Euler system for irrotational null fluids
The fluid potential satisfies the wave equation on the curved space
Dgw =0
coupled to the Einstein equations for the metric
Rog — 87 V4dVgd =0

Recover the fluid unknowns
» Velocity vector field u® = —(—Y"%
Y NPT
» Mass -energy density function p = —V*)V 0
» Relativistic analogue of Bernoulli's law:

> irrotational flows in classical fluid dynamics
» determines u explicitly, once we know the velocity



OUTLINE OF THIS COURSE

Introduction to Matter Models
Einstein equations, matter models, modified gravity

Weakly Regular Ricci-Flat Spacetimes with T2 Symmetry
» weak solutions with singular curvature / impulsive gravitational waves
» weakly regular geodesics, late-time asymptotics
» future geodesic completeness (Gowdy case, polarized T2)

Weakly Regular Matter Spacetimes with Spherical Symmetry
» spacetimes with bounded variation / shock waves in self-gravitating
compressible fluids
» Riemann problem, random choice method

» global geometry of weakly regular matter spacetimes

Stability of Minkowski Space for Self-Gravitating Massive Fields
» Einstein-massive scalar field system & theory of modified gravity
» wave gauge: system of coupled wave-Klein-Gordon equations
» hyperboloidal foliation method

» future geodesic completeness
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» R.M. Wald, University of Chicago Press, 1984

Long-time dynamics (Bianchi spacetimes)

» F. Béguin, Aperiodic oscillatory asymptotic behavior for some Bianchi
spacetimes, Classical Quantum Gravity, 2010.

» T. Damour, Cosmological singularities, Einstein billiards and Lorentzian
Kac-Moody algebras, J. Hyper. Differ. Equ. (2005)

» A.D. Rendall, Oxford University Press, 2008



Section 2. THE THEORY OF MODIFIED GRAVITY
FIELD EQUATIONS
f(R)-Theory of modified gravity.
» Long history in physics: Weyl 1918, Pauli 1919, Eddington 1924, . ..
» A function f(R) >~ R of the scalar curvature
» Fourth-order derivatives (additional gravitational degrees of freedom)
» Motivations from cosmology / broad literature in physics

» accelerated expansion of the Universe, structure formation
» observed 1998, Nobel Prize 2011
» without adding unknown forms of dark matter / dark energy

» formation of structures in the Universe (galaxies, etc.)
Examples. f(R) = R + xR?, f(R) = R+ kR", f(R)=R+ Rnw

Other alternative theories of gravity. The gravitational field is mediated by
one of more scalar fields in addition to the metric.

» Brans-Dicke theory
» scalar-tensor theories of gravity

» less/more general, depending on the choice of the coupling



Our objective in this introductory section
» structure of the equations of modified gravity
» augmented conformal formulation
» Einstein-Klein-Gordon system
Mathematically rigorous validation
» a ‘correction’ to Einstein's theory
» initial data set in modified gravity

» initial value formulation



EINSTEIN’'S THEORY (3 + 1)—dimensional spacetime (M, g)
Lorentzian signature (—, +, +, +)
Hilbert-Einstein’s action

Anelo, g] = fM (Rg + 1677L[¢,g]) dv,

» massless scalar field (minimally coupled) Lo, g] = f%V,ygbVW,b
» stress-energy tensor Topld, gl = VadVsd — 2(V,0V70) gas

Principle of least action.

Critical metrics 0Aue[0,g] =0

Einstein equations
Gaﬁ = Rag = %Rggaﬁ = 8m Taﬁ[¢a g] J

Example. In the vacuum case T, = 0, we obtain the Ricci-flat condition
Ra.g = 0.



f(R)-MODIFIED GRAVITY THEORY
Avcl,g] =, ( ) + 167L[¢, g]) J

» Prescribed function f : R - R

- f(R)=R + K(R; + O(NR3)>

» sign of k := f”(0) > 0 essential for global stability
» Critical points d Amc[¢,g] =0

Curvature tensor of modified gravity

1
Nag ::f/(Rg) Rap — Ef(Rg)gaﬁ + (gaﬁ Ug — vavﬂ) (f/(Rg))

— %(f(Rg) - Rgf’(Rg)>gaﬁ + (gaﬁ O — Vavﬁ> (f'(Ry))

Proposition. Field equations of modified gravity

NaB =87 Taﬁ [¢7g]

» Fourth-order derivatives of the unknown metric

» When f is linear, N, reduces to Gu3.



Derivation of the field equations.

» Variation with respect to g*” with dV, = \/—gdx and g = det(g.s)
» Variation of the action

A=, <6g<15(\/§f(R)) + 16775gi,3(\/fgL[¢,g])> 587 dx

» Field equations

1 o
Observe
. 0 , o OR
F&gaﬁ (Ff( )) f(R) 5P (In(\/jg)) +f (R)W
and it thus suffices to check that

OR 0
g8 Rap - zw(mw —g)) = 8ap



Variation of the volume form.

g = ddet(gap) = g 8" 08as

1 1
5v/—g = = \ﬁ *Pgap = —5v/—88apd8"™"
2\/— og = 88°708up = > 88ap08
by differentating g.,g7? = Kronecker?

1 oy 1
Vg ogor 257

255 (WD) = s




Variation of the scalar curvature.

Rl)oaﬁ = aarga - aﬁrga + chAI_)\U - rg)\rga

SR sap = 0adlf, —0p0T 0, + 010 T3, + 10,015, —6T0 T, =063,
Covariant derivative of the Christoffel symbols:
Va(0r%,) = ox(0T%,) + 10,013, — 0,07 %,
hence
OR? op = v(,(srgg — Vgol?,
and, after contraction of two indices,
OR.g = vaargp —Vpdle,
For the scalar curvature R = g®?R,3
R = gaﬁ(sRaﬁ + 5ga’8Ra5 =Va (g"‘ﬁél'gp — g“ﬂargp) + Raﬁdgaﬁ

The divergence term does not contribute the variation the action.

oR
P




MATTER CONTENT AND EVOLUTION

The contracted Bianchi identities V*Ro5 = 3V3R or V*G,g = 0 imply
the divergence equation

VNyg = 0.

Proof. We compute the three relevant terms
VE(F(R) Rag) = RagV*(f'(R)) + f'(R) V" Rag

= RusV*(F(R)) + 2F'(R) V4R

SV (F(R) gus) = 5 Vs(F(R)) = 3 F(R) V4R

v (VaVf (R) = gasef (R)) = (VVaVis = V5V VA ) F(R)
- (vavﬁva . vﬁvava) F(R)
= RapV*(f'(R))



Matter model.
» Coupling between the gravity field and the matter fields

» From a physical standpoint, need to choose the frame in which
measurements are made: ongoing debate

» “Jordan frame": original metric g,3 considered as physically relevant

» “Einstein frame”: conformally-transformed metric

gTaB = f’(Rg)gaB

» Lead to different systems of PDE's

Massless scalar field.
» Jordan’s coupling (minimal in the Jordan metric)

Taﬁ = a¢v5¢ ga,é’v'yﬁbv‘y(b

» Einstein’s coupling (non-minimal in the Jordan metric)

Ty = F(Re) (VadV 56— 5800V6976)



Jordan’s matter coupling

1
Ta,@ = va¢vﬁ¢ - Ega,é’v'ﬂév'y(b

With the field equations N,g = 87 T3 and the contracted Bianchi
identities V¥ Gy = 0:

0=VTos = V3o g0+ VoV V3 — g.sV,0V V70
so that
0300 = O.
The scalar field ¢ satisfies the wave equation
|:|g(l5 = 0

associated the unknown metric g.




Einstein’s matter coupling
T = F/(Re) (VadVi6 — 80sV-6970)
= fl(Rg) Tap
ve Tlﬁ = 0 reads
f"(Rg)V*Rg Tag + f'(Rg) V3¢ g = 0

equivalent to

f"(R 1
(100956 = ~ ) (Vat V6 = 3820¥,0770) VR,
F(Re) g oo Ry
<f’(Rg) VapVERe ng’) Vpd = ng) (V7¢V7¢)V5Rg

» The unknown being a scalar field
> Over-determined partial differential system
» Einstein’s coupling not mathematically (nor physically ?!) well-behaved



MATHEMATICAL VALIDITY OF THE MODIFIED GRAVITY

CAUCHY DEVELOPMENTS.

Field equations of modified gravity N,z = 87 T3
» based on f(R) ~ R, assumed to satisfy f'(R) > 0 and f”(R) > 0.
» matter described by a massless scalar field with Jordan coupling

Initial data set.

» Geometry of the initial hypersurface (M, g, k)

» Matter content: initial data ¢g, ¢ for the scalar field and its time
derivative

> Fourth-order field equations: need two additional data Ry, Ry related
to the spacetime curvature on M



An initial data set (M, g, k, Ry, Ry, ¢o, 1) consists of:
» a Riemannian 3-manifold (M, g) and a symmetric (0,2)-tensor k
» two scalar fieds ¢g, #1 on M (matter field, its time derivative)

» two scalar fields Ry, Ry on M (spacetime curvature, its time
derivative)

Hamiltonian constraint of modified gravity [Noo = 87 Too |

' (Ro) (R — Kk’ + (K))?)
+ 2 f"(Ro) Ry — (2A§f’(Ro) — f(Ro) + Rof’(Ro))
=8 ((¢1)2 + vj%ﬁjti)o)
Momentum constraint of modified gravity [Noj = 87 Toj]
F'(Ry) (vﬁj - v,%]’ﬁ) — 0(F"(Ro)Ry) — ki1 (F'(Ro))
= 8m¢1 Vigo




A modified gravity Cauchy development: Lorentzian manifold (M, g)
and matter field ¢ defined on M

» Field equations of modified gravity Nog = 87 T,
» An embedding i : M — M such that:

» pull-back metric g = i*g and second fundamental form k

» Ro coincides with the restriction of the spacetime curvature R on M
» Ri coincides with the Lie derivative £,R, n being the normal to M
> ¢o, ¢1 coincide with the restriction of ¢, L,$ on M.

Theorem. Cauchy developments in the theory of modified gravity

» Given an (asymptotically flat, say) initial data set

(M ~R3,g, k, Ry, Ri, ¢o, ¢1), there exists a unique maximal globally
hyperbolic development (M, g).

» If an initial data set (M, g, k, Ry, Ry, ¢, ¢1) for modified gravity is
“close” (in Sobolev norms) to another initial data set

— _, . . .
(M, g, k ,py, ¢;) of Einstein's theory, then its development is also
close to the corresponding Einstein development.




Highly singular limit problem.
» Einstein's vacuum corresponds to vanishing ¢g = ¢1 = Ry = Ry = 0.
» In the limit f(R) — R, we recover Einstein equations.

» convergence of a fourth-order system (with no well-defined type) to
a system of second-order (hyperbolic-elliptic) PDE’s
» recover R — 87 V.,V

Elementary notions of causality

» Time-like curve: « : [0,1] — M whose tangent vector (t) is time-like:
Y(8),7(1)) <0

» Causal curve (observer or light), whose tangent vector ¥(t) is time-like or
null 4 (1), 3(1)) < 0

» Global hyperbolicity.
Existence of a Cauchy surface H ¢ M, that is,

» H is spacelike (Riemannian induced metric)
» every inextendible causal curve intersects H exactly once

» Maximal globally hyperbolic development
Any other such development isometric to a subset of it
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Section 3. THE FORMULATION IN WAVE GAUGE
Field equations of modified gravity N,3 = 87 T,

» Fourth-order system (with no specific PDE type)
while Einstein equations G,g = 87 T,p are second-order

» Conformal transformation leading to a third-order system
» Wave coordinates [Jx* = 0 associated with the spacetime metric g

while Einstein equations are
hyperbolic with differential constraints

» Augmented formulation

» spacetime scalar curvature taken as an independent variable
» leading to a second-order system of nonlinear wave-Klein-Gordon
equations

» “Equivalence” with the Einstein-massive field system



THE CONFORMAL FORMULATION

Gravitational curvature tensor of modified gravity

/ / 1
Na[j =f (Rg) Raﬁ + (gaﬁ Dg - vavﬁ)f (Rg) - if(Rg)gaﬁ =8m TO&,B

Hessian of the scalar curvature V,V3f’(Rg) (fourth-order term)
CONFORMAL METRIC

1
gTaﬁ = e2pga57 pi= Eln f'(Rg)

Conformal transformation for the Ricci curvature

Rap = Rlag + (2VaVsp + gapgp) +2( = VapVsp + 8ap V7 pVyp)

Notation. Change of variable R — p =: 1Inf’(R), assumed to be one-to-one.
We also define (function f, its Legendre transform)

> wi(p) = f(R)

f(R)—Rf'(R
> wa(p) = i )f’(R)( :

f(R)—Rf'(R
> W(p) = <(3”(R))2( )



Observing that
Nop = f'(Rg)Ragp — %f(Rg)gaﬁ + (gaplde — Va Vi) f'(Re)
Tr(N) = f'(Rg)Re — 2f (Rg) + 30 f"(Re)
VaVge™ = 26>V Vap + 46*VapVap

ee” = 2e* [Tgp + 4€** V" pV,p
we can express the gravity tensor in terms of p

Nop =€ Rap — W12(p) 8op + 26 (gaplls — VaVi)p + 4e™ (gaﬁvavvp - VaPVﬁp)

With the conformal identity for the Ricci curvature, we deduce that

wi
Nap = e (RTQB - 216(26,) 8ap T 38apllep —6VapVsp + 6gagvvpva)

Finally, with the following expression of the trace

(go‘/ﬁ/Na/ﬁ/) = 6e” [ep — wi(p) + 12* V7 pV,p — e wa(p)

we arrive at % <RTaﬁ —6VapVsp + sz(p)gaﬁ> = Nop — 38as (g”‘/B'Na/B/)

Field equations of modified gravity in the Einstein frame

Rlas —6 VoV + “PgT,5 = 8r e~ (Top — deTap(e"”” Torp))




EULER EQUATIONS. Conformal transformation for Christoffel symbols
rzjﬁ =M +8lVep+83Vap—8asVip

VTaNaﬂ _ e—2pga'va7Naﬂ _ e—2pga’y <a'yN(x,@ _ rTiaNﬁé _ rTigNa&)
— e 2g0 ((awivaﬂ — T Ngs — riﬁNm;)
- (givap +g0Vap - gan‘Sp) Ngs — (g;S Vsp+85Vap — ng‘Sp) Nms)
Thus we have
VI Ny = 2 (va Nog — (V2 + V0 — 4V p) Ngs
_ (vﬁp(g(x’ﬁ/ Na/ﬂ/) + V“pNaﬂ _ V(XPNQB))

in which we already have proven that V*N,z = 0.

Evolution of the matter field in the Einstein frame

a ) o' B’
VT Naﬂ = 2gT'y N(;BVT,Yp - (gJr Na/ﬁ/)VTﬁp
Together with N,z = 87 T,3, we obtain

e 4 o' B’
V1 Tap = 28" T5sV 00— (677 Tarp) Visp




RICCI CURVATURE IN GENERAL COORDINATES
Introduce the Chrie\toffel coefficients
M= g *ri), and 1My = gf, ;11"

Motivation. Reduced wave operator ‘jg‘( U= gT“Baaaﬁ u, therefore

1 al

5 ~ 5
\:‘gTU = gTa s 6a/65/u + |_T Osu = DgTU + |_T Osu
Calculation. To express the Ricci curvature, we proceed as follows. Recalling
A
Rl =aaMas — 0a Mo+ TTaal 0 — TTasT o

N 1 o
rTaﬂ = EgT (aag BN + 0ﬁg aN (})\/g 0/8)

we obtain

A A
aeraﬁ - 6O,FT5>\

1 Y 1 A6

50 (gT (0ag' g5 + 058" 5 — ﬁagTaﬁ)) ~ 50 (gT (058" 55 + 0x8" 55 — 05850
1 AS 1 S 1 S

—EaA (gT 56gTaﬁ) + 5(%\ (gT (aaé’TB& + 5/3gTa5)) - Eaa (gT aﬁng)‘

Therefore we have

onrt a,B — dal" @)\ =- Eg 6>ﬁ5g «B

1 xs 1 26 1 a6
+ 58" 0a0rg" 55 + 58" 05028 50 — 5" 0alpg’ s + 10t

t
2



On the other hand, we compute the term aarTﬁ + aﬁrTa as follows:

vy v af 1 iaB v
rT = rTaﬁgT 2gT T (a g 56 +a/3g ad afnga/ﬂ)
¥ +af 1 af 476 4
L WP 2gT g 0sg" s

and 'y = gTMFTW = gTaﬁ(Fang — %gTaﬁé’AgTaﬁ. So, we have

1

6(96gT/\/3) - 5(904 (g

A6 L
f OﬁgT/\é)

and, therefore,

Ao Ad
aaFTg + a/era =g ﬁaﬁkg%ﬁ + gT aﬁaAgT&l — gT (9a5gTM + l.o.t.

/

1 .o
a6=_§gT O Op' & a5+ (‘3 Mg+ 0sMa) + *Faﬁ(gT?agT)’

where F,5(g'; 0g') are quadratic in dg'.




FORMULATION IN WAVE GAUGE

First, we solve a different problem
» Substract 2 (0al"5 + 05T"4) to the principal part (De Turck's trick)
Nop — 38" 0sTrT(N) — 3 (0aTTs + 05T10) = 87 (Tas — 3Tr(T)g"p)
» The principal part is the wave operator [ ' Taﬁ = gTaﬂéa/&ﬂnga@
» Standard local existence theorem
» Then, a key observation is the PROPAGATION PROPERTY:
T =0ona Cauchy hypersurface
and the Hamiltonian and momentum constraints hold, then M=o
hold in all the spacetime.
Finally, we impose the WAVE GAUGE " = g™*“r17 . — 0

Conformal formulation of the field equations in the wave gauge

(gtys =Fas(g: 08") — 120apdsp + w(p)e' s

#1677 (= Ty + 38T0ale""” Ters)

@ a/B/
VI Tap =2T,5V" = (g7 Tws ) Vigp

supplemented with gTaﬂFTZB =0and p = 3f'(Ry).

Remark. Trace equation [1'p = % (w(p) + e *wi(p)) + & e *7g'" ’ Tor s



THE AUGMENTED CONFORMAL FORMULATION

Still third-order and not of a specific PDE type !

THE AUGMENTED FORMULATION
» relation e?” = f'(R,) no longer imposed
» p replaced by a new independent variable o
» algebraic constraint e*” = f'(R,) replaced by the trace equation

» new notation for the metric g(i e%0g,z

Main unknowns: the function ¢ and the metric giﬁ

Introduce the tensor field N* defined by the relation

1
Nias = 580 T (N = e2@(Ri 5 — 667200,0050 + 2g Fapw(o ))



Definition and Proposition. Conformal augmented formulation of modified

gravity (second-order system in g, p)

N* o5 = 81Ty
1 _ 47 5
(gt0 = 6(W(Q) +e *w (o) + ?929 (gi ’YTM)

which, put together, imply the evolution equation for the matter field

v Tas =2 Tos V90— (687 sy ) Vho

y

(proof given below)

PROPAGATION PROPERTY
» By considering the equation satisfied by [ : (0 — f/(Rg)), one can
check that:
If e2¢ = f'(R;) with gTaﬂ = e%g, 3 is satisfied on a Cauchy
hypersurface and the wave gauge together with the Hamiltonian and
momentum constraints hold, then the condition €*® = f'(Ry) is
satisfied everywhere in the spacetime.

Hence, we have truly extended the system of modified gravity.



Proof. We need to check that
ViaNiag = e 2 (2gaa'(7a/gNiaﬁ — Tr(Ni)(?gg)
From our definition of the “extended” gravity tensor, we have
Niop = Gl — 6™ (0a0dp0 — %g*a;ﬂlvig\éi) — %giaﬂm(@),
where G* .5 := Riaﬁ — %giaﬁRi is the Einstein curvature of gt.

We observe that Vi“G*,5 = 0, as well as the obvious identities

o 1
v (%Q@a@ - Eg*a/ﬂviglzz) = 0polgr0

Vi (gt swa(0)) = 05 (wal0)) = 262wy (0)0



This allows us to compute the divergence

« « A 1 «
VI Nt = 2e2QG§BV:c 0—12e%?(00050 — Egiaﬁ\vig@i)vi 0

— 6629559|:|g19 + ngagwl(g)

wy (Q)

e2e

= 2Niaﬂvia9 - 05Q(6e29Dg:g - - W2(Q)>7

in which we use

1 4
Opie = ¢ (wlo) + e *wi(0) + 5-e* (g Ty,

We thus have derived the desired evolution equation for the matter field

Vi Tap = 2 Ty sV 0 — (g*‘” T(;V)V%g



Formulation for general matter models

’

P

g7 0ndpgtap =Fap(gh dgt) — 12040050 + w(0)g* o5

1 /B’
—167(Tas — 58as8™" " Tap)

O(/,B, 1 _ 47 _ Ollﬂ/
gt 0 Opr 0 :E(W(g) + wi(o)e 49) + ?e 20 g% Topr

[e% a’'p
Vi Tag =7 &yggi‘” T’Yﬁ — ﬁgggi Ta/B/

in which F,z5(g¥; 0g') are quadratic in dg*.

(Jordan coupling and wave coordinates associated with the Einstein
metric)

Remark. V% (p~2 Taﬁ) =Tr¥(T)os(e™") # 0.

A stress-energy tensor which is conserved in the Jordan frame
is not conserved in the Einstein frame (and vice versa).

Except if the matter T,z is trace-free (conformally invariant)



Finally, we assume that the matter is a (massless) scalar field.

’

> ﬁgi = giaﬂ(}a/(}ﬁ/
» Fap(gt; 0g*) quadratic in dg*
» V = V(p) and W = W(p) of quadratic order as 9 — 0

The augmented conformal formulation of modified gravity in wave gauge

Ii]gig;t(x,ﬂ = Faﬂ(gir agi) —12 aaQaﬂQ — 167 aa¢aﬂ¢ + V(Q)g(iﬂ
Bl d = —28*" 20
=~ 47 af
Flgto— = = ——2-g" 0a00sd + W(0)

3K 3e2¢
“massive scalaron”

additional gravitational degree of freedom
» supplemented with constraints (propagating from a Cauchy hypersurface)
R giaﬁr'riﬁ — 0

N f'(Re—20t)
» Hamiltonian and momentum constraints of modified gravity




CONCLUSIONS for this chapter

Nonlinear wave-Klein-Gordon system

» Einstein-massive scalar field system
» The theory of modified gravity (additional constraints)
» Brans-Dicke theory, scalar-tensor theories

Nonlinear stability of Minkowski spacetime

» The Klein-Gordon potential drastically modifies the global dynamics.

» Must exclude dynamically unstable, self-gravitating massive modes.
(trapped surfaces, black hole)

» Initial data set

» a small perturbation of an asymptotically flat, spacelike hypersurface
in Minkowski space
» massive scalar field with sufficiently small mass
» This perturbation disperses in timelike directions, and the spacetime
is timelike geodesically complete.

» Main challenge: time decay, the Hyperboloidal Foliation Method
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CHAPTER Il. Weakly Regular
Rici-flat Spacetimes with T2 Symmetry.
The weak formulation
RICCI FLAT LORENTZIAN MANIFOLDS WITH T?>-SYMMETRY

Initial data

» Invariant under a T2-group action

» Defined on a manifold diffeomorphic to the 3-torus T°

» Suitable setup for studying the propagation of gravitational waves
Cauchy developments

» Define a suitable class of weakly regular Ricci-flat spacetimes

» Local geometry of Cauchy developments

» Global causal structure (geodesics, late-time asymptotics)

OUTLINE
Section 1. Geometric formulation

Section 1.1 Weakly regular manifolds
Section 1.2 Weak version of Einstein’s constraints
Section 1.3 Weak version of Einstein’s evolution equations

Section 2. Formulation in admissible coordinates



BACKGROUND MATERIAL
STANDARD FORMULATION for regular data
Initial data set
» a Riemannian 3-manifold (X, h), a symmetric 2-tensor field K
» Einstein’s constraints (V) and R® determined by h)
Hamiltonian R®® —|K|*+(TrK)* =0 Momentum V(¥ k/-V® K/ = 0

Globally hyperbolic Cauchy developments
» A (3 + 1)-Lorentzian manifold (M, g)
» Ricci-flat condition R,, =0
» An embedding ¢ : ¥ — M such that ¢(X) is a Cauchy surface in (M, g).
(intersected exactly once by any inextendible timelike curve)

» The pull-back of the first and second fundamental forms of ¥ < M
coincides with h, K.

Gauss equation for a hypersurface ("9 < M (Riemannian manifold) with
(not nec. unit) normal N and second fundamental form y

R = R™ —2g(N, N)'R{VN'N — [x|” + (Try)®



SOBOLEV SPACES ON MANIFOLDS
M: connected, oriented, differentiable m-manifold

e Standard notation.

» tangent space T,M at x € M, co-tangent space T} M
» local moving frame (¢j), j=1,...,m

. H . . 0
» local coordinates x = (x/), j = 1,..., m with ¢ = =5

e Regularity of a vector field X = (X/) expressed in terms of its
components (checked in any local coordinate chart)

» Lebesgue spaces LI (M)

loc

(M) and W P(M)

» Sobolev spaces HX low

loc

e Tensor fields (see below). HX_T9(M), etc.

loc ' p

Remarks. ¢ Change of coordinates are taken to be C*

e Notion of local convergence, but there need not exist a canonical norm in these
spaces.



e Space of SCALAR DISTRIBUTIONS

F € D'(M): dual of the space DA™ (M) of all compactly supported, C*
m-form fields

» Continuity property
(F,w® — (F,w®) ) if |w®) — w(®)| cppy) — 0 for any p and all
w®) w(*) smooth and (uniformly) compactly supported

» Example: canonical embedding f € L} _(M) — F € D'(M), via

< F,w>p pi= f fw, w e DA™(M)
M

e LIE DERIVATIVE.
» Functions Lxf = X(f). Vector fields LxY = [X, Y]
» 1-form fields (Lxa)(Y) := X(a(Y)) — a([X, Y])

» 2-covariant tensor fields (e.g. for a metric)

(Lxh)(T,Z) = X(h(T.Z)) — h(LxT,Z) — h(T,LxZ)



e DISTRIBUTIONAL DERIVATIVE XF of a scalar distribution
F € D'(M) by a smooth vector field X

< XF,W >prp=— < F,,Cxw >D'.\Ds w €E D/\m(/\/l)

» Motivated from Cartan identity: for a smooth function f and a smooth,
compactly supported m-form on M™

fLxw = fd(ixw) = d(fixw) — df A ixw

and with Stokes formula

JM(Xf)w = —JM f Lxw

» In local coordinates (x') (i = 1,..., m) one has

JXjajfwdxl A...Adxm:—Jfﬁj(ij)dxl Acondx™



e Space of DISTRIBUTION DENSITIES
D'A™(M): dual of the space D(M) of compactly supported functions.

» <Q,f >p/ p for f € D(M)
» Example: canonical embedding w e L, (M) — w € D'A™(M), via
<w,f>D/7D:=J fw, fGD(M)
M
Notation: TH(M) := C* TP (M)

« Space of TENSOR DISTRIBUTIONS D' T2(M): C*(M)-multi-linear
maps

A TEHM) x .o x Tp(M) x TIM) x ... x TI(M) — D' (M)

q times p times

» A(aX + bY, cw + k) = acA(X,w) + bcA(Y,w) + akA(X, 0) + bkA(Y,0)
» Example: canonical embedding A€ LL . T?(M) — Ae D' TF(M):

< A(X(l), ce ,X(q),G(l),. . .76(p>),w >prpi= J A(X(l), e ,X(q),G(l),. . .76(p>)w
M



Section 1. GEOMETRIC FORMULATION

Section 1.1 WEAKLY REGULAR MANIFOLDS

e Lie derivative in the weak sense. Lxh is defined for a measurable and
locally integrable 2-tensor h on a smooth manifold, for any C? vector
fields X, Y, Z, by

(Lxh)(Y,Z) = X(h(Y,Z)) — h(LxY,Z) — h(Y,LxZ)

e T2 Symmetry on a smooth (connected, orientable) 3-manifold ¥
endowed with a metric he L} ()

» Torus group action: smooth, linearly independent commuting vector
fields X, Y with closed orbits defining an action with no fixed point

» Killing property: Lxh = Lyh =0 in the weak sense



Definition. Weakly regular T?-symmetric Riemannian manifold (I, h)

» L® Riemannian structure. ¥ ~ T3 (compact, C* 3-manifold)
endowed with a Riemannian metric h € L*(X)

» T2 Symmetry. Two Killing fields X, Y as above
Lxh = Lyh =0 in the weak sense
» H' and Lipschitz regularity on the T2-symmetry orbits.

hxx = h(X, X), hxy = h(X,Y), hyy = h(Y,Y) € H'(X)
» Lipschitz regularity on the area of T?—orbits.
—2 2 ©
(R) = hXX hyy — (hxy) € Wlx(Z)

» W11 Regularity on the orthogonal of the orbits.

» Consider a smooth frame of commuting vector fields
(X,Y,0) (therefore Lx© = LyO = 0)

» An adapted frame (X, Y, Z) where Z is the (non-smooth!) field
Z:=0+3X+bYe{X,Y}"
» hzz e WHL(X)




Remarks. e Fully geometric definition, independent of the choice of the
Killing fields within the generators of the T2-symmetry.

e Regularity

» Since h is Riemannian and R > 0 is continuous on a compact set,
one has miny R > 0.

» From the T2?-symmetry and hzz € W1(X), we will deduce that
hzz is continuous and infs hzz > 0.

» The inverse metric components XX KXY and hYY are also H!.

» No regularity on the derivatives of the coefficients hxg, hyg € L*(X)

e Isomorphisms transforming vectors into co-vectors (and vice-versa)
» Multiplicative operators with L* coefficients.
» In the frame (e1, e, 63) = (X, Y, 2)

Vi=h;V'  (withi,j=1,23)
with coefficients in L (or more regular).

Polarized spaces. Special class having hxy = 0.



Definition. Weakly regular T?-symmetric triple (X, h, K)

A weakly regular T2—symmetric Riemannian manifold (X, h) with adapted
frame (X, Y, Z), endowed with a symmetric 2-tensor field K such that:

» (Square) integrability conditions.
» Kuv € L2(Z) forall (U, V) #(Z,Z) e {X,Y,Z}’
» Kzz € L1(X)
» L* Trace on the symmetry orbits.
Tr?(K) :=h"Kap = P Kxx + 20 Kxy + h" Kyy € L*(X)

» T2 Symmetry. K is invariant under the action of the T2 group
generated by (X, Y): LxK=LyK=0

Remark. For the Einstein equations, the sup- norm bound will be a bound on
the time derivative of the area R (defined later within the spacetime):

» Tr'®(K) is essentially 0:R
» Therefore, Tr<2)(K) € L®(X) is natural in view of R e WH*(X).



Definition

An L% Lorentzian structure: a (3 + 1)-manifold M ~ | x T3 together
with a Lorentzian metric g € LS. whose volume form is bounded below.

We assume that the T2 symmetry property hold.
(M, g) is said to admit a (3 + 1)—adapted decomposition if there exist
coordinates (t, x, y,0):

» Adapted to the product decomposition of M ~ [ x T3

» tel and (x,y,0) periodic on T3
=: X and % =: Y generators of the symmetry group

>

2

» Metric decomposition g = —n?(t) dt? + h(t)

» a scalar n(t) € L*(T?) (lapse function, bounded below > 0)
» a Riemannian metric h(t) € L*(T?) (induced metric)

Remarks.

e We assume a vanishing shift. (existence established below)
e Since (M, g) is invariant by the group action, Lx(n) = Ly(n) =0 and

Lxh = Lyh =0 in the weak sense.



Notation from now on: (M ~ T3 g)is an L* Lorentzian structure
» enjoys the T2 symmetry, admits an adapted (3 + 1)—decomposition
» adapted frame (T, X, Y, ©) associated with a global chart (t,x,y, 0)
» we write X, ~ {t} x T° for the level sets of the function t

Definition. Weakly regular T?—symmetric Lorentzian manifold

» Timelike regularity.
Lrhe L'(X;) for almost every t and L°. in time
(uniform bounds within any compact subset of /)

» Spacelike regularity. For almost every t (and LS in time)

» Consider the second fundamental form of the sllces
K(t) := 2n(t) (Lrh)(t) € Ll(Zt)

» (¢, h(t), K(t)) is a weakly regular T?~symmetric triple

(the group action being the one induced on )

» Conformal regularity. Introduce Z .= © +3X + b Y € {T,X, Y}L

h
p2 = L2Z — gZZ W2 l(z ) ﬁTP c Wl,l(zt)
Z &1




Application to the Einstein equations. (see below)
» Dependence upon the foliation.

» We will construct first a specific foliation along which the regularity
and integrability conditions hold
> and, next, deduce the same regularity for more general foliations.
» The conformal quotient metric —dt> + p*>d6? determines the relevant
wave operator.

» Additional regularity in time (in suitable topologies in space)

Observations. » ne WHL(X,) since hzz has this regularity.

» From the decomposition Z =60 + 3 X + b Y and the commutation
properties, we immediately obtain:
L7Z=T@X+T(b)Y with T(3), T(b) € L'(X,)
» Expression of the second fundamental form. Using that T, X,Y,Z
commute while Z is orthogonal to X, Y, T, we obtain

(with €,, e, € {X, Y} and hap = h(ea, ep))

1

Kap = 5 T (hab) € [*(X))

K.z = 2—1nh(ea,ﬁz T) € L*(Zy)
1

Kzz = —5— T(hzz) e L'(Ze)

2n




(M, g) being a weakly regular T?-symmetric Lorentzian manifold with
adapted frame (T, X, Y, 2)

Definition. Weak version of the second fund. form of the symmetry orbits

To the orbits of symmetry and a.e. in M, we associate the 2-tensor
Xab ‘= —ﬁz(hab) € Lz(zt) a,b=XY

V.

Lemma. Normal derivative of the area and volume elements

e Mean curvature of the symmetry orbits

Tr® (x) = h? xap = Z(InR) € Ligce(M)

1
vV hzz

e Mean curvature of the slices (with h := det hj;)

Tr(K) := h' Kj = —%T(In Vh) e L'(Z,)

QUESTIONS in this weak regularity class
» Einstein’s constraints ? Einstein's evolution equations ?
» Existence for the Cauchy problem 7



Section 1.2 WEAK VERSION OF EINSTEIN'S CONSTRAINTS

Objective.

» Christoffel symbols involve ill-defined products (even as distributions)

» Need also to revisit the expressions of the curvature

Let (X, h) be a weakly regular T?>-symmetric Riemannian manifold .

» Non-smooth adapted frame (X, Y, Z)
(Z is orthogonal to X, Y)
(X need not be orthogonal to Y)

> ['go ill-defined, since it involves products h"® © (hes) with b = X, Y and
he L®(X)

» Definitions below meaningful only in an adapted frame
Remarks.
» Z e L®(X) does not apply to general L! functions.

» But it applies to T2—symmetric functions, provided we set

Z(f) := ©(f) for T?’-symmetric f € L'(X)



Preliminary computation. We first consider regular data:
» X,Y,0 commute
» orthogonality condition Z € {X, Y}L
» T2-symmetry properties

Fori=X,Y,Zand a,b=X,Y

b **h' (hajb + hip.a = hab j) = —%h'zz(hab)
rsz _Eh Y (hajz + hiza — haz ;) =
re; Z%hbj (hajz + hiz.a = hazj) =

2z =%haj (2hiz.z = hzzj) =0

N+~ O

(hbX Z(hax) + b2 Z(hay))

; 1
rZ, thzf (2hziz = hzz) = 5 h?* Z(hzz) = log V h#Z



Definition-Proposition. Weak version of the Christoffel symbols
M, =0 a,be{X,Y}

1 1
rey =3 (hbX Z(hax) + Y Z(hay)> 12, i= = h* Z(hap)
razz =T77:=0

1
M2z = 5 h* Z(hzz)

These expressions do make sense (in the frame (X, Y, 2))
» [ e L2(X) for all (i,j, k) # (2,2, 2)
» 2, € LN(Y)
» trace 2, € L*(X)
Furthermore, if (¥, h) is regular, these functions coincide with the standard
Christoffel symbols.

4

Observation. Mean curvature of the T2-orbits
L™(Z) 3 Z((R)*) = Z(hxx) hvy + hxx Z(hyy) — 2 hxy Z(hxy)

1 o
(% Z (ko) + B Z(hyy) + 2hxr Z(hxy) ) = 7

R



WEAK VERSION OF THE HAMILTONIAN CONSTRAINT
Let now (X, h, K) be a weakly regular T2—symmetric triple.

» T4, € L*(X) cannot be multiplied by Christoffel coefficients in L?(X) or
LY(%).

» We will rely on the trace property '3, € L*(X).
Strategy.

> First, we define the Ricci component R?Z) = Ricy(Z, Z) of the manifold
(%, h).

» Then, we rely on the Gauss equation for the T?—orbits in order to define
the scalar curvature R®) of the manifold (X, h).

> Next, we suitably decompose the second fundamental form K of the slices.

» Finally, we arrive at a weak version of the Hamiltonian constraint.



Preliminary computation. Compute sz) = Q1 + Q with
QU =To—Tizz Q=TT Tl
» Since %, , = 0:
= I—azz,a + r%Z,Z - I—gz,z — I—;z,z =—-Z(z)
» Since %, =T%, = 0:
Qo =T52157 + T35 + T5,T%7 + T3l;
2202 =izl 2z — 2207 — Tizlaz
=317 — T2

after cancelling out the ill-defined terms +I'5,I'5, € L'(X.)L'(X;)

Definition—Proposition. Weak version of the Ricci component in the direc-

tion (Z, Z)
3 & ) a
Réz) =—2Z(3z) + FaZF§Z — Iz rgz
W=L2(X) + [P()LN(X) — L2(D)L3(D)

where the first term is defined only in the weak sense.
Furthermore, when sufficient regularity is assumed, our definition for Rg agrees
with the standard definition. )




From the Gauss equation and since the T?2 orbits are flat:

0=R® —|x]* + (Tr(z)x)2 — %R?Z) for regular metrics
y4
(Z is not a unit vector field)
This formula does not make sense:
> Ré?’z) defined in the weak sense only

» Need to “remove’ the factor hyz € WhH1(X)

Definition. Weak version of the weighted scalar curvature

RUI® :=2RE) + hzz (Ix? - (T'Px)?)
e W () + LX(X)

loc

in the weak sense, in which:

» x is the second fundamental form of the T2-orbits.

> ?Z) is the weak version of the Ricci component (Z, Z).




Our final observation is the following algebraic decomposition of the tensor K
for regular metrics:

(TrK)* = |K* = (T2 K)? 42 (T K) KE — KapK™ = 2K,z K™

Definition-Proposition. Weak version of the Hamiltonian constraint

R™®) 1 hz; ((Tr<2>K)2 +2 (TMPK)KZ — KapK?® — 2K,z K2 ) )
WH2(T) + L2 (D)L (D) + L2 (D)LH(E) + (D) L(T)

understood in the weak sense.

Furthermore, if (X, h, K) is sufficiently regular, then (X, h, K) satisfies the weak
version of the Hamiltonian constraint equation iff it satisfies this equation in the
classical sense.

4

Recall here that , - . -
R™® =2 RY) + hzz (|x|* — (Tr?x)?)

RS) 1= — Z(T37) + T2T %, — T3 T



Definition-Proposition. Weak version of the momentum constraints
Z(MPK) -T2, KZ —T3,Kb =0
e WL%(X) + L%(D)LY(XT) + L2(Z)L3(T)

1/2 1/2
Z(hZ/ZKaZ)*rZzhz/zKaZ=0 (a=X,Y)
e WH3(E) + L2(D)1X(T)
understood in the weak sense.

Furthermore, if (X, h, K) is sufficiently regular, then (X, h, K) satisfies the
weak version of the momentum constraint equations iff it satisfies the
equations in the classical sense.

v

(proof given below)

Remark. The last two equations are weighted with the scalar hlz/z2 while the
first equation has a different homogeneity.



COMPATIBILITY WITH THE STANDARD DEFINITION.
Assume sufficient regularity.

Derivation of the momentum constraint in the Z-direction.
VOKL = Z(KZ) + K, ~ Tigk] + K
= Z(KZ) = T5;K5 —T3;K? —T5,K3 —T3,K?
+T4,KE +T4,K2 +Th,KZ +Th K2
= Z(KZ) —T5K? + Th,KZ

» We used %, =T3, =0
» and cancelled out ill-defined terms £I'%,K% € L}(X)L1(X).
» Recall that Tr? K = TrK — KZ.

We conclude that VJ(-3) Ké — V(;)TrK = 0 is equivalent to our
formulation above.



Derivation of momentum constraints in the symmetry orbits.

ija
= Z(K?) - T5;KZ — Z rfajKlJ. +T5K: + Z FJUK;
(1) #(2.2) (1) #(2.2)
= Z(KZ) + 4Kz + ) (rf,IjK;; - r;jK{)
(1) #(2.,2)

while V¥V K/ = 0.
The product involving I'4, € L}(X) and KZ € L?(X) is ill-defined for
weakly regular spacetimes. We thus proceed as follows:

» (Formally) multiply the above equations by hlz/z2

» From the expression of the Christoffel symbol of the second term
(using h% — (hzz)~)
. 1
HZV I Kl = 07 (Z(KZ) + Sh7hZ(hz2)KE)

1/2 W iy
Y (ki k)
(i) #(2,2) 12
» Combine the first two terms in the right-hand side as Z(hZZ Kaz)



Section 1.3 WEAK VERSION OF EINSTEIN’S EVOLUTION
EQUATIONS

Let (M, g) be a weakly regular T?~symmetric Lorentzian manifold with
adapted frame (T, X, Y, Z), spacelike slices X, (t € /), and second
fundamental form K.

Sketch of the preliminary computation when the spacetime is regular:

» Since the frame (T, X, Y, Z) = (e, &1, &, €3) is not (fully) induced by
coordinates:

ey 1 ad
Mgy = 58 <g/35,'v + 8v5.8 — 88y,6 + Copy + Coyp T+ Cﬁwi)
Cavs = [ep, ey]s = g5p [€5, &)’
> [eo, e1] = [e0, &2] = [e1, 2] =0

» Moreover, [T, Z] = T(3) X + T(b) Y, which, in particular, is orthogonal
to both Z and T.



Components I',-JT fori,j=1,2,3:
grrlj = g(T,Vie) = g(nN, Viej) = nKj,
where N is the timelike unit normal to X, therefore since grr = —n?
rr—_1k,
Ui n" ‘Y

Components ', T, T'T and I'%;. For instance
F;Z = %gTT (gTZ,T + 817,z — &12,T + CT77 + CT1Z2T + CZTT) = @
Remaining components. For i =1,2,3
g(e, Vre) =gzzl'7;
=g(el,ViT) = —g(Viei, T) = —ng(Vie, N) = —nKiz
» Coefficient ['T,:
glec,Vres) =gal T
=g(ec, VoT) = —g(Vpec, T) = —nKpe
» Coefficient ['7,:
glec,V1Z) =gal'7z = —g(Vrec, Z)
= —g(VeT,Z) = g(T,VeZ) = nKez
» Coefficient ['F,:
g(ec,VzT) =gal 72
= —g(Vze,, T) = —nKz



We define the weak version of the Christoffel symbols as

1 1 1

r;;) = —; ab F;Z = —; KZZ FaTZ = —; aZ
Mg, :=nkK3 M, .= —g%“nKzz
r%’a = _ngZZ Kaz rérb = —gac n Kpc
1
r?z := Z(log n) r;a =Ir:=0 r?’T = Egzz Z(”2)

T := T(logn)

Moreover, for i,j, k = X, Y, Z, we define Fj"-k as before, with h replaced
by the induced metric h(t).



Proposition. Christoffel symbols in an adapted frame

The coefficients above are well-defined.

» Integrability properties

Crr T8, T2z, Tz, T57 € LN(ZY) Ligc in time
rab7 r127 rIT7 ,Z € L (Z ) Ll&c?c in time
» Additional sup-norm bounds (proof given below)
E Lloc(M)

r rTZ € Lloc(M)
rzz - rTz € Lige(M)

Furthermore, when (M, g) is regular, our weak version coincides with the
standard definition.




PROOF of the additional PROPERTIES.

» Trace regularity.

re = —nTr@(K) e LZ(M) J

» Conformal regularity.

We rely on the (space and time) Lipschitz regularity
of the conformal metric p*> = n™2 gzz € WH* (M)

1 1 _
F;T - r%z o2 (T(nz) - T(gzz)"2gzz) = ﬁgzz T(p 2) € Lige(M)

v

1 1
r%z - r?z :§gZZZ(gZZ) - EZ(”z)

_”: Zzz(é’ﬁ)_i2 ZZZ< 2) e L2 (M)
_2g 2 _2g p loc




EINSTEIN EVOLUTION EQUATIONS

» Let (M, g) be a weakly regular T2-symmetric Lorentzian manifold.

» It remains to consider the components Rj.

Definition

Weak version of the component Rz; of the Ricci tensor

Rzz :=T(T};) = Z(T1z) — Z(F3z) e W' (M)
+Tz (T —T4) +TH, (M5, -TT) e LML ()
+ 5,7, +T3,T%; € LN(Z)L (%)
— i, e, +orlre, € L2(X,)L2(Z,)

Weak version of the components R,7 of the Ricci tensor

Riz =T+ (T -T5)rL + 15,5
e W M) + LOC(Zt)L2(Zt) + Loc(zt)/—z(zt)

loc




The components R.y, ¢, d = X, Y need to be suitably weighted, as follows.

Definition. Weak version of the Ricci components RE;V)

RY =T (ngliTh) +Z (nekiré)

1/2 T 7 T oZ Z o7
+ ”gz/z ( Talde t Tzl ge —Tazl e —THal ez

T ra a T Z ra a rzZ
- rda Tc — Tdrac_ rda cZ erac>

e W 2 (M) + L(Z,)

loc

Definition. Weak version of Einstein's evolution equations

Rzz=0 in Wﬁl’l(M)

loc

Rzg =0 in VVk:Cl’OC(M)

Ry =0 in W2 (M)

in the weak sense above.

See the proof below



Proposition. Equivalence with the classical definition

For any regular T2?-symmetric spacetime (M, g):
the weak version of the Einstein's evolution equations is satisfied iff

the Ricci flat condition Ricg(e;, €;) = 0 for e;, e € {X, Y, Z} holds,
where Ric denotes the Ricci tensor of g defined in the classical sense.

Theorem. Weak formulation of the Einstein equations
» If (¥, h, K) is a weakly regular T?-symmetric triple, then Einstein's
constraint equations make sense in a weak form.
» If (M, g) is a weakly regular T2—symmetric Lorentzian manifold,
Einstein's evolution equations make sense in a weak form.
» All of the weak notions above coincide with the classical ones when
the space is sufficient regular.

Terminology
» weakly regular T°-symmetric initial data set
» weakly regular T2-symmetric Ricci-flat spacetime

OUR NEXT OBJECTIVE will be to express these geometric equations in
well-chosen coordinates as a system of nonlinear PDE's.



DERIVATION OF THE WEAK FORM OF THE EVOLUTION
EQUATIONS.

Curvature component Rz7. With C(ZB = [eq, e3]7, we have

Rzz = Rz07 =T270—Tazz+ rgﬂrgz - F%ﬁrﬁz - ng 78
and, therefore,
Rez =Z(1%7) + T(Tky) = (2(0%) + 2(T72) + 2(F%y))
TP 2 + T80, + TS, +T5,T ],
TRl + T3 2, + T3, + 13,15,
+ T35, — (r;zriz + T2 M5, + T2 T5, + F%ngz)

T T z z b b T
- (razraTz + 920z + T 027 + razzraz) —T5z007 — 72Tz

» Observe that the only non-vanishing commutator is [T, Z] and that
this commutator is orthogonal to Z, T.

» Moreover, [T,Z]° =T4, —Th,



» Take into account the cancellations of Z(I'%,), [4,%, and T4, ],
(ill-defined L*L' products),

» as well as the antisymmetry of [,
» and the fact that [T =T%, =0

Rzz =T(T7z) — Z(T1z) — Z(T3z) + (r;Tr;Z + r?zrgz)
+ (P2l 3z + 22T ) + Taltz
— (TT2T Tz + T52T%2) = Tigley + 2r T,

and, after factoring out I'4, and %

Rzz :=T(T}z) — Z(Tiz) — Z(F3z) e W' (M)
+ FEz (rT - rzz) + r;z (réz - r;z) € LN(Z:)L* (%)
LD P e e LY(Z,)L*(X,)

— T30, +2r1, 1%, e L2(Z,)L%(Z,)




Curvature components Rzy. We proceed similarly:
Rea =Tz —Taza + Taplliy = TasThz — chaTss
=T(Taz) +Z(Taz) + (r%rde + T2 M0 + T 1Tz + r?zﬂ?z)
+ Tl + Tz + T2 Maz + 3T %
+ T3l — (r;dr;z o o B s r?drgz)
— (Pl + T3l Ly + T8 S, + Tl ) — Tl
Using 'y, = %, = T = 2. = 0 and the fact that X, Y commutes with Z, T:
Rza = T(Tiz) + T1rTaz + T 720z + Tl ez
— (T2 + 152z ) = (Farsz + 1)
We cancel the terms +'%,T' 7, and use the identities
[Tl = 54Tz = Tz (T7r = T2)
Fal7z + Traliz =0
We have thus reached:

Rz = T(Fiz) + Tz (F;T - r?z) +T5.Miz e Wil'oo(M)

loc




Curvature components R.
Red =T — Toeg + ToaM0 — TGsM0 — b ey
= T() + Z(T5) + (TFrT e + 505 ) + (T72MG + 75T %)
o (TRrae + T2 ) + (TPl + 12T, ) + Taprhe — (TRl + 15T
(rer + T3l ) - (rda e+ 74l ) (rda cz+ T Zrazc) —Taalie
and, using Ffz = F;a =113, =0, we find
Reg = T(T3e) + Z(%) + (Tl + 15205 ) + (TToT G + 15T )
T2k + 1225 ) = (TEr%e + 15T %)

(rdar‘;'c + 15 dr ) - <rdZarzZ + rferaZc>'



We write

T(n) —1/2 1/2
T(Mh) +TrT e + Tacl 57 = T(Mg) + T n + T gzz/ T(gz/z)

=n"Ygzz) V2T ('7 gé/; r;c)

and, similarly,

z Z(n) ~1/2 1/2
Z(rdzc) + r%Zrch + rgcr;Z = Z( dc) + rgc n + rgc gZZ/ Z(gZ/Z)
= nY(gzz) "?Z (ngé/z2ri>

and we introduce the weight ngé/z2 in the expression of Ry

R = nelin,
12T 1/2z
=1 (”gzz rdc) +Z (” 87z rdc)
+ ”g;/;( Tl e + T35 — (I’ZZF% + r%drcTz)
— (Frte + T3l L) = (Trez + 12,12
e W_12(M) + L1(Zy)

loc




Section 1.4 TWIST COEFFICIENTS

Regular case Eaprs being the volume form of (M, g)

Cx = EaprsXYPVIX?  Cy = Eaprs YOYPVIX?

Under weak regularity and within an adapted frame (T, X, Y, 2):

Cx = Eaprs XY T, Cy = Eaprs YO YPgTS , € LG.(LH(T?))

loc

involving only products L% (T3)LY(T3) or L2(T3)L?(T3).

Constant twist property

» The twist coefficients of any weakly regular T?—symmetric, Ricci-flat
spacetime are constants.

» Furthermore, one can always choose the Killing fields X, Y in such a
way that, one of them vanishes identically.

Special case of interest. T2 symmetry with vanishing twists (Gowdy
symmetry)



Proof. From V,eg = Flﬁev and the anti-symmetry of the volume form

Cx = gaﬁ’ytsxa YPVIX® = 5xyrngTr§X + ExvzT gZZF}X.
In view of the relations r%( =

2gZZF£X and g""n? =1
Cx

28xvzr8%%T Ix
and, thanks to Exyzr = —+/n2gzzR? and p?

= &2 we find:

R
Cx = —2;r§z e LE (M)

loc

» We claim that Cx is a constant.

(See details next page.)
» From the evolution equation Rxz = 0, we obtain T(Cx) = 0.

» From the constraint equation Rrx = 0, we obtain Z(Cx) = 0.
» Same property for Cy.

One of the twists can be made to vanish:
» Introduce a linear combination X' =aX +bY and Y =cX +dY

» ad — bc = 1 to preserve the area of the T2 orbits.
» The conclusion follows from

Cxr = Eaprs X' O YPVIX"® = (ad — be) (a Cx + b Cy).



Variation in time: T(Cx). From Rxz = 0 in the weak sense and the relations
% = —ng®Kap = —nTr?(K) and M1 — %, = 55 g2z T(p™?) and
p°n® = gzz , we deduce

0=T((k) + Tz (TFr = T52) + Tk

2
=T(T) + T ( 2 TG - nTr<2><K>>

= T(r;z) - r;z

7N N

—Tﬁp) + nTr<2>(K)>
where, with v/h = RhYZ,

Tr@(K) = —%T(In Vh) — K = —%T(In R) — %T(In h2) - KZ

in which the latter term vanishes.

This yields (recalling that p € W>1(S') and T(p) e W1(Sh))
T T(R
0=T(%) +rIz<— T, ”)
p R
Consequently, the twist function Cx = 72%5@ is constant in time.

Variation in space: Z(Cx). Similarly, from the momentum constraint
Rxr = 0.



Section 2. FORMULATION IN ADMISSIBLE COORDINATES
Section 2.1 REGULARITY IN COORDINATES

Let (X ~ T3, h) be a weakly regular T>~symmetric Riemannian manifold.
» Functions on T° that are invariant by the T2 action are identified with
functions on the circle S* ~ [0,27] 3 6.
» Adapted frame. (X, Y, Z) with Z being the orthogonal projection on
{X, Y}* of some vector field © commuting with X, Y
» Admissible coordinates. (x, y,0) such that (X, Y,©) is the basis of
vector fields induced by coordinates (x, y, )

Weakly regular T2-symmetric Riemannian manifold in admissible coordi-

nates

The metric h takes the form (6 coefficients)

2U—2P
e
h =

_ - z . )
d02+e2PR<(G+A H) df+dx+A dy) +e2PR (H d9+dy)
R, P,A,7, G, H depend on 6 € St

Regularity

Hl(s ) e WI’I(SI)

» P,Ae
» G,He L*(S") R e WhH*(S") bounded below > 0

y




Proof. Any metric can be expressed in this form by solving the system
hXX = ezpﬁ, hxy = ﬁezpz,. ..

Since the metric is T2?-symmetric, all coefficients are independent of
(x, ).

» Area function. We have R € W' (T?) and, after identifying R
with a function on S?, we get R € Wh*(S1).

» Component hxx € H}(T3).
» Since e?R = hxx e H'(T?), we obtain €? P e H (T ), and after

identifying 2" with a function on S', we have e*” € H!(S%).

» Since ezie C%(S') is positive and defined on the compact set S, we
have e™27 € C°(SY).

> It follows that Py = Je " (eﬁ)g belongs to L?(S%).
» Therefore P € H*(S").

» Component hyy € H}(T3). A similar argument yields A € H*(S?).



» Component hxz = e2PR(G + AH) € L(T?), in which 2 and R
are bounded away from zero, therefore
(G + AH) e L*(SY)
» Component hy; = Re?PA(G + AH) + e 2P RHe L*(T?)
» Therefore e PR H e L?(SY). -
» Using the lower bound on R, we get % e L™(SY).

» Thus He L*(S)
» It follows that G € L*(S%).

» Component hz; € WH(T3). From Z = © + 3X + bY and the
identity

e2§—2P

hzz = hoo — (3)2hxx — 23bhxy — (b)2hyy =

R
we obtain a control of €% and, specifically, 7 € W11(S1).



(X, h, K): a weakly regular T?-symmetric triple in admissible coordinates.

Weakly regular tensor fields in admissible coordinates

There exist 6 functions P, A, ? E R, 7 defined on S' such that
—1/2
R . hap —
_ _ . -U+P Nab
Kab = > @ hgb hgb F § R g
— 1 —T+3P (~ | AL
szf—ie (%;+A/6/)
1 5= S
Kvz = =5 e 7*P(R) e P H+AKxz
P,
Kz =~ (8T~ 575
Fee® = 2R (6 Ady)” 2 e ey Al
Regularlty L -
P,AELz(Sl) G,H€L2(Sl)
0 0 )
EE LOO(Sl) geLl(Sl)

Notation: R = nR"'e ”*ﬁE Observe that TrP K = _e_RTiP



Let (M, g) be a weakly regular T?-symmetric spacetime and (t, x, y, )
be admissible coordinates.

Weakly regular Lorentzian manifolds in admissible coordinates

Metric in admissibzle coPordinates
d6?

g =—n*dt> +

2
+ e R((G+AH)do + dx + Ady) " + e 2PR(H do + dy)”
with coefficients R, P, A, v, G, H depending on t € | and § € S*:
» P,Ae L (1, HY(SY)) n,ve L2 (1, Whi(Sh))

loc loc
» G,He LZ(I,L°(SY))

loc
» Re L (I, WH*(Sh)) bounded below > 0

Timelike regularity in admissible coordinates:

Pe, A€ LE.(1,L3(SY)) Re € Lig.(1,L°(SY))

loc

ve € L2 (1, L1(SY)) Ge, Hr € L5 (1, L2(SY))

loc




Proof.
[1(SY) 320 Kzz = — (eZHPR*1 + Re?P(G + AH)? + e*2PH2R> while

t
all other components are in L2(S?)

2n Kz = —(e2°R(G + AH))
t
2nKyz = —(e?"RA (G + AH) + e 2R H)
t
2n Kxx = —(e2PR)t 2n Kxy = —(e2PRA),

2n Kyy — (eZPRA2 + Re*”’)

t
L*(5Y) 5 TP (K)
~ (PA R+ e PR Kxx —2Ae*” R Kxy + e R Kyy
Consequently:
» Components Kxx, Kxy, Kyy € L*(T?): (e*”R), and (e *"R), and
A; € L*(S"), therefore P;, A, € L*(S?)
» Trace regularity TrD(K) ~ e PRy € L*(SY)
» Components Kxz and Kyz € L*(T?) G, He € L2(SY)
» Component Kzz € L}(T?) v € LH(SY)



Section 2.2 CONSTRAINTS IN ADMISSIBLE COORDINATES
Let (X, h,K) be a weakly regular T2—symmetric triple.
THE WEIGHTED SCALAR CURVATURE
RO = 2RG) + hzz (Ix — tr(x)%)
— —2Z(T37) + 2M3gT %, = 205, Thy + hzz (I — tr(x)?)
e Wbo(sh)
Observe that
Xab = hzz/ g(Z.Ve,ep)

1
= WS = = (79)" Z(hay) € L2(SY)
thus

1 1
RMW®) — _27(12,) +2r2,r%, 2§ha°Z(hcb)§hbdZ(hda)

1 1
+ hZZ <2 (hZZ)1/2 Z(hab)§ (hZZ)1/2 Z(hcd)hachbd

- (5 (072" Z(,,abwa)-



Hence, we obtain

1 1 2
Zz(hcb)z(hda)hachbd— 7 (Z(hap)h?®)".

RMMG) = —27(F3,)+2r3,1%,—
Using the identity for the variation of the area R? = det(h.p)
1
5h"Z(has) = Z(InR) = T3; = —h 2Ty
and %, = 2 h?? Z(hzz), we find
R™®) = _27(Z(InR Ro 2
= - nR))+2Z(InR) —ﬁ-‘rVg—Pg —(Z(InR))
1
- ZZ(hcb)Z(had)/r"hbd
and, since there is no dependency in x, y,

R R Ro\> 1
RwW®) — o ([ 20 (wy— Py) —2( -2 ) — =h*hZ(hay)Z (R
R), +25 (vo = Po) - i (had)Z (hpe)

e WSt




VARIATIONS OF THE 2-METRIC. Second fund. form of the
T2-orbits

To evaluate h?*h“?Z(h,q)Z(hpe) € L*(S*) we decompose h,p, in the
form h,, = RF,, with det(Fap) = 1:

Z(hep)Z(hga)h*hP? = Z(RF)(RF)™! - Z(RF)(RF)™!

=Z(F)F - Z(F)F' + 22(F)%F*l - %(Z(R))Q

_ _ 2 2
=Z(F)F - Z(F)F* + ﬁ(Z(R))
by using Tr(?) (Z(F)F_l) = 0 (since F has constant determinant).
o2P Ae2P
» Observe that F = ( Ae2p A2e2p + e,2p )
» A straightforward computation gives
1Z(F)F1- Z(F)F~Y =2P3 + 1 AZ¢%P

R 5 (Rp\° 1
RW®) = _2 ( Re + 2% (vg — Pp) — 5 <9> —2P; — §A564P




DERIVATION OF THE HAMILTONIAN EQUATION. Need to
compute the contribution of the second fundamental form of the 3-slices

hzz ((TrK)? = |K[?) = hzz (Tr<2>K + Kzzh%)? = hzz|KP2

R? 1 _
ng + (Kzz)? W + 2KZZ(hZZ)1/2ﬁ R
— (Kzz)? h# = 2hzz KazK? — hzz KapK?

R2 1
e+ 2Kaz (W) PSR = 2hzzKaz K™ — hzz KapK™*

By the definition of g and E, we have

Koz K% = Koz Kpzh®® = K2 "X + Kzy hYY 4 2Kzx Kzy BXY
I R Y7 ) ML o e
e TIR(GAR) e R



_ 1
ZZ\1/2 1 _
One has 2Kzz(h )/ﬁ§_2 5(

» Recall that F,p is defined by h., =
0 0

. b
trace vanishes: F,,h?" = 0.
0

hzz Kap K2 =

2 -\ 2
1 R
( R> 4 (B) FabFeah® h*
R0 0 0

12\ = 1o ap
=R +2P + -Ae
R O 0 20

By collecting all the terms, we reach the following conclusion:

4

NI N =

R, R = \2
~(3)," R O-P+3(F) i @
_ 1? (pfﬁ) + (ﬁf}Jr??) +%(Zz+§2) 4P

+

__\2 o
AH) + 7e—2V(R)2/3!2 e Wb (sY)

Additional regularity: Rgg € L1(X)




DERIVATION OF THE MOMENTUM CONSTRAINTS IN THE
DIRECTION OF THE T2 ORBITS

Our geometric formulation is equivalent to
Z(hZ(R) k) =0

and by using the decomposition of K, we arrive at:

Weak version of the twist equations in admissible coordinates

From the components Rtx = Rry = 0 we obtain

(Re™ (G +47)), -0
(§3e*27g + ARe*U-2 (? + Z?))e =0




DERIVATION of the MOMENTUM CONSTRAINT in the
Z-DIRECTION

Z(T'PK) = T3, KZ —T5,K2 =0
e WH(X) + LP(D)LN(X) + L2(Z)L2(%)

For the first term:

Forltge second term: 1,
—hZtrxKZ = —Ro(R) ' K?

_ B . p-12, -v+P ([~ B  »pH -1
= RyR e <16 P —2R(2R) )



For the last te{m: i B
—Ti,K? = —EhaCZ(hbc)hbdKad = —Ze—““h“hbdZ(hbc)hbd
0
Using the fact that the traces of F., and Z(F) vanish:
0

1
~TizKS = 5 ()RR, - 4 e PR Z(Fye) Fag
0
Finally, —1 “’+PR1/2hbdha‘Z(Fbc)F3d = _RY2e77HP <2Eﬁ9 + %gzge@)

We have reached the following conclusion:

Remaining momentum equation in admissible coordinates

E (T — ﬁ)ﬁg +

0= (R)e — (Zo — Po)
e WSt

Additional regularity




Section 2.3 WEAK VERSION of the EVOLUTION EQUATIONS
in ADMISSIBLE COORDINATES

Let (M, g) be a weakly regular T?-symmetric Ricci-flat spacetime with
admissible coordinates (t, x, y, 0).

DERIVATION FOR THE RICCI COMPONENTS R,z = 0.

From our expression of the twist constants, we have:

Ricci components Rxy = Ryz =0 Ordinary diff. equations

0 (pR2€_2VHt)t 0— (pRze_2”+4P(Gf +AHt))

t




DERIVATION FOR THE RICCI COMPONENTS R,; — 0.
0=T (nglfTh) +Z (ngfra.) + ngé/zz( o A r;zric)
1/2 a a a a
+ngy ( (Falz =Tl e = T5al e = Taul ez — eraZc)

First, we note the following identities:

ngyy = pn’ e = %T(gdc) T (” ;/Z2rdc) = %T(PT(gdc))

z (ng;/;r ) = —§Z< 1 Z(g) WL = T(ew)

B T 1

Mgl e = %T(gda)T(gbc)g"b reariz = —ﬁz (gaa)Z (8bc)8™"

where Ky = K if d = y and 0 otherwise.



Investigate the last two expressions: we set g,, =: RFap

R2
T(gda) T(gbc)g™® = 2R: T (Fuc) + = Fae + RT (Fy.) T (Fp)F?*

R R?
=25 T(gac) — p&ac + RT(Fas) T(Foc) F*°

» Ford = c = x:
T(Fa) T(Fox)F?> = (2P;e?)? (e72F + A2e?P)
+2(—Ae?f) (2P, e?P) (2P, A" + A.e?P)
+ (2P Ae*P + A,_Lezp)2 e?P
=" (4P7 + AZe)



»Ford=c=Y:
T(Fay) T(Fby)Fab
= (Atezp + 2PtAe2P)2 (e_2P + A2e2p)
+2(—Ae®P) (—2Pe 2P + 2AA P + A22P.e°F) (Ace®” + 2P, A®)
+ (—2Pe 2P + 2AA 2P 4 A22P,e*F)? &P
= (4P% + A2e*P) (e72F + A%e?P)

» Ford =xand c =y:
T(Fa) T(Foy)F?* = (2P:®”) (Are®® +2P,AS*F) (e7°F + A%e?F)
+ (—Ae®P) (2P — te®P) (—2P,e 2P + 2AA.*” + 2P, A%e?F)
+ (—Ae?P (A€ + 2P A%eF)?
+ P (Ae®” + 2P A7) (—2P,e 2P + 2AA 7 + 2P A"
=4PZAe’” + AAZEF = AP (4P7 + Ale*F)

Similar expressions are valid for Z(F,.)Z(Fpq)F?" by replacing the
t-derivatives by -derivatives.



Putting everything together, for d = ¢ = X we obtain:

0 =T(pT(g00) — Z(o™ Z{eoc)) = s Tlee) + 5 Z(gx)

"R
R: R? 2 a2 4P

— |25 T(exx) — pagxx + (4P7 + A7e*”) gxx
R, R2

+ - p <2R0gxx 0~ g &xx t (4P7 + Aje*”) gxx)

and, finally, substituting gxx = (P: + 2%), we conclude:

Ricci components Rxx = 0 Nonlinear wave equation for P

(e

—1 R9 UQ
R
e W (M)

loc

pfl
4PA2 5 e4PA§

. Ry R: Uy
_ L p,+ 22 _
)~ (2 (), %
_P
2




Similarly, we obtain:

Ricci components Ryy = 0 Nonlinear wave equation for A

B RA: L ReAg
0=(pA), = (A), —p— — 07—

R R
_ =il RAUIN At
4(p Ag <P9+2R> PA: <Pt+2R)>

€ W_l’z(/\/l)

loc

For the remaining component, we observe that:

g (%T(pT(gcd)) -32 (p*Z(gcd)))

()< 3)

ad _cd

1 a C(
— 508" 8 T(ga) T(gea) + 5-8"'8"

1
2,88 Z(gab)Z(8ed)

Ricci components Rxy = 0 Nonlinear wave equation for R

0= (pRe), — (,fle)e — —_ple?K?
e W_1*(M)

loc




DERIVATION FOR THE RICCI COMPONENT Rzz = 0.

Rzz =T(T77) — Z(T1z) — Z(T37) = 37T 5, + T30 5, + T3, 7, + 2,13,

+T2z (F -rs ) +T7z (réz - r?z)

We evaluate sucessively each of the terms above:

%) = T(~ 1Kot) = T(55T(e22)) € WM

—Z(M)=-Zz <,172(n)> e W (L)
—Z(3z) = —Z(Z(lnR)) e WH(Xy)
M2z = T(n R) T(gzz) € L2(Te)LH(Te)



The expressions of
b z T
Mz Tz Mz72z FazT7z
have already been computed in terms of the metric (for the derivation of
the constraint equations), i.e.

1 1
Tz = _Zz<hcb)z(had>hachbd = -2P; — §A§e4p

R,
arZ _ _e _
rzlzz=2(nR) < R + v Pe)

L 1
M2M%7 = KKaz = 0 (462”‘”’R(Gt AR + 2 e R )
1
— 7R2 —2UK2
e
where K denotes here the only (possibly) non-vanishing twist constant.

The last two terms in the definition of Rzz:

1 _
r;z (F;T - r%z) = HT(gZZ)gZZT(P 2)

n
r;z (réz - r?z) = Egzzz(n)z(pz)



Adding all the terms together, we obtain:
R R R
0:T<p2<1/tfPtf 2&)) fppt<ytfPtfﬁ> 72(1/97:‘397%)
po Ro Ro Re Re
= —Py—— | —-Z|—= — - P — —
I G R O R T CR

Ry Ro o L oap 1, o 0y, 0
+ W (V9 P, ﬁ) 2P9 EAge + ZR e K

Finally, we eliminate all second-order derivatives of P, R by using the
constraint equations derived earlier.

Ricci components Rzz = 0 Nonlinear wave equation for v
— R:\2 _ Ry 2
0 =(pve)e — (pva)o — p(Pt - 2,;) +p 1(/39 _ ﬁ)
&P

- 3 12
— 5 (AL = p T A)) + K

e W M (M)

loc
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CONCLUSIONS
In admissible coordinates adapted to the symmetry, our weak version of
the Einstein equations is equivalent to a coupled system:

» 4 nonlinear wave equations understood in the weak sense

» 4 ordinary differential equations

Observation

» Robust framework (spherical symmetry as well)
» Allow for matter content

» Compressible fluids

» Shock waves (Chapter 1V)

OUR NEXT OBJECTIVE
Techniques of functional analysis (Chapters Il and 1V)
» Work with weak solutions in suitable functional spaces
» Choice of gauge 7 Conformal coordinates, areal coordinates
» Local-in-time existence ?
» Global geometry of these spacetimes ?



CHAPTER Ill. Weakly Regular
Ricci-flat Spacetimes with T2 Symmetry.
The Cauchy problem

(M, g): a Ricci-flat, weakly regular T?-symmetric spacetime on T3
Exploit the gauge freedom to simplify the analysis of the Einstein
equations

» Coordinate systems adapted to the problem

» Two different gauges: conformal (null coordinates), areal
(geometrically-based)

» Functional analysis: energy-type norm, monotonicity (area of the T2
orbits of symmetry), compactness property, continuation principle

OUTLINE.

» Section 1. Conformal and areal gauges
» Section 2. Weakly regular Cauchy developments
» Section 3. Global geometry in areal coordinates

» Section 4. Additional properties



Section 1. CONFORMAL and AREAL GAUGES
CONFORMAL COORDINATES for weakly regular metrics

Let (t,x,y,6) be admissible coordinates, with t € | = [to, t;) and x,y,0 € S*.

Proposition. Existence of conformal coordinates

There exist functions 7,¢ : M — R such that:
» 7,& depend on (t,0) and belong to W™ (I x S*).
> In the chart (7,&, x,y), the metric reads P=U-+ %

e21/—2P

€= "R

(—d72+d§2)+e2PR((G+AH) d§-|-dx-i-Ady)2

+e PR (HdE + dy)’
with P, A, R, v, G, H depending on 7 € J and & € S?
Furthermore: » The hypersurface t = ty coincides with a level set 7 = 79.
» 7,&, x, y determine a global chart on M, hence define a C* differential
structure on M.

» The charts (7,&, x,y) and (t,6, x,y) are W™ compatible (even slightly

loc
more regular), but need not be C* compatible.




Proof. We focus our attention to the quotient metric on M/ T?
e2v—2P

R

(—p? dt* + d6?)  with pe LE (I, W (Sh))

g=

and establish the existence of two functions T, ¢&:

e20—2P
R

g= (—dr*+d¢?)

(the relation between v and ¥ specified below)

Objective. Construct null coordinates u,v : M/T? — R:
» u, v depend (t,6) and belong to W™ (I x S1).

loc
» ur+pup =0, vi—pvy=0
» Periodicity property: u(t,0 + 27) = u(t,0) — 27 and
v(t,0 +2m) = v(t,0) + 27

» (t,0) el x St (u,v) is a Wli’coo diffeomorphism on its image.



From the null coordinates to the conformal coordinates.

.__ Vv+u . v—u H H .
T := 5% and { := Y5 satisfy our requirements:

» v and ¥ (in the expressions of the metric) are related by writing
du = urdt + ugdf and dv = vidt + vpdf € L (M)

loc
2v 2

» which yields us € = e*”ugvy.

EXISTENCE OF THE NULL COORDINATES

» Setting | = [to, t1), we choose the initial data for u, v at the initial
time as:
u(ty,") ==ty — 0 v(ty,") ==ty + 0

» Denote by 04 = 0, (t,0) the solutions to the characteristic
equations with initial conditions on S! imposed at the time tg:
0

pry (t,0) = +p(t,0+(t,0)) 04 (tg,0) =0

D




Since p is Lipschitz continuous (in fact slightly more more regular), a
standard ODE argument applies and shows the existence of solutions

Gy e Wh (I x SY)

loc

The functions

é@i tpe I (e / o0 w/cl
(t,0) = exp —(t',0+(t',0)) dt" | € Lige(1, L*(57)
to p

never vanish and the two maps (t,0) € | x R~ (t,0) are W1
diffeomorphisms on their image.

Since the solutions are unique and the data are periodic:
04 (t,0+2m) = 04(t,0) £ 21
Finally, we define the null coordinate by:

u(t,04(t,0)) := up(f) = to—0 v(t,0_(t,0)) = v(0) = to+0



PRESERVATION OF THE REGULARITY.

g:

2v—2P
€ - (—p2 di® + d92) + PR ((G + AH) d + dx + Ady)2
+e PR (Hd¢ + dy)?
20—2P

(= dr +de) + PR ((C+ AR) de + dx + Ady)’
e72ﬁ§ (I:I d¢ + dy)2

W coordinate transformation: ug, vy, u, v; € L*(S?)
P(r,€) = P(t,0) € W-2(S1), same for A
Concerning the coefficient v

» In fact, W?! coordinate transformation: ug, vg, us, v € WH(SY)
» From &% = e2"U9V9, one can check that © has the same regularity

asve Wt
= a0, \ 3e%
» From u(t,04(t,0)) = to — 0, we get ugg = ( *) +

a0 302
ya) t
» From a9—+(t7 ) = exp j PO 5.(t,0)) dt we get
o0 o P

0
J‘Sl

%04
020

(t, 0)‘ do < (t—to) Ll | log p)ee| dO < +o0



NORMALIZATION OF THE TWIST CONSTANTS.
Under weak regularity and within an adapted frame (T, X, Y, Z):

Cx 1= Eaprs XY g T%,,  Cyi=EapsYY g € LE(LN(T?))

» We proved that Cx = —28T{, € L% (M) and T(Cx) = Z(Cx) =0

loc

» Normalize Cy = 0 by a suitable linear combination of the Killing
fields X, Y.

» Define K := Cx

» Moreover, we normalize K to be positive (or zero) by changing Y
into — Y, if necessary.

Shift-type coefficients

G, H satisfy equations that are decoupled from the “essential” Einstein
equations.



FIELD EQUATIONS in conformal coordinates. P = U + oF

g = "V (—dr?+de?) +e?Y (dx+Ady+(G+AH) dE)* +

Four evolution equations

R: U,
Urr — Uge = % _
R.A,

R

R

Arr — Age =

Vrr — Vegg = U§2

R U

_ ReAc

2
U2 +W(A

*2“R2(dy+Hd§)2

el )
2R2 A&)

+4(AcUe — AL U;)

(A2 - W l2(M)  Rie(X, X)

W A (M)  Rie(Y,Y)

e21/

2R3
362V
4R4

R.r — Ree = K> W T°(M) Ric(X,Y)

— A7) - K? Ric(Z, 2)

Two (non-trivial) constraint equations
4

v 2
(A7 + AE)

| 2 2
0= U+ U+ s

0=20, U5+

y

vr R-

L*(S") Ric(T

=T T MSY) Rice(T

Four twist conditions
G, + AH, = 0

e =)

Ric(T,Y)&Ric(Y, 2)




AREAL COORDINATES for weakly regular metrics

Essential issue: choice of the time function. Here, the area of the orbits
of symmetry provides a comon time for a family of observers.
» Existence. VR is a timelike vector.

» Regularity. In these coordinates, the area function is obviously C* but
the conformal metric (denoted by p or a below) has weak regularity.

Proposition. Properties of the gradient of the area function

(M,g) being a Ricci-flat T2?-symmetric Lorentzian manifold and
(t,0,x,y) being admisssible coordinates.
» Additional regularity of the area R = R(t,0):
Re L (I, W2L(SY)) Rye LZ (I, WYL(SY)) Rye L2 (1, L1(SY))

loc loc loc

» If this manifold is not flat, then VR is timelike:
g(VR,VR) <0 in M

Remarks.
» From the constraint Ric(T, T) and Ric(T, Z): Rpo, Rio € L*(S%)
» From the evolution component Ric(X, Y): R is also L'(S?)
» This implies the local existence of areal coordinates, which will be shown
to exists globally.



GRADIENT OF THE AREA OF THE ORBITS.

» VR measurable and bounded, defined only almost everywhere.
» From the proposition above, VR is in fact continuous in (t,6).

Decomposition of the Einstein constraints. M= +pR + Ry
H:=vy— Py+ p(v: — P)
Taking the sum and the difference of two constraint equations:

Ap = MH+ N, N e LE (LY(SY)), N=0

In view of the continuity and the periodicity of AT

NE(9) = [ e 5 O NGy der, 6 fixed

» Either A™ = 0 or A" never vanishes. Same conclusion for \™.
» The periodicity of R excludes the possibility that A*™ > 0 and
A~ > 0, as well as the possibility that AT <0 and A~ < 0.
» Thus, either AT A~ < 0 and the gradient of R is timelike, or else
A+ =0 with N=0.
In the latter case: N = 0 one concludes that the spacetime is flat:
» U and A are constant functions, while K = 0 and G, H are constants
» v satisfies the flat wave equation
» introduce null coordinates: g = e®” dudv while v = f(u) + f(v)

v



FIELD EQUATIONS in areal coordinates

Let (M, g) be a Ricci-flat, non-flat weakly regular T2-symmetric
spacetime and let (R, x,y, ) be areal admissible coordinates with
Rel c (0,40).

Observations.

» Notation 7 instead of v

» Areal coordinates are admissible and the weak regularity holds.

Metric in areal coordinates

g =V (—dR? + a2d6?) + €2V ((G + AH) df + dx + Ady)?
+ e 2UR?(HdO + dy)*

U,A,n,a, G, H being functions of Re I and § € S*

Regularity properties:
Ur, Ar, Ug, Ag € L5 (1, L*(SY)) 1R, Mo € Lige(I, L*(S1))
G, He L. (1, L°(SY) ae LE.(1, W2H(SY)

loc

GRv Hg € L%c(/a LOC(Sl))




Four evolution equations for the metric coefficients U, A, 7,

(Ra"“Ugr)g — (RaUp)s = 2R ((2R) 2% (3 *IAf?—aAf,))

(R a"Ar)r — (R aAg)s

— e V(4R (— a7 UrAr + 2 UpAo) )
(8 nm)r — (@me)o = —R™2(R¥2(a™) ) . + (—a~ UR + 2 U})
+ (2R) 2 (aTIAR — a AD)

(2Ina)g = —R*K? ™"

W,

Ioc (M)

Wt (M)
wh(m)

loc

e 2(M)

Two constraints no =R (QURUg + 2R_2e2UARA9)

nr + % R3e¥MK? = aR((a_1

Uk +a03) + (2R) " (a7" Ak + 2 A3) ) LX(S"

L'(s")

Four twist conditions
Kr =0

Gr = —AKe® 2 'R73

Ky =0
Hr = Ke®" 2 'R73

4




Section 2
WEAKLY REGULAR CAUCHY DEVELOPMENTS

OUTLINE OF THE METHOD

Step 0. Local-in-time smooth solutions from smooth initial data
standard fixed point arguments
Step 1. Local existence in conformal coordinates
» compactness property
» given any weakly regular initial data set, existence of a local-in-time
solution in conformal time [7o, 1)
» 71 — 7o only depends on a natural norm of the initial data

Step 2. Local existence in areal coordinates
» arrange that the hypersurface {T = 7—1} coincides with {R = Rl}
» R is strictly increasing with 7
» a weak solution to the conformal Einstein system can be transformed
to a weak solution to the areal Einstein system
» a local solution to the equations in areal time [Ro, R1)

Step 3. Global and causal geometry in areal coordinates (Chapter V)
» global-in-time control of the natural norms
» all values of the area R € (0, +00) but for some “exceptional” (flat
Kasner) spacetimes
» asymptotic behavior when R — 0 or R — +00 (some open problems)



Theorem. Local theory in conformal coordinates

A weakly regular T?-symmetric initial data set (X ~ T2, h, K) and admissible
coordinates (&, x, y)
» Assume the data are non-flat
Mo := infg |E — R/ iglf |E + Rer| # 0 (time-like gradient)

» Normalize the data to be future expanding: Tr®K < 0

Recall that Tr@ K = —e—”+ﬁ71/2§

Then, there exists a Ricci-flat, weakly regular T?-symmetric Lorentzian
manifold (M, g) endowed with a global chart of admissible conformal co-
ordinates (7,&,x,y):

» M =1 x X with | := [79,71) for some 79 < 71
» g takes the conformal form where R strictly increasing in 7

» 71 — 79 > 0 depends only the natural norm defined from the initial
data set

No := [T, Aliscsty + [T, Alixsty + [Plwaacsry + [Zluscsn

R 7 - 1
+ [Rlwzrisy + [ Rlwsasy + [1/R oo + -




Regularity of the metric coefficients
U,Ae Goc(I, HY(SY) n Goe(l, L3(S1))
ve Goc(l, WHH(SY) n Cec (1, LH(SY))

R e Goc(I, WH(Sh)) n Cec (1, WHH(SY))

Initial data set. For the embedding ¢ : ¥ — M, (£, x,y) — (70,&, %, y):
(U, Urs A Ar 07, R Re G, Gy, H Hy ) (70)

Remark. The uniqueness is proven in Section 4 below.




EXISTENCE PROOF

» Regularization of the initial data set
» A priori estimates for sufficiently regular solutions

» Compactness of the set of solutions

To proceed

» a solution (U, A, R, v) to the Einstein equations in conformal
coordinates

» defined on some interval [19,71)

» non-flat and with the time orientation R, > 0

The derivation of a priori estimates relies on a bootstrap argument:

» Energy estimates for the wave equations satisfied by U, A
» Suitable norm for R
» Suitable norm for v

» Close the argument on [1p,71) with 71 — 79 << 1



REGULARIZATION OF INITIAL DATA SETS
For simplicity in the presentation, we do the analysis in areal coordinates
and for a slice with constant area.

Proposition. Regularization of initial data sets

Let X := (UO,ZO,Ul,Zl,é, ﬁo,ﬁl) be a weakly regular initial data set for
the (essential) Einstein equations in areal coordinates. Then, there exists
a sequence of smooth initial data sets

X = (UOaZmUlelaEnvﬁ&ﬁf)v n:1727-'-
satisfying Einstein constraint equations and converging almost everywhere
(US,ZS,U;,Z;) - (U07ZO7U1;Z1) in L2(51)
" >3 in W21(Sh)
(ﬁ&ﬁg) - (ﬁOaﬁl) in Ll(sl)

Remarks.
» The functions G, H do not appear in the constraint equations.

» With the same arguments: existence of weakly regular T?—symmetric
initial data sets with constant R having precisely the weak regularity.



Proof. Standard convolution ofitheidatj Y.ﬁ
Pick up an arbitrary regularization Ug, Ag, U:, Af, 3" defined on St,
such that:

> Ug, Zg, U:, Z: converge in L2(S') toward Ug, Ay, Uy, A;

» 3" converges to 3 in W?1(S?!)

e |t remains to regularize 7, and 7); so that the constraint equations hold.
To any regularized data set Y := (Uy, Ay, Uy, A;,3"), we associate the
average

ANY" = | AY"do,  A[V"] = 2R<U0U1 + R2e20 A”A”)
Si
» A[Y"] converges in L1(S?) toward 7.

» The sequence A[Y"] converges to 0
(7, is the spatial derivative of a periodic function on S*.



PROVIDED the average A[Y"| = 0 vanishes:
Define 7;". For an arbitrary 6, € S?

0
70) == n(0s) + | A[Y"]d0

04

» 7" converge in W11(S!) toward the initial data 77(0) = Sg 7, d.

Define 7.

217 K2
o 7—,‘? ElY
Mo + 4R3 3" E[Y']

EIV'] = ()7 (U +3"(U)) + (2R) 2 e (@) (Ay)* + 3"(A))?)
Here, K is the twist constant of the given initial data set.
We claim that 77§ converges in L*(S1) to 7jq:

» (3") "1 e?™ K2 R~3 converges to (3) ' e* K2R3 in L1(SY).

» Indeed, 3" converges to @ in W21(S) and thus in L*(S?),

» and, moreover, e?" converges to €7 in [1(S'),

» as follows from the convergence of " in W11 and, thus, in L*(S%).

In conclusion: 77" and 7)g satisfy Einstein’s constraints.



Existence of a regularlzatlon such that A[Y"] = 0.

Start from a regularized set Y" that may not satisfy the constraints.

» First of all, when {¢, (U1)? and {¢, (A1)? both vanish:

» Then, U and A must be constant, say U= Uy, A=A,.
» Keeping the regularization under consideration
Y, = (Us, Ug, Ax, Ag, @), we do obtain A[Y"] = 0.

Otherwise, assume, for instance, that Ssl(U1)2 =: ¢ > 0. Setting

n._ ___ AV i i
0" = 2RV (U7 we claim that the rescaled expression

Y, = (0", Uy +6"U;, A" Ay, 3")

satisfies Einstein's constraints.

» It is well-defined: for all sufficiently large n we have {, (U7])?

» By construction, A[Y] = 0.
» Convergence to the given initial data set
» A[Y"] converges to 0.

> 16" < |A[Y"]| converges to 0 when n — +.

> c/2.



UNIFORM ESTIMATES

Lemma. Lower bound for the area function

Since VR is time like and future-oriented, R is a strictly increasing function
of 7. Setting Ry := ming: R(7o, ), one has
R(7,€) = Ry for all 7 € [19,71) and & € S?

| A

Lemma. Gradient of the area function

Since R, = 2‘%!@ > 0, the functions R, &+ R are strictly increasing along

the lines 7 + & = const, as functions of 7 F &, respectively.
Setting M(VR)(7) :=infs1 R,(7,) infs: R,(7,"), one has

inf (RZ2 = RZ) (1) = M(VR)(1) = M(VR)(o)

IR(T, ) crsy S IR(T0) sty + (7 — 7o) 1€% | oo [y, x 1)

where the implied constant only depends on Ry and the twist constant K.

Proof. Notation: 0, := 0. — 0¢, 0, 1= 07 + O¢
» For the first claim, we use the fact that R? — Rg = R,R, and that
R, and R, are monotonically increasing in v and u, respectively.
» The second claim is easy from the wave equation satisfied by R.



Lemma. Conformal energy estimate

2 NG »n  eK?
Eu(r) = [ (R4 08) + S5 (A2 + ) + S

ggconf(To) eC(RO) (1+HRHC1([TO‘T] xsl)) (T—m0)

Proof. From the constraint equations:

gconf('r) = J 7R££ —vrRy — VERg = J —v- R — I/gRg
st 51

and, after integrations by parts,
d
Tgconf(T) = _I/T(RTT - R&é) - R‘F(VTT - V§§)'
T 51

Using the wave equations for v and R:

d

» K
(1) < CROIR] (x50 Eani() = [ 076"
T st

2R3’

o[ fe iR
0 Jst 4R4

Integrate by parts the term v, and apply Gronwall’s Iemma

T K2 K2
_ 2w K [ e K 2u<m>
L) Ll V7€ oR3 L ¢ ar(e T L €




Consequence of the (non-trivial) constraint equations
4U

2v
LRRTJFV&’;?&_U?jLUng R(A2+Ag)+%+WK2 L'(sh
veRr  viRe &t Re. 1/cl
T L QU U S A+ L(SY)

» Solve for v, v¢ in term of the energy densities.

» Factor |R? — R£2| which needs to be bounded below.

Lemma. First-order estimate on v

v, sty + o (7, Moty
< [Rlex sty (Eeont(r) + | Reg(r, s + [Rer(r, s ),

where the implied constant depends on Ry and M(VR)(7o).




Lemma. Higher-order estimates on the area function

HR&( )HLl(sl) HR§€(7—0’)HL1(51)

T 2v(r!,-
+ C(RO)J (Hz/g(r', e + HRHCI([TO,T/]XSI))”G ¢ )”LOO(Sl)dT/
70

IRer[[1(s1y(T) < [IRer (70, +)lL1(s1)

1 C(Ro) f (o (' Mty + IRl et sty €27 om sty e’

Proof. We use integration along characteristics for the function R which
satisfies a wave equation
e21/

2R3
» hence Rey(&,v) = Reu(€,v0) + S:O 0eQ dv

Ry == K?

> similarly for the derivatives R¢y, R-u, and R, .



Observe also

IRlcr(tmorixsny < 2 (IRlcssn + [Rlicsist))

1 1
»(s)(T) < *H’/(TO)HU(SU + e (m) sty + 5= (7= 70) [+ (7)1 (s

We arrive at the following conclusion for a sufficiently small interval of
conformal time.

Proposition. A priori estimates in conformal coordinates

There exist 6, Co > 0 depending only on the norm Ny = N(7g) of the initial
data such that on the interval [7g, 79 + 0]:

N(T) P = HU,AHHl(Sl) + HUT7AT||L2(51) + HVHWU(Sl) + HV-,—HLI(SI)
+ [Rlwarsty + R llwracsty + [R™ oo (s1y + M(VR)™
< Go= C(No)




COMPACTNESS PROPERTY

» Let (U°t, A1, v%1 R®Y) and (U2, A%2,1°2, R*2) be two solutions in
conformal coordinates.
» Defined on a cylinder [79,71] x S, where 71 = 79 + 6, with § small

enough so that ' _ _
N'(1) < C" = C(N'(70))

Define AU := U2 — U, AA:= A%2 — A1 ..
N2 (1) := |AU, AA| sty + |AU;, DA || 12(s1)

+ ”Al/T”Ll(Sl) + HAZ/7 AR, ARTHWLI(SI)
+ AR, AR cysty + [AR, [ cost




Proposition. Continuous dependence on the initial data

Provided that § << 1, one has for all 7 € [r9, 70 + )
N2 (1) < C N2 (1),

where C > 0 only depends on the constants C(N'(7)).

Proof.

» Follows similar lines as in the derivation of the uniform bound.
» We provide a lemma, which is used repeatedly in the proof.
» Express the wave equations as first-order equations in w4+ = U, + Up, etc.

» Extend the functions by periodicity to the real line R.



Lemma. Higher—integrability estimate

Let w_,w, : [10,71) x R — R be weak solutions in L ([0, 71), L2 .(R))
to the equations 0, wy + dgwy = hy. with hy € L ([0, 71], L2 (R)).
Then, for each 7 < L, one has

LN 2N < N

N'(7) :

J‘ J ‘W+ T 9+ | |W (’7— 0_ )|2d9+d97
L4+7

1l L w w_(T. 2
N(”"JW (7 )P |w_(r, ) d6
L—T

NI Zf (str O st R) o [ (Rt

—L+T

U? — UZ and A2 — AZ belong to L ([70,71) x S*)




Proof. By regularization, we have
Or|w |? £ Gp (lws [?) < 2|wy |yl

Next, from the definitions:

j f oyl ) + e ]) (72 2) [we (7,6 dO_d
L7
JHJ lwy (7,04)7 (59(|W_|2)+ |h_||w_\)(7,9_)d0_d6+

—J |W+(T7—L+T)| |W,(T79)\2d6‘
—L+7

L—T
—J |W+(T79)\2|W,(T,L—T)|2d9

—L+T
Therefore:

L—T
9 NI < —2f a(r, 0) [wy (7, 0)2 |w_(r, 0) 2 df
dT L4+7

fj (7,02 |w (7, 04)] w_(r, 0_) 2

o+ lwi (7,04) |h- (7, 0-) [w-(7,6.)]) d6_d..



Section 3. GLOBAL GEOMETRY IN AREAL COORDINATES
EXISTENCE AND CONTINUATION CRITERION

Theorem. The global geometry

Given any, non-flat, weakly regular T2-symmetric initial data set (X, h, K)
with topology T3 and with constant area Ry > 0 and beign future expand-
ing Tr@(K) < 0.

» there exists a weakly regular, vacuum spacetime (M, g) with
T?-symmetry on T3,

» which is a future Cauchy development of (¥, h, K),

» is maximal among all weakly regular T2-symmetric developments,

» and admits a unique global foliation by the level sets of the area
R € [Ro, +0).

First observation:

» The conformal time of existence only depends on the initial norm Nj.

» Hence, the areal time of existence of the solution is bounded below by a
constant depending only on Np.



» We will have the the existence of global solutions in areal
coordinates, provided we can derive uniform estimates for the

natural norm.
» More precisely, from the previous section, we have immediately:

Proposition. Continuation criterion

Let (U, A, n,a) be a solution to the areal equations defined on an interval of
time R € [Ro, R1) and with the regularity U,A € CR(H*(SY)) n CA(L*(SY)),
ne CHWM(SY) n CH(LA(SY)), a,a~ € CR(W2I(SY))  CA(WH(SY)).
Assume that R; < +00 and

N(R) :=[|U, Al (s1y + [ Ur, Arll2(s1y + [0, ar, a0 w1 (s1y
+ |-, are, ara, a0e |11y + |2, @ [0 (s1)

is uniformly bounded on [Ro, Ry ). Then, the solution can be extended beyond

Ri1 with the same regularity.
w




UNIFORM ESTIMATES IN AREAL COORDINATES
We now derive bounds that are uniform on the interval [Ro, R:):
» C: constants depending on the norm N(Rp) of the initial data
» C,.: constants also depending on the final time R,

ENERGY FUNCTIONALS
E(R) :=f E(R,0) db
51

_ etV
E :=a l(UR)2+a(U9)2+W(a l(AR)2+a(A9)2)
and
K? oy 1
R):=| Ek(R Ex :=E+ —ea"
E(R) = | E(R.0)d0 K= Et o
are non-increasing:
d K? 5 2 1
a4 N n oqp _ < —1 2, _+ U 2
dRS(R) >R3 51Ee el RLl <a (Ur)” + 152 © a(Ap) ) do
d K? 2 etV
Bl R) = —— -1 29 _7J —1 2 ~ A 2
ngK( ) RS ). a e do R s (a (Ur) +4R23( 0)° ) do



Lemma. H! Energy estimates in areal gauge

sup  E(R) < &(Ry) sup  Ek(R) < &k (Ro)
Re[Ro,Rx) Re[Ro,Rx)

Q0
j j ( (UR)? ™ 42 (Up)? s (AR)? ™ s (Ag) a) dRd0) < £(Ro)
Ro St

+00 K2
fR Ll 3 e? a1 dRdf < Ex(Ry)
0

2 K2, K2,
a=gtge’ 2=

K? 4U+2 I 4 K? 4042
ST “=om® e



Initial slice. Since the function a is bounded above and below on the
initial slice R = Ry, the initial energy £(Ry) controls the H' norm of the
data U, A:

E(Ro) < H(Ugﬁ, /é\)HLZ(SI) < E(Ro)
d

with implied constants C;, C; > 0 depending on the sup norm of the

data at time R = Rp.
To have similar inequalities at arbitrary times requires a sup-norm bound.

We begin with an upper bound.

Lemma. Upper bound for the function a

sup a<supa
[Ro,Ry) xSt st
1

3% |, /20wl d6 < Ex(Ro)

Proof. e a decreases when R increases.

e The other estimate follows from since
_ K? S
0< —2aga?= ﬁeba L — 4R (Ex — E) < 4R Ek.



Lemma. W estimates for the function n
1
% | el S < (R % | 1ml o <o
R o

and the pointwise estimate

1 1
sup |n(R, )| < RE(Ry) + T‘J ndo’| + E(supé) (R* — R3) &k (Ro).
st Tl Jst Sl

_ a
Proof. || < RE Inrla ' < RE + We%@ = REx



For the pointwise bound, we proceed as follows: any 6,6’ € S':

In(R,0) —n(R,6")| < RE(R)

J n(R,0") do'|.
s1

R
J J nR(R,H/)dQ/
St JRy

supa( ) = (R2— R3) Ek(R).

and by integrating in 6’
1
RO <RER)+ —
[1(R,0)] < RE(R) + 5
On the other hand, we have

J n(R,0)do'| < J ndo’| +
St St

and we evaluate the second term above by

JJHRRG d9/
ST IRy

Finally, we use the energy estimate on £k (R) and the upper bound on a.

1 1
sup|n(R,)| < RE(Ry) + 2—” ndo'| + E(supé) (R2 — Rg) Ek(Ro).
st Tl st st




BOUNDS DEPENDING ON THE MAXIMAL TIME Ry

No finite time blow-up ?

Lemma. Lower bound for the conformal metric coefficient a

a(R,0) > c. >0

2 2 . .
Proof. (3_2)R = 25? e? < CR™3e“F and, by integration,

72
R eC R’

Lemma. H' estimates of the functions U, A

J (U2 + A2 + Uj + A)) d <C,
st

sup (Ul +|A]) <G,
[Ro,Rs] xSt

Proof. From the energy estimates and the lower/upper bounds on a:
f (U; + 'Y A7) do < C., J (U7 + e A}) do < C.
st st

Hence, U e L™.



Lemma. Higher-regularity of the function a

sup | are, arr; agell(s1y < G
RE[R(),R*)

Term agg. By differentiating (Ina)g = —e?” K2/(2R3), with respect to
0:

2 K2 2
27S 2| < 3¢ RE,

since |ng| < RE. Then, we use the pointwise estimate on 7 and the
energy bound on E.

(na)eo] = | 155

Term agr. We use the L! estimate on 7 by writing
1R Dy

(Ina)gg = 7<627’ K2/(2R3)>R _



Term agy. Argument more involved.
» From (Ina)g = —%e%’, we find
K> K? —2/.2
(Ina)ggg = — 2R3 (e*) gg = —ﬁ< (a7%(e*)r) 5 + F>

F =2e" ((a=%nr) 5 — noo) + 4€*" (a~2n% — 173) .

If we can show that F is bounded in L} _([Ro, Rx] x S'), then the
desired conclusion follows

> by integration in R

» using integration by parts

» and the L' estimate on 7z in order to control the term arising from

(3—2(e271)R)R.

» On the other hand, concerning the term F:

» The first term is bounded in LL_, thanks to the wave equation for 7.
» The second term involves the product (a~'ng + 16)(a~'nr — n9),
which has the null structure.
» That is, up to uniformly bounded terms, it a linear combination of
the null products
(371UR + U9)2(371UR — U9)27 (a*IAR + A9)2(371AR — Ag)2
» These terms are bounded in L! thanks to the higher-integrability:
a=2U2% — U3 and a=2A% — A2 € L2 ([Ro, Rx) x S)

loc



We can now reformulate our existence result in areal coordinates.

Theorem. Global existence theory in areal coordinates

For any weakly regular initial data set with area R = Ry > 0, the system of
partial differential equations describing T?-symmetric spacetimes in areal
coordinates

» admits a unique, global weak solution U, A, v, a, G, H defined on the
interval | = [Ry, +0)

» satisfying the regularity conditions Ug, Ag, Up, Ag € L°.(1, L?(S%))
nr, Mo, G, H e L. (1, L*(SY)) and ae LL (I, WH*(S1))

loc

Additional regularity

U,Ae Goc(I, HY(SY) n Goe(l, L2(S1))

ne Cﬁ’x( WH(SY) A Gec(1, LH(S))

a,a”t € Goo(I, WH(Sh)) n Cec (1, WHH(S))

G, He Goc(I,L™(SY)  Gr,Hre Co(l, WHH(SY)) n Gec (I, LH(SY))

Remark. The additional regularity was not required to express Einstein
equations in the weak sense.



Section 4. ADDITIONAL PROPERTIES
WEAK REGULARITY FROM CONFORMAL TO AREAL coordinates

» Two coordinate systems

» local-in-time analysis in conformal coordinates

» long-time analysis in areal coordinates
» Construction of coordinates depends on the metric

» Restriction on the regularity of these coordinates as functions of the
given coordinates

“The convergence-continuity lemma”

Consider a 2-dimensional Lorentzian manifold (Q, &) with Q = [to, t;) x St
and g = —pdt? + p~1 do? with p = p(t,0) e W?1(Q).
Then, any weak solution

pe LE ([to, tr), H*(SY)) n Wit ([to, tr), L2(SY))

loc

to the wave equation [Jzp = q with g € L2 _([to, t1), L*(S?))
can be realized as the limit of Lipschitz continuous solutions to the same

wave equation, belonging to
Gac([to, t1), H'(S1)) N G ([to, ta), L2(ST)).




Proof. Fix some compact time interval [ty, t2] < [to, t1).

e Regularization. Let p§, pf, and g° be smooth functions, approximating
p(to,-), pe(to,-), and q in HY(SY), L2(S1), and L2([ty, ta] x S1),
respectively.

» Let p° be the solution to the wave equation [Jzp° = ¢° with
regularized initial data (p§, pf).

» Observe that p® is of class C!, since pis ct.
e Energy estimate on the difference Ap := p — p® for all times t € [ty, t]
[2pe(t, )25y + [12Po(E, )Ez(s
< lpo = Pl sty + Ipeo = Pilz(sty + 18P Aqf ey, 51)
< llpo = pilincsy + lpeo = PilE(s) + 18al(tt,t1xst) + 18P (0,01 x51)

with Aqg := g — g%, where the implied constant depending on tg, t; and
pe Wbh®,

e This implies the uniform convergence

lim sup [(p = p%) (£, ) [F(sn) + [(Pe = PE) (£ )2

€=V te(to, o]

as well as the continuity in time.



Application of the Einstein equations.

(Q,8): quotient space M/T? with its induced metric and C*
differential structure given by either conformal or areal coordinates

» In conformal coordinates: p =1
» In areal coordinates: p = a~! proven to be W?! (and thus C!)

» The source terms of the wave equations for U, A are L2 _(M).

The weak regularity of the metric coefficients does not change under
a change of coordinates from/to conformal to/from areal
coordinates.




Proposition. From conformal to areal coordinates

Let (M, g,C) be a weakly regular Ricci-flat (but non-flat) T>~symmetric space-
time with admissible conformal coordinates C = (7,&, x, y).

There exists an areal coordinate system A = (R,0,x,y) (with VR timelike)
which is W?'-compatible with C = (7,&,x,y). Let (M, A) be the topological
manifold M endowed with the C® differential structure compatible with A =
(R,0,x,y).

» (R,0,x,y) are admissible coordinates for the manifold (M, g, A).

» Einstein’s field equations hold in areal coordinates.

Proposition. From areal to conformal coordinates

Let (M, g, A) be a weakly regular, Ricci-flat T>~symmetric spacetime with ad-
missible areal coordinates let A = (R, 6, x,y).

There exists a conformal coordinate system C = (7,&,x,y) which is W?>!-
compatible with A. Let (M,C) be the topological manifold M endowed with
the C* differential structure compatible with (7, &, x, y).

» (1,&,x,y) are admissible coordinates for the manifold (M, g,C).

» Einstein's field equations hold in conformal coordinates.




GEOMETRIC UNIQUENESS AND MAXIMAL DEVELOPMENT

Definition

Given a weakly regular T2—symmetric initial data set (I, h, K), a weakly
regular T2—symmetric future development of (L, h, K) is
» a weakly regular T2-symmetric Lorentzian manifold (M, g),

» together with a smooth embedding ¢ of ¥ onto one of the
hypersurfaces X, of the 3 + 1 foliation

» such that (h, K) coincide with (h(ty), K(to))
» and ¢(X) coincides with the past boundary of M.




Definition

» A development (M, g) is said to be a proper extension of
another development (M’, g’) if there exists a C! isometric
embedding of (M’, g’) into a proper subset of (M, g).

» A maximal development is a development admitting no proper
extension.

Partial order relation induced by this notion of extension.

Theorem. Uniqueness theory for weakly regular T2-symmetric develop-

ments

For any weakly regular T?-symmetric initial data set (X, h, K) with con-
stant area of symmetry Ry, there exists a weakly regular T?-symmetric
future development defined for with R > Ry, which

» is unique (up to C! diffeomorphisms) and
» is maximal

and, therefore, coincides with the spacetime we already constructed in areal
coordinates.




Proof. Let (X, h, K) be a weakly regular initial data set (¥, h, K) with
constant area of symmetry Rp.
» Let (M, g) be a future development of (¥, h, K) with R = Ry.
» We have proven that the function R enjoys additional regularity and,
in particular, is C?.
» Hence, we may introduce a new coordinate system, with R as the
time function, which is C' compatible with the differential structure
of (M, g).
» The regularity of all metric functions is preserved.

Hence, areal coordinates may be introduced on (M, g) and the essential
Einstein system are satisfied.

It then follows from the uniqueness of the solution of the essential
Einstein system that (M, g) can be identified with a subset of the
solution that we already constructed.
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OUR NEXT OBJECTIVES (Chapters IV and V)
» Self-gravitating compressible perfect fluids with shock waves
» Global geometry of weakly regular spacetimes

» Causality properties (completeness, etc.)



CHAPTER IV
Self-Gravitating Fluids In Spherical Symmetry.
Weakly regular Cauchy developments

Problem of the gravitational collapse of matter
» spherically-symmetric spacetimes
» compressible perfect fluid (physically realistic model)
» shock waves, propagating curvature singularities

Weakly regular Cauchy developments
» initial data set on an incoming light cone
» non-vacuum, weakly regular spacetimes
» existence of a broad class of such spacetimes

Global dynamics
> investigate the global and causal geometry
» weak cosmic censorship (singularities not visible by an observer at infinity)
» dispersion in timelike directions (small mass), formation of trapped
spheres (large mass)
» Further results: cosmological spacetimes, weakly regular global foliations



OUTLINE

» Section 1. The formulation in Eddington-Finkelstein coordinates
initial data set prescribed on an incoming light cone

» Section 2. Einstein-Euler spacetimes with bounded variation (BV)
shock waves, curvature discontinuities

» Section 3. BV regular Cauchy developments
converging method of approximation to the Einstein-Euler system

» Section 4. Riemann problem on an Eddington Finkelstein background
Monotonicity properties (sup-norm, total variation)

» Section 5. Spherically symmetric static Einstein-Euler spacetimes

Hawking quasi-local mass



v

>

Section 1. THE FORMULATION
IN EDDINGTON FINKELSTEIN COORDINATES

EINSTEIN-EULER SPACETIMES

(3 + 1)-dimensional Lorentzian manifold (M, g)
Einstein equations

G*P = gn TP

understood in the weak senseJ

>

Euler equations

VaT =0 )

Matter content governed by the energy-momentum tensor of
compressible fluids

T = (u+ pu*u” + pg®’
» w: mass-energy density of the fluid
» u®: its velocity vector, normalized to be unit: u®u, = —1

» pressure p = p(p) = ku
» k € (0,1) represents the sound speed
> light speed normalized to unit



INITIAL DATA SET

» Spherical symmetry: SO(3) acts as an isometry group and
» there exists a central wordline invariant by the group

» the group orbits through any point (not on the central line) are
spacelike 2-spheres

» From the area A of these 2-spheres, we define the “area radius” by
A = 4rr.
» Initial hypersurface:

» incoming light cone with vertex at r =0

» Initial data:

» spatially compact (and weakly regular) perturbation of a (regular)
static solution —representing a fluid at equilibrium

» Later, we will consider “short-pulse data” (Chapter V).



SCHWARZSCHILD SPACETIME. Black hole of mass m > 0
Schwarzschild coordinates r>2m
g=—(1-2m/r) dt* + (1- 2m/r)_1 dr® + r2(d02 +sin’0 dg02)

Suffers an (artificial) singularity on the null hypersurface r = 2m.

Eddington-Finkelstein coordinates r and advanced time
v=t+r+2mlin(r —2m)

g =—(1—2m/r) dv® + 2dvdr + r*(d6? + sin* 0 d?)

with (v, r) € [0, +00) x (0, +00)
» Regular except at the center r = 0 (curvature blow-up)
» Useful choordinates
> Allow us to cross the horizon r = 2m
» cover the trapped region r < 2m

> in which the (radially outgoing) null geodesics & =1 — 27’" move

dv
toward the center.



EINSTEIN EQUATIONS IN EDDINGTON-FINKELSTEIN coord.

Coordinates that may include a possibly trapped region of the Cauchy
development

g = —ab?>dv? + 2bdvdr + r* g

» advanced time v € [vo, vi| and area radius r € [0, 4+00)
> g5 = (d6? +sin® 0dp?) with (6, ¢) coord. on S2
» two metric coefficients
» b= b(v,r) is positive, but a = a(v, r) may change sign
» regularity at the center lim,_o(a, b)(v,r) = (1,1) for all v

(no mass concentration at the center)



EINSTEIN EQUATIONS G*# = g7 T8

» Two ordinary differential equations
b, = 4m rb> T
ra,b+ ab — b + 2rab, = 87 r?b*> T
» Two partial differential equations
a’b — ab + raa,b + 2ra’b, — ra, = 87 r’b TH

2a,b% + ra, b + 3ra, b%b, + 2ab®b, + 2rab’b,, — 2rb, b, + 2rbb,, = 167 r3b> T??

» The remaining Einstein components impose compatibility/restriction
conditions on the matter model:

(cf. below)



Geometry determined from the matter content of the spacetime
1. Combining the 7% and T°! equations

0,(r(1—a)) + r(1 — a)8mrb> T® = 8rr’b(bT® — TO)
and using the regularity at the center:
8r "

a(v,r) =1+ - (bT00 — TOl) exp ( — 87TJ TO0 /b2 dr”) b(v, r’)r’zdﬂ’
0 r’

provided the integrand is in L} ([0, +00)) with respect to r

2. With the T% equation and by using the regularity at the center:

b(v,r) = exp (471' J B2(v,r') T®(v, r) r/dr/) J

0

provided r > rb> T is in Li ([0, +0))

3. The T™ and T?? equations will be deduced from the above two.
(See below.)

Implicit expressions, depending also on the (unknown) matter content of
the spacetime.



EULER EQUATIONS IN EDDINGTON-FINKELSTEIN coord.
MATTER MODEL

» Two unknowns: mass-energy density u = p(v,r) > 0 and the
velocity vector u® = u®(v,r)

» normalization —1 = u®u,, so that that u® # 0.

» Components 3 = 0,1 of the Euler equations V, T%? = 0

» The remaining two components 5 = 2, 3 will be deduced from the
above two. (See below.)

» Remaining Einstein curvature components

TO2 _ T T12 T13 T23 T22 (Sin 9)2 T33 =0

» Several components of the energy-momentum tensor do vanish.
» The last two components of the velocity vector vanish: v?> = u® =0



The T° Euler equation 0=V,T

v r b, 2 2
0, T +0,T0 4 (&+ 2 b+ab,) TO L (ZpS) ool
b 2 by b

The T° Euler equation 0=V,T

2
o, T +0, T + (— a;b + aa;b + a2bb,) T

2 2
+ ([ZV —ab— Qab,) 7O 4 (2’ + ) T —2raT2 =0
r

Recall the expression of the energy-momentum tensor

T = (u+p)uu” + pg”



Essential Euler equations in Eddington-Finkelstein coordinates

0 =0, ((1+ k*)u°u®) + 0, <u(1 + K2 uPut + k2%)

2b, b
+ < + 224 ab,) (1 + k)PP

b 2
b 2 2y,0,1 , (2H 2k
+<b+r)(u(1+k)uu +kb) s

0 =0, (,u(l + k2)ulut + k2%> + 0, (u(l + K?)utut + k2ua)

2
L + % + azbb,) (1 + k2)ulu®

(-%
b, 2y,0,1 2 M
+ (b—a,b—zab,> (u(1+k Yuul + k 5)
r 2k?
+ <2Z + f) (n(1 + K*)u'u + kPpa) — — au




FORMULATION AS A FIRST-ORDER HYPERBOLIC SYSTEM
The normalization —1 = g,su®u® implies u! = —W

Normalized fluid variables in generalized Eddington-Finkelstein
coordinates

M := b?p u®uP € (0, +0), Vi=—— g € (—0,0)

s 21—k
Notation: K< := {75

Energy-momentum tensor in the variables (M, V):

M M /a
00 _ 2 01 _ 2 il 2
T —(1+k)b2 T (1+k)b(2+Kv)

2k?

2
TH = (14 kz)M(% + K2V + v2) T - —Zmv



Eliminate the derivative a,.

» From the T% and T!! Einstein equations:

ab _ a, rb? 2 01 11

» Hence, a, can be eliminated from the Euler equations.

Eliminate the derivative b,.

» Multiply the T% Euler equation by b?> and the T°' Euler equation
by b:

1 b, 2 2
2,(B2T) + b20, T =17 < L ab 4 2a5,) T - (é + ,> 7oL 4 brm>

b
2, (bT%Y) + bo, TH —b((a,b +2ab,) (TO! — ‘37 T00)

2b, 2
+ 4mrb?(abTO — TH) T — (b + r) TH 4 2raT22>

» Hence, b, can be eliminated from the Euler equations.



Eliminate the derivative b,.

2
O (B°T®) + 0,(b°T*") = — (a,b + 2ab, )5 LI (b, b)bT‘“ +2rbT?
Oy (bT™) + 0,(bT*) =(asb + 2ab,)b (T‘” ab T°°> + 4mrb® (abT™ — TH) T
(b + 2b) T + 2rabT?
» a,b+ 2ab, can be eliminated thanks to the T Einstein equation:
arb+ 2ab, = * (87rr2b2 T — (a— 1)b>
r
» b, can be eliminated thanks to the T Einstein equation: b, = 4rrb3 T
Consequently, the right-hand sides are free of derivatives:

(a—1)b?

r

1, /1
0y (bTOY) + 0,(bT™) =—b (2ab2(a —1)T® - (a—1)bT* - 2T11)

2p?

o, (P T%) +0,(b°T™) = T — =T +2rbT*

+2rb (4mb?(T)? — 4nb? TOTM 4 aT?)




Proposition. Essential Euler equations for the normalized fluid variables

o,U + ,F(U,a,b) = S(U, a, b)

. 1 . 2+ K2V
U:=M (;’ N K2V> F(U,a,b) := bM (4 oy v2>

Si(M, V,
M,V

S(U,a,b) = (52( )) Si(M,V,a,b) == —LbM (1 + a+4V)

S (M, V, a,b):= —%bl\/l(f +2aV(2+ K?) —2K*V + 4v2) —167(1 — K*) rb M*V?

» Curved spacetime geometry determined from its matter content

> No dynamical gravitational degree of freedom

b(v,r') 2,
b(v,7) rodr

a(v,r) =1— M f M(v, r')(2K2 IV(v,r)| + 1)

b(v,r) = exp (4(1 + k) L M(v,r')r'dr)




Section 2. EINSTEIN-EULER SPACETIMES
WITH BOUNDED VARIATION

NOTION OF BV REGULAR CAUCHY DEVELOPMENTS

Challenge.

» Shock waves arise in the fluid, even from smooth (and small) initial
data.

» Global solutions may exist only in a weak sense.

Functional spaces.

» Class BVic of functions with locally bounded variation in r (first-order
derivative is a locally bounded measure)

» Total variation TV (f) := ‘%’(O, rn), existence of left- and right-hand
traces

» L2 (BVioc): space of functions depending also on v, whose local total
variation (in the radius variable r) is locally bounded in v.

» Locally Lipschitz continuous Liploc,v(L}) in the advanced time v



Spherically symmetric Einstein-Euler spacetimes with bounded variation

Generalized Eddington-Finkelstein coordinates
g = —ab?dv? + 2bdvdr + r? (d6? + sin” 0dp?)

» Metric coefficients a, b
» Fluid variables M = b*u u°u® € (0, 4+0) and V =

» Defined for v € | := [vo, v4] and r € J := [0, ro)

Lll
b u®

—2¢€(—,0)

g
2

» Regularity at the center: lim,_,o(a, b)(v,r) = (1,1) atall vel
» BV regularity
M, V € Lige(1, BVioc(J)) N Lipioc (1, Lioe ()

av, rar, bl’ € nggc(h BV|OC(J)) N Liploc(’? Lllc)c<J))

» The Einstein and Euler equations are satisfied in the weak sense.




Essential EINSTEIN EQUATIONS

b, = 4rwrbM (1 + k?) BVioc functions
1—
a, = 4nrM (1 + k?) (2K2V —a)+ 2 BV functions
r
Essential EULER EQUATIONS
oyU+0,F(U,a,b) = 5S(U,a,b) loc. bounded measures

Additional EINSTEIN EQUATIONS
!
r

<IZ>V + %(afb)r 4+ (ab,), =

a, = 2mrbM(1 + k%) (a* — 4V?) BViec functions

(ab), — 16mbM k?V loc. bounded measures

Observations.
1. No regularity required on the first-order derivative b, .

2. The integral formulas for a, b make sense under our integrability conditions.

3. Einstein equations Gog = 87 T satisfied as equalities within locally
bounded measures.



INITIAL DATA SET

» Initial hypersurface: an incoming light cone v = vy
» Initial matter content on this hypersurface

» Prescribe the (normalized) matter variables (geometric data)
M(wvo, r) = Mo(r), V(vo, r) = Vo(r), red

» Here, My > 0 and V4 < 0 are functions with locally bounded
variation.
» Initial geometry ag, by on the initial hypersurface
> determined from the data My, Vo
» satisfy the required regularity conditions:
r&,ao, 5rbo,€ BV|0C(J)

lim ao(r) = lim bo(r) = 1



REDUCTION TO THE ESSENTIAL EINSTEIN-EULER SYSTEM

» Redundancies as a consequence of the spherical symmetry

» We can recover the “non-essential equations”.
Terminology

» Full system: 4 metric equations + 4 fluid equations

» Essential system: 2 metric equations + 2 fluid equations

Proposition. From the essential system to the full system

Consider self-gravitating compressible fluids in spherical symmetry and
work in Eddington-Finkelstein coordinates.

Any solution (M, V, a, b) to the essential system is actually a solution to
the full system, that is, if the 7% and T°' metric equations and the T
and T fluid equations hold true, then

under our weak regularity assumptions and without further initial
data or regularity assumptions, all of the Einstein-Euler equations
are satisfied in the distributional sense. )




Notation. B := log b, X :=a.b+2ab, = %(ab2), J

Einstein equations G*® = 87 T°# equivalent to the four partial differential
equations

B, = 4w rb? T
X 4+ b(a—1) =8rr’b* T
ab(a—1)+r(aX —a,) =8rr’bT"
2(ab), + r(X 4+ 2B,), = 167 r’b T?

supplemented with (regarded as restrictions on the energy-momentum tensor)
702 _ 703 _ pl2 _ 713 _ 723 _

sin9)? 733

Definition

An energy momentum tensor T° is compatible with spherical symmetry if
702 _ 703 _ yl2 _ 13 _ 723 _

T? = (sin0)> T*

For instance, the energy momentum tensor of perfect fluids is compatible with
spherical symmetry, provided the velocity vector u® has u® = u® = 0.



Recovering the T and T° Euler equations

If the matter tensor is compatible with spherical symmetry, then the 792
and T% Euler equations hold:

VaT% =0, B8 =23

Proof. Our assumption of spherical symmetry implies that the partial
derivatives in 6, ¢ vanish.

» Vo T°% = 0 follows from the conditions 7% = T*? = 0 and
T2 = (sin 6)2 T3 since, in the weak sense,

VoTs =Tao+ T TZ =0
ViT? =TF + T T+ T2 +T5,T2 =0
VoT? =2, T? =0

V3T? =T 4+ 13T + T35 T = cot§ T —sinf cos T = 0.

» Similarly, V4 T3 = 0 follows from the conditions T% = T3 = 723,



Recovering the T22 Einstein equation

If the T% and TO°! Einstein equations and T% Euler equation hold and
the matter tensor is compatible with spherical symmetry, then the T22
Einstein equation holds.

Proof. From theT% Euler equation

0=VaT® =TY + T} + (2Bv + g) T + (B, + %) T — 2—brT22

in which, thanks to the 7% and T Einstein equations in the weak sense,

1 B B. —2B,B B
TOO _ - (= _ rv rBv _ v 2Bv TOO
0 4rr < b2 ) . 4rb? 47rb?
1 (X +bla—1) 1\ o1, X+ rX + (ab), B,
T = (22— —) =—2(B+=)|T -
1 8r ( r2b? )r ( * r) * 8mr2b? 8mr2b
erefore, again with the an instein equations in the weak sense,
Theref in with the T% and T°' Einstei ions in th k
2r 22 B, 01 X+ X + (ab), B, X 00
T = - BT — —T
b 4rrb? R T 8nr’b | 2
1
s <r(2B,V X))+ X — abB, + (ab),)

1
= m<r(28\/ + X)r + 2(ab),>



Recovering the T1! Einstein equation

If the T%, TO1, and T?? Einstein equations and the T°' Euler equation
hold and the matter tensor is compatible with spherical symmetry, then
the T1! Einstein equation holds provided:

» Regularity of the metric at the center
lim,_o(a, b) = (1,1)

» Regularity of the fluid at the center:
lim,—o r?(G* — 87 T11) =0

Proof. The Euler equation V, T* = 0 reads
0=TY + TH + (aX — av)gTOO + (B, —X)T" 42 (B, + %) T —2raT?

From the T%, 7% and T? Einstein equations and with the notation
Q(a,b) :== —TY + (a, — aX)g T® + (X = B)T" +2raT*
we find a linear equation for T*! in the variable r

1) T — Q(a, b).

T}f+2<B,+7



Claim: The only solution is
T = (8m rzb)f1 (ab(a — 1)+ r(aX — av)) = g—:

The solutions to the homogeneous equation
0,F = —0,(log(rb)?) F

v

: 1
are multiples of —.

1 . . . . .. ..
> g—ﬂ is a particular solution, as follows from the Bianchi identities:

» G°P is divergence-free
» In particular, V., G*! = 0, which reads (using the matter
compatibility condition T2 = 0)

0,6 42 <B, + %) G = 87 Q(a, b).
» General solution
1
TH (C+ab2(a—l)+raa,bz4—2ra2bb,—ravb)7 CeRR.

~ 8nr2p?
» Recall the regularity condition at the center:

C
: 2 11 11 ;
0= (R —en ) = fim—gp = =C.



Section 3. BV REGULAR CAUCHY DEVELOPMENTS
THE COMPACT FLUID PERTURBATION PROBLEM

Consider a self-gravitating compressible fluid in spherical symmetry and seek for
weak solutions (M, V/, a, b) to the essential Einstein-Euler system in
Eddington-Finkelstein coordinates.

INITIAL DATA SET.

> Fluid at equilibrium. Consider the unique static spacetime
M, V., 3, b with mass-energy fluid density prescribed at the center
r=0. (See below.)
> Initial hypersurface: an incoming light cone H,, := {v = w}
» Prescribed data
» BV regular perturbation of this static solution

My~ M Vo~ V, 2o~ a bo':B
» spatially compact: localized within two spheres S, s and S, 15

e —0<r<ry+0

CAUCHY DEVELOPMENT. Evolution of the fluid toward the future
» Singularity formation. Shock waves, curvature measures
» Domain of dependence. By the property of finite speed of
propagation, the spacetime remains static in a neighborhood of the
center of symmetry.



Domain of dependence. Finite speed of propagation

» Perturbation initially localized within [ry — 0, ry + 0]

» Define the radius functions
R, (v)=ry —6— Cyu(v— ) RI(v) =ry +6+ Cu(v—w)

» C.: upper bound of the wave speeds A1, A\, of the Euler equations
(cf. the explicit expressions above)

» Perturbation on the hypersurface #H, supported within the region

supp (M, V)(v,) = (M, V)) = {R; (v) < r < R{ (v)}

» solutions defined for times v € [vp, vi]
» spacetime is static outside

{w<vew, R <r<RIWI



Theorem. Existence of BV regular Cauchy developments

Consider the compact fluid perturbation problem with data prescribed on
some light cone #,, and formulated in generalized Eddington-Finkelstein
coordinates. Then, there exists a BV regular Cauchy development

» spherically symmetric Einstein-Euler spacetime with bounded
variation

» satisfying the prescribed initial data My, Vo, ag, b on H,,

» includes the spacetime region [vp, vi] x (0, +00) where the maximal
time v, is only restricted by the condition that the spacetime
remains static near the center line r = 0.

» BV regularity in spacelike directions
sup TV((rM, V,ra,, by, a,)(v, ) — (rM, V, r3,, 5,70)) < No

vE[vo,vik |
» Lipschitz continuity in timelike directions v,V € [vo, vi]
||(I’M, V)(Vv ) - (rM7 V)(V/7 ')||L1(0,+oo) < No |V - Vll
with No := TV (r(Mo — M)) + TV;F (Vo — V).

Remark. Geometric singularities typically emanate from the center r = 0.



OUTLINE OF THE METHOD

Converging sequence of approximate solutions
M#, V¥ af b containing (many !) shock waves
Discretization of the initial data set on #,,
» Discretization of (My, Vo, ag, bo) by a piecewise constant initial data
set with finitely many jumps
» Do not increase the total variation
Solve the Riemann problem
» Cauchy problem with a single initial discontinuity
» Approximate solution in a neighborhood of each discontinuity
Advance in timelike directions
» Introduce a discrete foliation by incoming null cones H, for v = vy
» Advance forward in time up to the next slice of the foliation
Global construction
» Randomly choose of a state within each Riemann problem
(equidistributed sequence)
» Continue this construction inductively for each hypersurface
» Compactness property

» Bound on the sup-norm and on the total variation of the unknowns
» Independent of the discretization parameters



The Riemann problem

» Simplest, non-trivial Cauchy problem

» Initial value problem with piecewise constant data prescribed on a
light cone H,

» The Euler system 0,U + 0,F(U,a',b") = S(U,d,b’)

» Initial jump at time v/ centered at some radius r’:

MEL VEL) r<r
M’i, Vﬁ /’ D) — ( I
( )(V ) {(Mﬁ’R, Vﬁ’L), r>r

» Cannot be solved in a closed form, except “infinitesimally” near the
point (v/, r’), as we do below in Section 4.

» Approximate solution, which is sufficiently accurate in a small
neighborhood of the intersection H,» N S,/



Approximate solution to the Riemann problem

» An approximate solution
R(v,r)=R(v,r;v',r'; M, Vi, Mg, Vg,a', b)

» Homogeneous Riemann problem (See Section 4.)
ﬁ(v, r) = 7A€(v, riv',r's My, Vi, Mg, Vg, a', b') satisfying
oU+0,F(U,a,b)=0

» Evolution of the geometry described by

R(v,r) :=R(v,r) +J SV, XV, r),d, b)) dv",

where X (v”, r) denotes the solution associated with the
source-terms of the essential Euler equations:

d ~
7X: X / /
dV 5( 7a7b)7

X(V',r)=R(V,r)
» S takes the geometry into account:
=S5 —a,0,F — b,0pF

b'M 244V o o 8K2V
C2r (a’+4a’v+4v2)_w(1+k)rbM —(a)? +4K?3'V + 122



>

>

APPROXIMATE SOLUTIONS
to the Compact Fluid Perturbation Problem

Discrete foliation of incoming light cones. vop < vy < v, < ...
Hoo, Huyy Hugs - - -

Discrete foliation of spheres. 0 < <n < <...
51,555, ..

Converging foliations. We let Av := sup(v;41 — v;) and
Ar :=sup(rj41 — rj) tend to zero, while the ratio Av/Ar satisfies

the stability condition
C.Av/Ar <1

Equidistributed sequence (w;) in the interval (0,1) and set
fij = ri-1twilji1

(relevant only in the domain of dependence of the initial data)



Step 0. Initial data set on #,, approximated by piecewise constant data

(Mﬁ7 Vﬁ)(VO,I’) = (Mo, VO)('}'+1)7 re [rﬁ r1'+2)> J even
a*(vo, r) = ao(r), relr-1,r:1), Jeven
b¥(vo, r) := bo(ry), re[ri-1,r+1), Jeven

If (M#, V¥) is already determined up to the time v < v;:

Step 1. Using the equidistributed sequence, we define (M#, V#) on the light
cone H,, by:

(/\/Iﬂ,Vﬂ)(v,-Jr,r) = (Mﬂavu)(vifari,j-ﬁ-l)v re [rjarj-‘r2)a i+.jeven

Step 2. Using the equidistributed sequence, we define a’ and b* on the light
cone H,, by:

a’i(v,-—i—7 r) = aﬁ(v,-—7 rij)s relr-1,r41), i+ jeven

bﬂ(vi'i'vr) = bﬁ(vi_>r/,j)a re ['ji—lvrjﬁ-l)» i +./ even



Step 3. The approximation within the spacetime region limited by the light
cones H,, and H,,,, and the spheres S, | and S

Vit1 rj+1

{v,- <V <Viy1, ro1<r<frj1, i+jeven}
from the Riemann problem:

(M*, VA (v, r) = R(v7 r Vi, (M*, VY (vi+, rj+1), (@*, b*) (vi+, rj)))

Step 4. Define the metric coefficients using the integral formulas:

bﬂ(v,s) 52d$

(v,r) = 1_4”(”"2)f ME(v.5) (1= 2KVA(Y.5)) o)
r 0 v, r

,
b*(v,r) = exp (47r(1 + kZ)J M (v, r') r’dr'), ve (vi,vig1)
0

It remains to repeat Steps 1 to 4 within the next region limited by two
light cones H,,,, and H,,,,, and continue inductively for all
hypersurfaces H,,, H.,,, - . -



UNIFORM BOUNDS
independent of the parameters of the discrete foliation
Invariant region principles Sup-norm bound

» Positivity M > 0 and condition V < 0 preserved by the Riemann
problem

» Invariant region principle for the Riemann invariants:

Total variation principle BV bound

» log M enjoys a monotonicity property

IN THE REST OF THIS CHAPTER

» These two principles are now presented in the simplified situation of
the homogeneous Riemann problem where the coupling to the
geometry is “neglected”.

» The full proof is quite technical (uniform estimates for the sup-norm
and total variation, convergence of the approximation scheme) and
will not be presented here (cf. the references below).



Section 4. THE RIEMANN PROBLEM IN
EDDINGTON-FINKELSTEIN COORDINATES

LOCAL PROPERTIES OF THE ESSENTIAL EULER SYSTEM

» Geometry/matter coupling: we suppress the geometric terms.

» Local behavior: metric coefficients a, b treated as prescribed
functions and, even, constants

o,U + 0,F(U,a,b) =0

B 1 2+ KV
U_M<;+K2v)’ F(U,a,b)-bl\/l( R IRVRY

» unknowns: mass-energy density M > 0 and velocity V < 0

» fixed metric coefficients ae R and b >0

K? = sz € (0,1)



Strict hyperbolicity property. Fluid variables M and V in terms of U:

1 U2 a
e 1)

U,
Flux vector F(U,a,b) = b 2
( ) <(1_k12(2)2 (32 U]_ — 43U2) + ,%4UZ>

1
Eigenvalues (wave speeds of the system)

_ 1+ k% U, k _ 1+ k% U, k
v ) e !

Since k € (0,1) and b> 0 and V < 0, one has A\; < Xz.

1+ k20U 1+ k27

Genuine nonlinearity property. Right-eigenvectors

1-= = 7| 1+k al> 2 .= =\ 1= a
# KV 3 % V3

2k(1+ k) BV 2k(1 — k) bV

VM= ST M 1+k3 M

V)\2~r2=—

V)\l-r1>V)\2-r2>O

)



Basic properties of the fluid model

The homogeneous part of the Euler system on a uniform Eddington-

Finkelstein background is a strictly hyperbolic system of conservation laws,
with real and distinct wave speeds

1+k a 1-k a
noe(iived)  eme(mved)

satisfying the genuine nonlinearity property: VA1 -1 > Vs - > 0.

. . 1+ ka . 1—ka
A <0< X ifandonlyif —m§< V < min (0, mz)
1—ka
if lyif ———=<V
0<A <X ifandonlyi 1+k2< <0
. . . 1+ka
A1 <X2<0 ifandonlyif V <min (0,—m§)

In a region where a < 0, both eigenvalues A1, \> are negative and the fluid flows
toward the center r = 0. J




FORMATION OF SHOCK WAVES

» In view of the genuine nonlinearity property, the gradient of solutions
blow-up in finite time.

» A Riccati-type equation along characteristic curves of the hyperbolic
system. Analogue to Burgers equation ¢, u + ud,u =0

THE HOMOGENEOUS RIEMANN PROBLEM

» Initial value problem with data prescribed on H,
» A single jump located at some r’ € (0, +0)

U ) = U, r<r
’ U, r>r

» UL (determined by My, V|) and Ugr (determined by Mg, V) are
given constants: My, Mg > 0 and V|, Vg <0

Observations.
» Invariance of the Riemann problem by self-similar scaling
» Solution depending upon the variable (r — r')/(v — V')



Theorem. The Riemann problem on an Eddington-Finkelstein background

The Riemann problem associated with the homogeneous Euler system, on
a uniform Eddington-Finkelstein background

» admits a unique self-similar weak solution depending upon the
self-similarity variable (r — r")/(v — V')
» made of two waves, each being

» a rarefaction wave
» or a shock wave (see below)
v

Moreover, for each constant p > 0, theset Q, := {(w, z)| —p < w,z < p}
is an invariant domain for the Riemann problem:

» If the data Uy, Ur belong to Q, for some p > 0, then so does the
solution for times v > v/.

(Riemann invariants w, z defined below)
”




SHOCK CURVES AND RAREFACTION CURVES

Riemann invariants w, z associated with the Euler system

» By definition, w, z are constant along the integral curves of the
eigenvectors, that is, Dyw(U) - n(U) =0 and Dyz(U) - n(U) =0
» In the coordinates (M, V):
2k

z(M, V) :=log|V| + log M

2k
(1+ k)2

RAREFACTION WAVES: Continuous solutions determined from
integral curves of ry, ry.
» Solutions U = U((r — r')/(v — v')) satisfying the equation in the
self-similar variable & := (r — r') /(v — V'), that is,
(DyF(U) —€1d)o:U =0
» Characterization of the rarefaction curves passing through (M, Vo)
in the phase space:

» The 1-rarefaction curve < {w(U) = w(lo)}
» The 2-rarefaction curve c {z(U = Z(Uo }



In Riemann invariant coordinates:

Ry (UL) = {(W,z) |w(M, V) = w(My, V) and z(M, V) < z(M,, VL)}
Rs (Ug) = {(W,z) |w(M, V) = w(Mg, Vz) and z(M, V) = z(Mk, vR)}

Rarefaction curves associated with the Euler system

The 1-rarefaction curve Ry”(Uy) from Uy = (M., Vi)

(1—k)?
iy

RE(U) = {M=Mm () 7 i Feo1}
The 2-rarefaction curve Ry (Ug) from Ug = (Mg, VR)

_(+k)?
2k

R;(UR)={M=MR (VLR) ; Vlke[l,Jroo)}

Monotonicity properties

» Along Ry (Uy.), the wave speed A1 (V) is increasing when V
increases from V/.
» Along R5 (Ug), the wave speed \,(V) is decreasing when V
decreases from Vg.
M is decreasing in both cases and
limy—o Mg (u,) = limv——o M|rs-(ug) = 0




Proof of the monotonicity property.

» The associated speeds A;(V) and A2(V) increase when V increases.
» The monotonicity and limiting behavior for M follows.
» Along the curve Ry” (Up):

2k
Z(/\/’7 V) = |Og‘\/| + m |OgM
- 2k (1+ k)?
=log|V|+ mlogMOJr 1= k) Iogv0
2k
< |Og‘v0| + m IOg MO = Z(,\/I()7 V())

» Similarly, along the curve R5 (Up), we obtain
w(M, V) = w(Mo, Vo).



SHOCK WAVES

» Rankine-Hugoniot conditions: Two constant states U, Ur
separated by a single discontinuity, propagating at the speed
s = s(U., Ug) determined by

s[U] = [F(U)]
[U] := Ug — UL, [F(U)] :== F(Ug) — F(UL)
» Shock admissibility inequalities

)\,’(VL) > S5 > )\,(VR) i-shock

together with s; < A\2(Vg) and A\1(V.) < s, are imposed in order to
guarantee uniqueness (and stability) of the Riemann solution.

Notation.

1
o4 (B) = 21— KHB?

T4 (Vo,B) = ‘%b + %(1 +B8++/(1+p)? 4K45>

(1 C2K'B+ B+ (- B+ B2 — 4K46)



Shock curves associated with the Euler system

The 1-shock curve issuing from a state U; and the corresponding speed:
N %4 %4
ST (UL) = {M — M b (VL) and - [1,00)}
%4

s1(Up, U) = z+(vL,VL)

The 2-shock curve issuing from the state Ugr and the shock speed:
%4 %
Sy (Ug) = {M — Mg ¢+(7) and — € (0, 1]}
Vr Vi
%4

52(U, Ur) = £_(Vk, VR)

Monotonicity properties
» The 1-shock speed s; is increasing for V' decreasing.
» The 2-shock speed s, is decreasing for V' increasing.
» The shock admissibility inequalities hold.

My

—fz as V — —oo.

— Along S7”(U.), the mass density M increases and reaches
— Along S5 (Ur), M increases and blows up as V — 0.




Shock curves in Riemann invariant coordinates (w, z)

For 5 =

For 5 =

vl [1,4+00):

ST (UL): {

v € (0,1]:

S;(UR) {

w—w, =logf — (1 k)2 log(®_(3))
z—z =logfB + 1+k 7 log(®_(3))

w— wg = log 5 — (1 k) |°g(¢+(6))
z—zr =logf + (1+k) log(®.(8))



Existence of the Riemann solution. Constructed by pasting together
constant states, shock waves, and rarefaction waves.

Construction in the phase space.

» 1-wave curve issuing from the data U,
Wi (Ur) == Ry (Ur) v ST (Ur)
parametrized by ( € (0, 1] within the rarefaction part R;”(U.), and

B € [1, +00) within the shock part S;”(UL).
» 2-wave curve W3 (Ug) defined similarly

Construction in the physical space. The Riemann problem is solved by
observing that

» These two curves intersect at a unique point
Ux € W™ (Up) n W3 (Ug).

» The Riemann solution is a 1-wave connecting U, to Uy, followed by
a 2-wave from U, to Ug.



Validity of this construction. For any initial states U;, Ur satisfying
ML, MR > 0 and VL, VR < 0:

» The wave speeds arising in the Riemann solution do increase from
left to right.

» V decreases from 0 toward —oo, while M increases from 0 to
along the curve W1 (Up).

» Along W5 (Ug), the velocity V decreases from 0 to —0, while the
mass density M decreases from +o0 toward 0.

My
1—K*4

In view of these global monotonicity properties, the intersection point
Uy € W1 (UL) n W5 (Ug) exists and is unique.



Invariant domains. Any €, is an invariant region for the Riemann
problem.

» We write w; for w(U,), etc. and, for definiteness, we suppose
Us € R (Us) n Ry (Ug).

» Then, we have w = w; and z < z for all states between U; and Uy,
» while w > wg and z = zg for all states between U, and Ug.
Therefore:
WR < W = wp, ZR=2< 2

along the solution of the Riemann problem, and, in particular
w,z € [—p, p] if wi, wgr,z,2zg € [—p,p].

Furthermore, both shock curves S1” (U, ) and S5 (Ug)

» remain within an upper-left triangle in the (w, z)-plane, so that

» if intersected with each other or with Ry (Ugr) and Ry”(Uy),
respectively, the corresponding Riemann solution belongs to the
region Q,,.



Tangent to the shock curve S;”(U,) in the (w, z)-plane:

dw _dw—w) _ d(w—w) (d(Z—ZL))1

dz  d(z—z) = dB ds
2 2 2k(14+8)
(1+k) (1 + k 7(1%)274;«1;3) .
_ k)2 2 2k(1+8)
(1—k) (1 + k2 4+ (1+6)274K46)

The shock curve S7” is convex in z:
d dw 8k(1 4+ k)2K?*(—1 + j)

dfdz /1% B7 - 4K'B (\/(1+6)2 —4K“B + k (2+2ﬁ+ k\/(1+6)2——4K“6)>

is non-negative since 8 > 1.

Since \/121(7 =1+ k2, we have

dw (1+k)2(1+k27%) ;

-1+ dz (1 k)2 <1+ K2 4 2k )

7

1-K*
and the second—order derivative being positive, we conclude that
dw e [0,1].

Similarly, the curve S5~ (Ug) is increasing and concave in the (w, z)-plane.



TOTAL VARIATION MONOTONICITY PRINCIPLE

BV estimate for a pair of Riemann solutions associated with the Euler
system

» Assume that the initial fluid data consists of three equilibria
Ut, Un, Ug.

» Given 0 < r’ < r" < +00, prescribe the following initial data at
v=1Vv
U, r<r
Ui r)=< Uy, r<r<r"

Ug, r>r"

Combine the Riemann solutions associated with the data U, Uy, and
Um, Ur



Total variation £(U;, Ug) of a Riemann solution (U, Ugr)
» Sum the magnitude of shock and rarefaction waves

» Use the variable log M Recall that M := b?p u®u®

We introduce

E(UL, Ur) := |log Mg — log M| + |log My — log M|

where M, denotes the mass-energy density for the intermediate state

U* € Wi_(UL) N W;(UR)

Proposition. Total Variation Monotonicity Principle
Given arbitrary states U;, Uy, Ugr, the total variation of the solutions to
the Riemann problems (U, Um), (Um, Ur), and (U, Ug) satisfy

g(UL7 UR) < g(ULa UM) + g(UM7 UR)




Proof. Consider the wave curves in the plane of the Riemann invariants.

» Rarefaction curves are straightlines
» The shock curves have the same shape independently of the base
points U; or Ug. and are described by the functions ®4
We observe the identity

o ()®4() = (40— KV6") (- 2K%8+ 57 — (1 - BR((1+ 5 — 4K'5))
= (s0- K8
(=87 +2801—KY)" = (1= B (1 - B — 4801 - K'3)))

=1

log(®_(8)) = —log(®(8))

» The expressions for the shock curves coincide up to a change of the role
of w, z.

» The shock curves are symmetric with respect to the w = z axis.

> We observe that the total variation, by definition, is measured along the
w = z axis in the Riemann invariant coordinates.

» These symmetry properties imply the desired monotonicity property.



Section 5. SPHERICALLY SYMMETRIC
STATIC EINSTEIN-EULER SPACETIMES

FORMULATION of the STATIC FLUID PROBLEM
Static solutions (M, V) satisfying 0,M = 0,V = 0, thus
0,F(U,a,b) =S(U,a,b).
» Timelike Killing field Y, foliation whose leaves are orthogonal to Y
» Example: outer domain of communication of Schwarzschild (r > 2m)

Rescaled mass-energy density M = M(r) and Hawking mass
m=m(r) = 5(1—|Vr[?) (defined by a =1 — 27):

2
m, = 21 M(1 + k?) (1 — 20 oK? |V|)
r

2 2
_ 2 2 2 =
m, = 7r2bM(1 + k?) (4v (1 r‘”) )

» The function r — m(v, r) is increasing, provided 53, < K2

> holds if, for instance, a is positive
> but remains true even for negative values of a (trapped region) if the
normalized velocity is sufficient large.

|a|

» The function v — m(v, r) is decreasing provided the ratio 3V

than 1.

is greater



Curved geometry
» The condition ¢, U = 0 implies that M, = 0 and, thus, b, and a,

(resp. m,) vanish.
» By the T'! Einstein equation, we have a°> = 4V2.

Fluid variables. Returning to the definitions of M, V, we find

» ul =0and ab?(u%)? =1
— 27’") M = p.

» which implies aM = (l

NI=

~13

» Velocity V = —3



Formulation of the static problem

All solution to the static Euler equations having a > 0 satisfy a system
of first-order ordinary differential equations in m, u defined for all radius
r € (0,+00):
m, = 47rr2u
1+ k2 m
= =g (e )
» The functions V, M, a are recovered by algebraic formulas

» The metric coefficient b is given by

b(r) = exp (47r(1 + k?) Jr r/2,u(r’))dr/)

o ' —2m(r!

rzu
r—2m

provided is integrable at the center.




EXISTENCE OF STATIC EQUILIBRIA
— Prescribe initial conditions at the center r = 0, specifically g > 0 and
mg = 0.
— The condition on the initial value on m is consistent with m being
non-negative, however, we need (in the proof of the following theorem) to
check whether the second equation makes sense.

Theorem

There exists a unique global solution (m, 1) to the static Einstein-Euler
system with prescribed initial conditions mg = 0 and pg > 0 at the center:
lim,_om(r) =0, lim, o p(r) = uo-

» The functions m, u are smooth and positive on (0, +00) and
lim,— 4o p(r) = 0.

» These static solutions (M, V/, a, b) satisfy our weak regularity
conditions.

» In particular, the regularity at the center is satisfied

lim (a, b)(r) = (1,1)

r—0
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NEXT OBJECTIVE. Some results on the global geometry and causal
properties of weakly regular spacetimes



CHAPTER V. The Geometry of
Weakly Regular Spacetimes with Symmetry
Properties of Cauchy developments
» Global issues, late-time asymptotics

» Weak regularity (natural energy, shock waves, gravitational waves)

» Non-trivial effects generated by the matter

OUR MAIN OBJECTIVE in this chapter

» Section 1. Formation of trapped spheres in self-gravitating
fluids spherical symmetry, compressible fluid, shock waves

» Section 2. Crushing singularities in self-gravitating fluids in
Gowdy symmetry

» Section 3. Future geodesic completeness of weakly regular
Gowdy spacetimes define geodesics, rate of energy decay, sharp
asymptotics

» Section 4. Geodesic completeness of polarized, weakly regular
T2 symmetric spacetimes



Section 1. FORMATION OF TRAPPED SPHERES
in self-gravitating fluids

Section 1.1 THE BOUNDED VARIATION (BV) FORMULATION

Gravitational collapse of compressible matter with shocks
Two typical behaviors

» Dispersion of the matter in future timelike directions (sufficiently
small mass-energy)

» Collapse of the matter (focusing of light rays)
Set-up
» Spherically symmetric, weakly regular spacetimes with bounded
variation
» Converging sequence of solutions to the Einstein-Euler system

» The Riemann problem (evolution of a single discontinuity)
Objective
» Short-pulse ansatz (following Christodoulou)

» Formation of trapped surfaces



MAIN STATEMENT in a rough form. Initial value problem for
» spherically-symmetric initial data sets (H, g, 7, /)
» a large class specified explicitly by a short-pulse ansatz
» weak regularity (bounded variation)

a spherically symmetric, Einstein-Euler future Cauchy development
(M, g, i, u) containing shock waves

» the initial hypersurface does not contain trapped spheres and

» the Cauchy development does contain trapped spheres.

Remark. Large data result. Geodesically incomplete spacetime
(Penrose-Hawking's singularity theorem)
Eddington-Finkelstein coordinates
» g = —ab®dv? + 2bdvdr + r? gs> with v € [vy, v4), r € [0, rp)
» b= b(v,r) >0 but a = a(v, r) may change sign
» regularity at the center: lim,_o(a, b)(v,r) = (1,1)



ESSENTIAL EINSTEIN-EULER SYSTEM IN REDUCED FORM

Normalized mass-energy M := b*1 1°u® € (0, +0)

Normalized fluid velocity V := 5 — 3 & (—o0,0) with u* = } (abu® — ;15 )

System of two nonlinear hyperbolic equations K? .= sz €(0,1)

o,U + 8,F(U, a,b) = S(U, a, b)

U:=M L F(U,a,b) := bM 2 ¥ Y
B+ KV 0= +K2V+V2

_ (51(M,V,a,b) _ 1
S(U,a,b) = (52(/\4, v 7b)) Si(M, V, a,b) := beM<1+a+4V)

S2(M, V, a,b) := —EbM<a2 +2aV(2+ K?) — 2KV + 4v2> — 167(1 — K?) rb M? V>

a(v,r)=1-— 4r(l+ k) fr t;((w r’)) M(v,r')(2K? |V (v, )| + 1) rdr’
r 0 v, r

b(v,r) = exp (471'(1 + k%) fr M(v,r") r'dr')




BOUNDED VARIATION SOLUTIONS

» strictly hyperbolic, genuinely nonlinear

» formation of shocks in finite time

Definition
A spherically symmetric, Einstein-Euler spacetime with bounded
variation in Eddington-Finkelstein coordinates

g = —ab*dv? + 2bdvdr + r? (d92 + sin? (9dg02)

with v € | := [v,vs) and r € J := [0,rp) is a weak solution to the
Einstein-Euler system with the following regularity:

» Normalized mass density and velocity
rM’ Ve Llogc(h BV|OC(J)) N Liploc(l7 Llloc(J))
» Metric coefficients a, b

ay, ra;, by € LE(I, BVioc(J)) N Lipo (!, L (J))




STATIC EINSTEIN-EULER EQUATIONS

Closed system for the Hawking mass m = 4 (1 — |Vr[?) = £(1 — a) and
the fluid density u

m, = 47rr2u
The remaining unknowns V', M, a, b are recovered by
M) = _“& V(r) = ’”fr) —%
a(r)=1- 2m7r(r) b(r) = exp (47r(1 + k?) for r/rﬂgfr:;)r/) dr’)

Theorem

Given any mass-energy density 1o > 0 at the center r = 0, there exists a unique
global solution (m, p) to the static Einstein-Euler system in Eddington-Finkelstein
coordinates with prescribed values at the center of spherical symmetry

lim m(r) =0, lim wu(r) = po.

r—0 r—0

m, i are smooth and positive on (0, +00) with lim,_ 1 p(r) = 0.




Section 1.2 THE FORMATION OF TRAPPED SURFACES

» A given static spacetime (l\7l7 V,3, E) . a fluid at equilibrium
» Initial data set prescribed on the incoming null cone H,,

» Localized (compactly supported) and large perturbation

Mo = M+ MV Vo=V + v
30=5+ 3(()1) b0=B+ bél)

» Initial data assumed to be untrapped
ap > 0 on the hypersurface #H,,

Challenge
» existence on a sufficiently long interval [vp, vi) so that trapped
surfaces do form in the development

» need to carefully monitor the evolution (and sign) of the metric
coefficient a !

» bounds uniforms along the sequence of approximate solutions to the
Einstein-Euler system



THE SHORT PULSE DATA

A perturbation with “strength” 1/h which is initially localized on the
interval [ry — 0, ry + d] for some small § > 0 and some finite radius r.

» Normalized velocity: a short-pulse, step-like function

0, r<rg—90
Vo(l)(r) = V;’), rere —9, re + 9]
0, r>rg+90

» Normalized mass-energy density: no perturbation needed

MY =0 J

(Our method applies to more general perturbations.)
Heuristics.
» Recall that a, = 27rbM(1 + k2)<32 - 4v2)
» Therefore, a, is initially large (negative) within a small interval
[re — 6, re + 6]
» Expect a to become negative as time evolves.

» Challenge: show that this is the dominant effect by “monitoring” the
evolution of the short -pulse !



Domain of influence / Domain of dependence
The spacetime remains static in a neighborhood of the center of
symmetry

» Radius functions R*%(v) =r. £0F Ce(v—w)

» C,: Bound on the sound speed, determined by the speed of
propagation of the (rarefaction, shock) waves

» The support of the solution expands in time:

» domain of influence of the initial data
perturbation on the hypersurface H, supported within

supp (M, V)(v,") — (M, V)) < {Ry_(v) < r < R, (v)}

» domain of dependence of the initial data {R, (v) < r < R]_(v)}

» uniform a priori bound on the support: we will work in the interval
[r« — A, ry + A] within the time interval of interest.



Recall that ( : ()
_ _47r1+k " b(v,r / 2 / 2
a(v,r)=1 . L b(v.7) M(v,r')(2K* [V (v, )| + 1) r'dr

b(v,r) = exp <47|'(1 + kQ)J M(v,r") r/dr'>
0
Observe that bél) =0anday =3+ aél)
4r(1+ k%) (T bO(s) (o) ) 1 N )
fo O (1) M (5)(1+K (1+EX[,*,57,*+5])3(5))5 ds
where X[, _5,r, +5] denotes the characteristic function of the interval.

Given r, > A > 0, there exist constants C;, C;, C3 > 0 depending on r,
and A such that for all 6, h > 0 with & < =

ao(r) =1— ;

C
0 < ao(r) < a(r), re [0, re + 4] (non-trapped)
=0, rel0,r. —9) (static region)
a,(vo, r) — G rere—0,re +9] (short-pulse region)

< h
< -G, re(rs+6,r + 4]




SEQUENCE OF APPROXIMATE SOLUTIONS M, V%, af, bt
(defined in Chapter IV) to the Einstein-Euler system based on the

RIEMANN PROBLEM
’ (ML, VL), r<r
owU+ 0.F(U,a,b) =S(U,a, b) (M, V)(v',r) =
(/\/’R7 VR), r'<r
> Blow-up near the initial discontinuity: geometric effects suppressed

» Fundamental scale-invariant wave structures: shocks, rarefactions

Proposition

The homogeneous Riemann problem associated with the Euler system on a
uniform Eddington-Finkelstein background admits a unique self-similar solution
U= U((r—r'/(v— V")) made of shock waves or rarefaction waves.

Rarefaction curves

Rr(UL):{M:ML<VlL S VlLe(o,l]}
M

Rs (Us) = {M=Me(%) ™ i &ell+o)f

Shock curves

{
ST (U) = {M = Mo 1); Vl e [1,+0)

S5 (Ug) = {I\/I = Mg ¢+<le>; Ve (071]}



An approximate solution M*, V% af b (as defined in Chapter IV) to the
Euler-Einstein system is said to satisfy the short-pulse property if

» there exist constants Co, C, Cp, A > 0 (depending only on the chosen
static solution)

> an exponent x > 1 (depending on the sound speed k),

> defined for all v € [w, vi) with vy := vo + Th"

» In the domain of influence of the initial pulse

1 v—y 1 —K v—y 1 K
— e S (1 + 7) " < M (v, r) < GoeC 7 (1 4+ 7> ’

G h h
ie_cv << — Vi(v,r) < Ge® L (1+ 1)
Go h

» In the domain of dependence of the initial pulse (bounded
matter density + very large negative velocity)

1
7e—C R < Mﬁ(v’ r) < CoeC R
G
1 v 1 1
Z e (1 f)gfvﬁ ¢ m(1 f)
G° ( T (v.r) < Coe h




Theorem

Fix k € (0,1) small enough. Given any po > 0, let M, V. 3, b be the static
solution with density o at the center.
Initial data set

» Fix any r, > A > 0 together with perturbation parameters h,§ > 0
satisfying § < Cil with C; as above.

» Let (Mo, Vo, a0, by) be a short-pulse perturbation of this static
solution.

There exist 7,k > 0 such that for all light-cones H,,, H,,, H.,, ... and
spheres S,,, S,,, S,,, . .. of the discrete spacetime foliation:

» the approximate solutions M*, V%, af b? to the Einstein-Euler system
(defined in Chapter IV) are well-defined on the (large) time interval
[vo, vi) with vy = vo + Th"

» satisfy the short-pulse property




» BV regularity in spacelike directions
sup TV((r/\/Iu, Vi raf bE &t ) (v, ) — (rl\7l, \7, ray, E,,O)) < No
vE[vo,Vi )
» Lipschitz continuity in timelike directions v, V' € [v, vi)
(M, V) (v, ) = (PM, VYV, )0, 400) S Nolv — V']
with No := TV (r(Mo — M)) + TV5H (Vo — V).

Moreover, the sequence of approximate solution (/\/Iﬁ7 VE &t b%) con-
verges pointwise to a limit (M, V, a, b) which
» is a bounded variation solution to the Einstein-Euler system in
spherical symmetry
» satisfies an initial condition on #,, without any trapped surface
» admits trapped surfaces in the future of the initial hypersurface ’HVO.j




Section 2. CRUSHING SINGULARITIES
in self-gravitating fluids in Gowdy symmetry

e Einstein equations in the weak sense Rap — ggaﬁ = Tap
e Compressible fluids Tap = (1 + p(p))uaus + p(p) gap

future unit timelike velocity vector u®, mass-energy density i

isothermal pressure law p(u) = k* p1
o Gowdy symmetry on T3

» Action by a group of isometries generated by two commuting, spacelike
Killing fields X, Y

» Vanishing twists EaBrys X YAVIXS = EaBrys X YAVIY® =0
» Inhomogeneous cosmology: big bang / big crunch
» Include gravitational waves (contrary to spherical symmetry)
e Weak solutions to the Einstein equations
» Weak formulation of the Einstein equations
» Allows for impulsive gravitational waves, shock waves
e Existence of weakly regular Cauchy developments
» foliation by spacelike hypersurfaces, areal time function
> behavior near the future boundary of the spacetime

We state here a typical result based on the methods in Chapters Il to IV.



Metric in areal coordinates R € [ty, 1), 6 € S* and x,y € S?
2
g =2V (— dR? + atd0?) + ¢V (dx + Ady) + e 2 R2dy?
Einstein evolution equations in a weak sense

4
(t_l a_lAt)t - (t_l aAQ)G = _E(UtAt - 32 UQAQ)

€4U

(ta ' (Ue —1/(2t)), — (taly), = Q—ta(Af — a°Ap)
U
(ta  (ve + t2~ V(1 — k2))), — (tave)p = 2atUj + EA%
1+ k?)
t -1 2(v—U) (
+ta e 1% Y
Einstein constraint equations in a weak sense
ar = —ate? =V (1 — k?)
etV vy K2+ v?
v, = t(U2 + 22U2) + H(Af + 22A2) + te? Uy =
e*V (1+ kv

-1, .2(v=U
Vg = —2tUtU9 - ?AtAe —a ‘te ( )ILL 1— 2




Theorem. Existence of Cauchy developments and global areal foliations

(M ~ T3 g, k,i,J): BV regular Gowdy symmetric, initial data set with con-
stant area Ry = tp and which is either expanding or contracting.

» Existence of BV regular Cauchy developments

» BV regular Gowdy symmetric spacetime (M, g, i, u®)
» A future Cauchy development, globally covered by a single
coordinate chart

» Global foliation by spacelike hypersurfaces

» A global geometrically-defined time function t coinciding with + the
area R

» R : two-dimensional spacelike orbits of the T2 isometry group

> R increasing or decreasing toward the future

» Expanding spacetime t = R € [to, +0) to >0
(the area grows without bound)
» Contracting spacetime t = —R € [to, t1) to<t1 <0

» Crushing singularity property for Gowdy-symmetric matter spacetimes

For future contracting Einstein-Euler spacetimes with Gowdy
symmetry, and for generic initial data, one has t; = 0, that is, the
area of the T2 orbits of symmetry approaches 0 in the future.




Remark. Our genericity condition is optimal within the class of spatially
homogeneous spacetimes.

Spatially homogeneous spaces - Bianchi type | solutions (three-dim.

Abelian group of isometries) Qg = #
d(tU—1/2) €Y,
dt a 2at’ "
d eZUAt e2U
< =25 UuA
dt( at at f

—a=—ate® V(1 - k)

d te2(”7U> tez<”7U> 2 1 [
dt( pa Tl p w(l — k%) —7(17k2)7+atE

1 2 e4U )
aE_<Ut_E) +4?At

» Normalized mass-energy density M = %ez(”_u)u

1—oy
» New time function 7 € [0, +00) 7= —log (é)



Proposition

(A) Generic regime E > 0: solution defined for all t € [to,0)

» a(t), tUy(t), Ac(t) remain globally bounded
» M(t) >0ast—0 crushing singularity

. . “matter does not matter”
(B) Exceptional regime E = 0

(B1) Small mass density My < 1 same as above
(B2) Critical case My = 1: defined for times, but

» a(t) blows-up at t =0
» The normalized mass density M(t) = 1 remains constant
crushing singularity

“matter matters”
(B3) Large mass density My > 1

Only defined on a sub-interval [ty, t1) with t; € (to,0)

» a(t) blows—up at t1
» M(t) blows—up at t;
> the Kretschmann scalar blows-up
> null singularity: non-unique extensions across a null hypersurface
Cauchy horizon
“matter matters”




Section 3. FUTURE GEODESIC COMPLETENESS
OF WEAKLY REGULAR GOWDY SPACETIMES

Section 3.1 MAIN STATEMENT

From our result in Chapter Il

Theorem

Given any non—flat, weakly regular T2-symmetric initial data set (X, h, K)
with topology T3 whose initial area Ry > 0 of the orbits of symmetry is a
constant, there exists a weakly regular, Ricci-flat spacetime (M, g) with
T2?—symmetry on T3

» a development of (X, h, K), maximal among all such developments

» a unique global foliation by level sets of the area R
R € [Ro,0) in the future expanding direction

R € (0, Ro] in the past contracting direction, except for flat Kasner
(homogeneous) spacetimes

In other words:
» Generic initial data sets lead to a global foliation

» But there exist exceptional solutions (incomplete geodesics, null
singularities)



Furthermore, future expanding, Gowdy spacetimes are geodesically com-
plete in future timelike directions.

In other words, every affinely parametrized, timelike geodesic can be
extended indefinitely toward the future.

Generalization. Result also valid for polarized, Ricci-flat, T2 symmetric
spacetimes, but the problem remains open in full generality, even within the
class of regular spacetimes.

ELEMENTS of the proof
» Modified energy functionals.
» inspired by the Gowdy-to-Ernst transformation
» Weakly regular spacetimes.
» estimates at the regularity level imposed by the natural energy
> Regularity along timelike curves.
» define the geodesic curves under our weak regularity conditions
» Global analysis of the geodesic equation.

» geodesic completeness without using pointwise estimates on the
Christoffel symbols



COORDINATES general T2 symmetry
Areal coordinates. R coincides with the time variable

2
g =2V (= dR? + a72d6?) + €2V (dx + Ady + (G + AH) df)
+ e 2UR2(dy + Hdb)?

» unknowns U, A,n,a, G, H Two Killing fields X, Y
» functions of the area (of the symmetry orbits) R and 6 € S?
» R describes an interval [Ry, Ry), and x, y, f describe S*

WEAK REGULARITY CONDITIONS

U, Ae C°([Ro, Ru), H(SY)) ne CO[Ro, Ry), WHi(SY))
a,a te C%[Ry, Ry), W2 1(shy) G,He C°[Ro, R1), L*(SY))



WEAK VERSION OF THE EINSTEIN EQUATIONS

1. Nonlinear wave equations for the coefficients U, A, n
(RaYUr)r — (RaUp)g =2RQY
(R71 aflAR)R - (R71 aA9)9 =e2UQA
(a 'nR)r — (amg)o = Q7 = R (R¥2(a7) o)

QY= (2R) 2" (a1 A% - aAf))

Q= 4RV (— a7 UrAg + a UpA)

Q"= (—a tUi +aU2) + (2R)2e*Y(a 1A% — 2 A))
2. Evolution equation for the coefficient a

(2Ina)g = —R3K? e

K being the twist constant (vanishing in Gowdy symmetry)



3. Constraint equations for the coefficient 7
nR+%R*3e2”K2=aRE ng =RF

E:=(a'Us+aUj) + (2R)7264U(371 A% + aAj)
F:=2UrUy + 2R 2e*V AgAg

4. Coefficients G, H
Gr = —AKe’a 'R™3 Hr = Ke’’a 'R73

» Four equations for the (constant) twists
(R e4U—2”a(GR n AHR)>0 ~0 (R3 e213 HR)O ~0

(Re‘“’*z" a(GR ¥ AHR))R ~0 (R3 e~ aHR)R ~0



Section 3.2 DECAY OF ENERGY IN GOWDY SPACETIMES
EINSTEIN EQUATIONS FOR GOWDY SPACETIMES

Nonlinear wave equations

(RUr)r — (R Up)g = 2RQY
(R AR)R — (R7Y Ag)e = e 2YQ"
nrr — Neo = Q"

in the weak sense

4U 2U
(A% — A2) ot de

4

4R?

e
IR?

Q"= (- Uz + Uj) +

QY .=

(— URAR + UeAg)
(AR — A7)

Constraint equations nr = RE and 79 = RF

4U
= (Uz + Uj) +W(Ai~+ A7)
&t

F:=2UrUp + — SR? ArAg



ENERGY FUNCTIONALS. Basic energy

E(R) = J E(R,6) do E:=EY+EA
51

e4U

— (Ur)?+ (Wp)? E* = s (AR + (40)?)

4U

wER =%, ((U )2 +Z@ (A9)2) d9

Proposition. Integral energy decay for Ur and Ay
E(R) < &(Ro) R € [Ro, +0)

1
ﬁHnR(Ra Vs < E(Ro)

1
> H’?e(Ra Vs < E(Ro)

<2&(Ro)

Hﬁ (Ur L1((Ro,+00) x S1)) H Ll((Rg,+oo)><51))




Gowdy-to-Ernst transformation and decay property for Ag

» Only a partial dissipation estimate on Ug and Ay
» Decay for Ag derived now from another functional

Recall the Gowdy-to-Ernst transformation:
U :=In(RY?) -~ U
Ak = e*YR71Ay Ay = e*YR71AR
U’, A’ satisfy the same evolution equations:
(RUR)R — (R Uy)y = 2RQV
(R AR)R — (R7Y Ay)g = e 2V QX

Modified energy an arbitrary parameter b € R
(interpolation between b =0 and b = 1/2)

e[ (0088 ) 5 @+ S )

2b b2
—£— FL Uk + EL do



% =% + %‘;J RURd6 — %’j Ll ((RUs)o +2RQ) o - 4;’3’2
szf +We4“ (A9)2> do
+ %’J RURd6 — ;J (A% — A3)dO — 4;23”
:f% . (UbeR*> do
-, 27,1?3 e (2bA% + (1—2b)(A0)?) dO — 4;’2

We discover that, when b € [0,1/2], all terms have a favorable sign !

Therefore, % < 0 and &,(R) = 0 is bounded uniformly for all R > Ry.

Proposition. Integral energy decay for Agr and Ag

For all b e [0,1/2]:

+o0
f : j 4R2 2bA +(1- 2b)(A9)2) dfdR < Eu(Ro) + b*E(Ro)
51




We ned yet another energy functional Fix some b € [0,1/2)
E(R) =Eu(R) + G"(R)
1
GgY:== f (U—-{U)) Urdb
R Ja

with the average of a function f = f() defined by (f) := 5- {, f df.
Specifically, we will use this strategy

» with b = 1/4 and therefore E(R) = & 4(R) + GY(R)

» only for sufficiently large R

Theorem. The rate of decay of energy

For all Gowdy spacetimes, one has

Co

E(R) ~E(R) < 5

R € [Ry, +0)

where Cp > 0 depends only on the initial data Uy = U(Ry,-) and Ag =
A(R07 )




Heuristics when R — +o0
» one might expect that

d

7/\ R < —

D
ES(R) (modulo higher order terms)

» & should decay like %

» indeed correct for spatially homogeneous (Gowdy or general T?2)
spacetimes

However, for non-spatially homogeneous spacetimes

» asymptotic equi-partition of energy
» space derivatives = time derivatives

> we expect

E(R) (modulo higher order terms)

» & should decay like %



Time evolution of the correction term

GU(R) = g | (U=~ =) (Ve i) @0

by using the equation (R Ur)r — (R Ug)g = 2R QY and an integration
by parts

dGY(R) :_EQU(R)+EL1 (U= (UY)QY do

dR R R
1 s 2m 1.2

- = do — = (Ug — —

R g 0 R(Ur—

PR LE(R) - 2T (U oy~ =Y (R)+ 2 L (U-(Upy)a’ds

» The first two terms have a favorable sign.
» We need to control two error terms.



e With Cauchy-Schwarz and Poincaré inequalities:

GU(R)| _ 1 ER)
R~ 4r2 R2

e Nonlinear source-term

%SI(U (VY)Y db < |U(R) ~ (U(R)) e 0

2 ERP _ L E(RY
R R

< (2m)

(for R sufficiently large)
In conclusion, for some C; > 0

dE(R) _ &(R) E(R) E(R)3?
R SR Thm Tl
ER <R, RelR+)

provided g(Rl) is sufficiently small at some time R; > Ry.




The energy decreases to zero.

» Recall that an integral decay property was already established for
U2, A%, A2

» To control Uy, we return to our functional QU(R)

dGY(R) 2 2 v 1 \2
R < RY <R>+RLIQ <U‘<U>)d9+L (Ur =75 ) e
1 2
TR, Y

» All the terms therein are controled by U3, A%, A?, except U7 which
however has a favorable sign.

» Use the integrability of 5—;, etc. in order to deduce that %851 Uzdo
is integrable in time.

'IA'herefore, %EA(R) is integrable in time and, since E(R) is decreasing,
E(R) — 0.

Rate of decay of energy for all Gowdy spacetimes: £(R) < & J




Section 3.3 WEAKLY REGULAR NOTION OF GEODESICS

THE GEODESIC EQUATION
Future expanding, weakly regular Gowdy spacetime (M, g) in areal
coordinates

g =V (—dR? + d6?) + €Y (dx + Ady)® + e 2UR? dy?

» & [s0,51] — M satisfying the parallel transport equation
£ =~ (15,00 &

» Frame (T, X, Y, Z) adapted to the symmetry (the Killing fields need
not be orthogonal)

» Recall the weak regularity U, A e C°((Ro, +0), H*(S)) and

1€ CO((Ro, +o0), WH(S1))

the Christoffel coefficients are LP functions on spacelike

hypersurfaces

v

Too weak to deal directly with the geodesic equation



Theorem. Existence of weakly regular geodesics

Given & € M, and a future-oriented timelike vector &; € T¢; M and some
initial affine parameter sy:

» There exist s; > 5o and a curve £ € W1 ((sp, 51), M) satisfying
£ = —(rg,0¢) ¢Pe, E(50) = &0, &%) =&
» (Mg, 08) € L(sp,s1) along any (uniformly) timelike curve, so that
Ee Whi(sy,s).
» For every (£o,&1), there exists at least one maximal geodesic defined
on some interval [sp, s,).

Elements of proof
» Uniform bounds for a sequence of curves in weakly regular
spacetimes
» [ regularity of the Christoffel symbols along timelike curves

» Formulation of the geodesic problem as a nonlinear equation for the
time component &R with algebraic constraints



UNIFORMLY TIMELIKE CURVES ¢ € W1 ((s, 51), M)

» £ uniformly timelike if there exists C > 0 such that

g(£(s),&(s)) < —C  for almost all s € (s, 1)

» If £ uniformly timelike, then there exists D > 0 (depending on the
sup-norms of &, U o &, and 1o &) such that

\fR\ > \59| + D for almost all s € (sp, s1)

Indeed, write
—C> 62(7,7u)( . |£R‘2 n ‘§0|2) n e2U|9X|2 + 262U§X (SY n (e2UA2 n efzuRz)‘gylz
> ez(nfu)( o |€R‘2 + ‘§9|2)
in which 7 — U is bounded on any compact time interval.
Interpretation.

» Curves projected to the quotient spacetime M= [Ro, +00) x S endowed
with the (conformally equivalent) flat metric Zeonf := —dR> + d6?

» uniformly timelike for the flat quotient metric: |£R| = |€7] + D on (s, s1)
for some D > 0



Using our earlier analysis of weakly regular T2 symmetric spacetimes
> the structure of the Einstein equations
> energy arguments

> integration in a domain bounded by two timelike curves &1, & and two
spacelike hypersurfaces

Proposition. Higher-integrability of Christoffel symbols along timelike curves

Let £ € WH®((s0,51), M) be a uniformly timelike curve.

» The metric coefficients (U o &) and (Ao &) along this curve belong to
H'(so,s1). Consequently, for « = R,0 and a, b = X, Y, the trace of r:ﬁ
on ¢ is well-defined, with 'S, o € € L?(so, 51)

» no ¢ belongs to W!(sp, s1). Consequently, for all o, 3,7 = R,0,x,y, the
trace of F‘W’ﬁ on ¢ is well-defined and I'?;B o¢e L (so,51).

Stability of Christoffel symbols along timelike curves:
> Hrlﬁ 0 &ll11(s,5) < 0(S0 — 51) (equi-integrability)

» ¢ is a continuous function satisfying 6(0) = 0
» depending only on D, R(&(s0)), and R(&(s1))
» independent of &

» For every sequence &. approaching & in Wl’w((so,sﬂ,./\/l) :
H(r:)//ﬂ © 58)53 - (I—Zﬂ og)gaHLl(sg,sl) —0




EXISTENCE OF GEODESICS
X, Y being Killing fields, the geodesic equation for £ € W2 ((sp,s1), M)
is equivalent to

%(g(ﬁ,ﬁ))=0, %(g(fx))zo %(g(§>y))=0

50 + (r%7 of) 5./35.7 =0

» Given &g, &1, we introduce the constants
N? = —g(&, &)/ = g(é, X),  J i=g(&,Y)

» Let g be the Riemannian metric induced by g on the torus T2 and
associated with each coordinate (R, #) in the quotient manifold
M/T2.

» Fix some p € M and denote by (¢*,¢Y) = (¢X.¢)) the unique
vector on T2 with prescribed components

g((c.¢.x) = (X, y) =0

(cf. the explicit formula, below)



» Given any ¢?, we define the component ¢ (as a function of ¢”) and
therefore the vector ¢ = (§R(C9), ¢l cx, CY) by solving

g(C.Q)=—N*  sgn(¢") = sen(&T)
» To any map ¢ € L'(so, 51) as above, we associate the curve
E(s)) =& + Sjo ¢(s) ds, s’ € (s0,51)

Geodesic mapping W21(sg,51) 2 & > V[E] € W?L(sp,51)

e (s) = € + j W[e]" ds

S0

Ve (s) = ¢X(ECs)), WEN (s) = ¢V (Es))s WIER(s) = ¢R(&(s))
V() = €]~ | (Ths0)éné ds

. . S0
Fixed point argument
» compactness argument: equi-continuity property and Ascoli-Arzela
theorem
» stability property of the Christoffel symbols along timelike curves

» uniformly timelike bound

Conclusion: existence of a maximal (possibly non-unique) geodesic ¢ €
W2’1([50,51),M)




Section 4.4 THE GEODESIC COMPLETENESS

Asymptotic behavior of the metric coefficients
g =V (—dR* + d6?) + €Y (dx + Ady)® + e 2UR? dy?
with R € [Ro, +o0) and 0 € S?

LATE-TIME ASYMPTOTICS for the SUP-NORM

Proposition. Sup-norm bounds for U, A, and 7

There exist Cy, g > 0 depending only on the natural norm of the initial
data Uy, Ag such that for all R € [Ry, +0) and 0 € S?

|U(R,0)| < Gy RY?

|A(R, 0)]|e2V(R9) <
n(R,0) — U(R,0) > R — Go

for all but spatially homogeneous Gowdy spacetimes.




Arguments for U.
UO,R) = £ I, ( § Un (0", R)da") o’ + & §., U0, R) do’
Using Cauchy-Schwarz inequality, for all # € S* and R > Ry

1/2

V@RI < @02 ( [ 1w Rde”) " + |
51

5o | U R)dv

™ Jst

1/2

» First term in R™"/< thanks to our energy decay property

» Second term

U, R) do’
s1

Uo d6'
st

R
< f Ur(0', R"YdR'd6'| +
S

1 Ro

> first term

1/2
Ui(0',R)do'| dR'
51

R
J Ur(0', R')dR'do’
si

Ro

R
SJ‘
Ro

R
<J (R') 2R < R'?
Ro

» second term controlled by the H* norm of Uy



Arguments for A := Ae2U. Forall e St and R > R,

1
A(R,0) = > J A(R,-)d0’ + > Ll J / Aer R,0") d0"do’

» First term

f A(R,0') do'
51

R
=UA0 de’ +J J (Are®” + 2AURe®Y) d0' dR’
Ry JS1t

R 1/2
< G+ (2m)2 J ( J A2V de’) d6'dR’
Ro st

n LF: (Ll A2tV de/) 1/2( . U3 d0’) "2 R

By setting N (R) := |A(R, )€V )| w1,

R o0 /
$1+R3/2+J NZ(R) e
Ro

z / /
Ll A(R,0') do 72

» Second term

L / (Aezu) (R,0")d0"| <

J |Ag| €Y (R, 0") d0” +j

< R1/2 + R—1/2NOC(R)

2U2U9’ (R, 9//) d@”



Hence for the norm N (R) := |A(R, -)e?V(R)

| oo (1

N*(R) [ N*(R)

1/2 3/2

N*(R) <1+ RY2 + R¥2 4 i +LWCIR’
0

» on any bounded interval, N can be estimated directly using the
energy

» we can assume that R is sufficiently large

N;;(/f) in the left-hand side

» absorb

» apply Gronwall lemma
Similar arguments for 7 but more involved.

For all but spatially homogeneous Gowdy spacetimes, there exists a con-

(R)S &

stant ¢ > 0 such that HnR —Ur —c 5
Ll(sl)

Consequently eR < e(1=U)(R.0) R e [Ry, +0), § € St



FORMULATION IN TERMS OF THE TIME COMPONENT ¢R

Reduction based on the angular momentum

One says that a geodesic curve is future complete if it is global in the future
direction, i.e. its intgrval of definition in the affine parameter is of the form
[S0, +0) V=0 >0

» Let ¢ € W»'(([s0,51), M) be a future directed, maximal solution to the
geodesic equation.

» Denote by K > 0 the (conserved) norm of £ defined by —K? = g(¢,€)

» Denote by Jx and Jy the (conserved) angular momenta g(¢,X) and

g(&Y)
Vg6, X) = (6, VeX) = £€ViX; = 3¢ (ViX; + V,Xi) = 0
Conservation along £ of the two angular momenta
Ix(s0) = Ix(s) := g(&, X) = (¢ + ACV)
Iy(s0) = Jy(s) i= g€, Y) = UA(EX + AEY) + e VR

X = (R’2A2e2u I e72U)JX — A2YR™2),

é:Y _ —Ae2UR_2JX 4 R—QeZUJY




& = (RPA + ) ix — ARy
& = —AYR?Ux + R2V )y
Recall our sup-norm bounds

[U(R,0)| < G RY? AR, 9)|e2V R < Gy @R

Lemma. Asymptotics of the X, Y components of a geodesic

There exists a constant Cy > 0 depending on the initial metric Uy, Ay and
the initial momenta Jx, Jy of the geodesic & such that for all s € [sp, s1)

. . / .
EX] + €Y < G @ RO in Wh([s,51))




Geodesic equation

& = 1

=— rgR(éR)2 —2rReRe? — 1%, (56)2

—rReeh

a,b=X,Y and we have used T'% =TK =0 and we can also recall the
expressions of the Christoffel symbols

MRe =nr — Ug e L}(SY) TRy =1n9 — Up € L}(S)

1
M5 =k — Ur € L'(S") = _§e_2(n_u)gab,R e L*(SY)

8% = — (m — Ur) (€07 + (E°)%) — 2 — Un) €967 — Thyéoe?




Recall now the Einstein equations for n

et 1 ) R (e ) -
nQ_U9=2R<UR_ﬁ)U9+%ARA9
ne — U ‘\(UR—UR—l—%)

We have
é.R _ *(WR _ UR> ((éR)Z I (5'9)2) . 2<779 . Ug)éQE'R o rfbéaé-b
1 : . . 1 - .
<ip <(£R’)2 + (59)2) —rhEE < R (€ —rhée
since
nr — Ur + 7% 19 — Up
no — Up nr — Ur + ﬁ

» (€7)2 < (€R)?, since the curve is timelike

» the matrix < ) is negative definite

: dR _ (R (O FR o~ 1 dR¢ R fagb
In view of & = £", we obtain £ < 55967 — 5,6%¢

Proposition. Evolution equation for éR

d (12.R _ p—1/2rR jagb
Z(R26") < —R7rLé¢




DERIVATIVE ALONG THE GEODESIC
With

g =V (—dR* + d6?) + €Y (dx + Ady)” + e 2UR? dy?
and the notation p:=n— U + % and p:=n— U, so that

e4U

o R (U= ) R+ o (5 )

2R
we find

1 5 B
s, = —5€ 2-Ug.,r < Goe 2 ((ur)? +1).

With K2 := —g(&,€), one has:

2¢Re dp

O S S
MRS W21 2620 1 (Jy — AJx)2e2UR2 ds




Proof. The length of the tangent vector K2 := —g(é,é) is conserved along the

geodesic:
e—2(7;—u)(K2 n e2u(§’x +A£Y)2 n e—QURQ(éY)2> _ (SR)2 _ (éa)z
and in terms the conserved momenta _/X, JY
g'x _ (R72A2e2u " 672U)Jx — ARy

&Y — AYR2 Uy + R 262V )y

29\ 2 N
(;) - é:; (K2 + eV 4 (Uy — AJX)2e2“R*2) —1-y

In other words, [£7] = (1 — x)Y2¢R (strictly timelike vector)

First-order derivative pg = ng — Ur and pr = pr + ﬁ > |po| (Einstein
constraints):

dp _ (. L gr 6
ds = (R = gR)E + ot
12 R 1 R
= (1-(1-x) )uRf 2R

Hence: pr < gi(l —(1—x)"*) 7" and we finally use that



Lemma

There exists Cp, C1 = 0 (depending only on the natural norm of the initial
data) such that, along a geodesic £ = £(s),

2éR er du

<—= - _-F
HRS Y2 + G e~ GRY? ds

Moreover, the constant C; is stricly positive unless both angular momenta
Jx, Jy vanish.

v

Proof. If both Jx and Jy vanish, the inequality is already established.

1/2
» If Jx = 0 but Jy # 0, we use Y < Ge®R"".

» If Jx # 0, we may first drop the positive term containing Jy to obtain

_ 26R e du
HRS Koy e U+ (Jy — AJx)2e2UR2 ds
26R e du

g P —
K2 + J2e—2V ds

. 1/2
and we use again e?V < Cpe®R"".



COMPLETION OF THE PROOF
From our analysis so far, there exists a smooth function F = F(R) >0
d i o o, o
= (REOTPE) < REOMVINLEE < RV €7 ((ur) 7 + 1) €€
d

< F(REO) (& + 22 +1)

Lemma

The area goes to infinity on a maximal, future-oriented timelike geodesic

R(&(s)) — +© 5s— 5

Lemma

| \

The component &7 grows at most like

0<EfF < QR

A\

This is sufficient to conclude, since
R((s) — f ER(s') ds' < j RE(s) ds' < (s — s)R(E(s) "

with R(§(s)) — +oc0. This implies that s; = 400, so that the
affinely-parametrized geodesic & is defined on an unbounded interval.



Section 4. FUTURE GEODESIC COMPLETENESS
OF WEAKLY REGULAR POLARIZED T2 SYMMETRIC SPACETIMES

» Future expanding, Ricci-flat spacetimes with T2-symmetry on T3
» Polarized: two orthogonal Killing fields
» Exclude the Gowdy subclass: non-vanishing twist constants

» Key challenge: the class of Gowdy spacetimes exhibits a different
dynamical behavior !

Objective

» Stable late-time asymptotics within this class (when the initial
data set is close to it)

» Geodesic completeness: future timelike geodesics are complete
Metric in areal coordinate [Ry, +0)
g ="V (—dR* + a7 db?)
2U 2 —2U p2 2
+ e (dx+ Ady + (G + AH) df)” + e “"R*(dy + Hd0)

» Polarized spacetimes : one can take A =10

» Gowdy spacetimes : G = H =0



Two energy functionals

E(R) := Ll E(R,0)d6 E=alUi+al}
K2 —-1.2
Ek(R) := Ll Ex(R,0)do Ex = E+ pid e K

They are both decreasing in time

2
dg(R): K J Eez”da—gf a~' (Ur)%do

dR 2R3 [ R Js
d K2 2

R) = — -1 _2n _ -1 2
—dRSK( ) 7 . a e do = Ll a " (Ug) do

Main challenges

» We assume K > 0 and thus exclude Gowdy spacetimes —which were
treated in Section 3 and exhibit a different late-time asymptotic behavior.

» Only partial dissipation (as for Gowdy spacetimes)

» Singular weighted energies: metric coefficient a — 0 (new feature)



VOLUME-RESCALED ENERGY FUNCTIONALS

Volume of the slice R =constant for the conformal 2-metric
—dR? + a2 db?

F(R) = P(RIE(R) PR |, Sk

Heuristic leading to the asymptotic behavior

P(R) ~ RY? Pr(R) ~ R71/2

e? ~ R? a~ RY?
(instead of P(R) being constant for Gowdy spacetimes !)

Corrected energy

G(R) :=P(R)(E(R) + G”(R))

GU(R) == %Ll (U—{U)) Ura~do

(U): volume-weighted average



Formal derivation of an asymptotic model
» From the energies G = 77(5 + QU> and

K2
Ok = — a1 do
2 Ja
we define the (dimensionless) rescaled energies
P Gk
ci= ——=, d:=
RVG R3\G

» Neglect second- and higher-order contributions
» The functions c, d satisfy the asymptotic ODE model

R™R R 2R
_2dc*2 3 d

R rRYTaR

dr

» Global stable equilibrium and shifted variables

2 1
a=c——, d=d— —=
1 NG 1 NG



GEODEDIC COMPLETENESS PROPERTY
Class of initial data sets

» Fix some initial radius Ry > 0 and a sufficiently small € > 0.

» Consider initial data sufficiently close to the asymptotic regime
(non-empty class of data)

)g _1‘\
Py i ol e~ | <«

RovG(Re) V5! IRVG(Re)



Theorem. Weakly regular, T2-symmetric polarized Ricci-flat spacetimes

If the initial data set is sufficiently close to the asymptotic regime on some
initial slice of area Ry then the spacetime asymptotically approaches the
asymptotic regime

2¢," 1/2 1/4
Volume of a slice P(R RY<+ O(R
(R) = 5 (R7™)
Energy of a slice E(R) = O(R™%/?)
Rescaled energy G(R) = GR™' + O(R™%?)
1/2

G
Rescaled twist energy Gk (R) = 3 RS2 + O(RY*)

where Cy > 0 is a constant depending on the initial data set.
Polarized T2 symmetric, weakly regular, Ricci-flat spacetimes are geodesi-
cally complete in future timelike directions.

Open problems

» asymptotics far from the asymptotic regime

» asymptotics of non-polarized T2 spacetimes
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NEXT (and final) TOPIC

» The global nonlinear stability of Minkowski spacetime
» Einstein-matter system for a massive scalar field
» The Hyperboloidal Foliation Method (LeFloch-Ma, 2014)




CHAPTER VI
THE GLOBAL NONLINEAR STABILITY OF
MINKOWSKI SPACE for MASSIVE FIELDS

Global existence problem for the Einstein equations
> Self-gravitating massive scalar field
> Choice of gauge (De Donder): wave coordinates [Jgx® =0
> Nonlinear stability of Minkowski spacetime

Hyperboloidal Foliation Method
> New method of analysis for quasilinear wave-Klein-Gordon systems
» A framework leading to sharp decay rates
» A (3 + 1)-foliation of Minkowski spacetime by hyperboloids

Section 1 The general strategy

1.1 Wave-Klein-Gordon problems

1.2 The hyperboloidal foliation

1.3 Wave-Klein-Gordon systems with weak metric interactions
Section 2 The Einstein-massive field system

2.1 Statement of the nonlinear stability

2.2 The quasi-null structure in wave gauge
Section 3 The Hyperboloidal Foliation Method

3.1 Wave equations with null interactions

3.2 Wave-Klein-Gordon systems with strong metric interactions
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Section 1. THE GENERAL STRATEGY
Section 1.1 WAVE-KLEIN-GORDON PROBLEMS

» Systems of coupled nonlinear wave-Klein-Gordon equations
posed on a four-dimensional curved spacetime

» Simplest wave-Klein-Gordon model: posed in flat space
Clu = P(du, dv)
(v —v = Q(du,dv)

P, Q: quadratic nonlinearities in du = (J,u) and v = (0,v)

» Many models arising in mathematical physics
» Interacting massive/massless fields
» Massive Einstein equations
» Modified gravity theory

f f(R)dv, with, typically, f(R) = R+ xkR®
M

» Other models
» Dirac-Klein-Gordon equations
> Proca equation (massive spin-1 field in Minkowski spacetime)
» Objective: solve the Cauchy problem, global-in-time solutions,
small initial data



VECTOR FIELD METHOD

Based on the conformal Killing fields of Minkowski space
» suitably weighted energy estimates (Klainerman, from 1985)
» Klainerman-Sobolev inequalities
» bootstrap arguments

> nonlinearities satisfying the ‘null condition’, typically V,uV®v
» sufficient time decay
» derivatives tangential to the light cone

EXTENSIVE LITERATURE
» Nonlinear wave equations
» John, Klainerman, Christodoulou (conformal compactification),
Lindblad (blow-up), Bachelot, Machedon, Delort.

» Strichartz estimates: Bahouri, Bourgain, Chemin, Klainerman,
Machedon, Tataru.

» Extension to the Einstein equations: Christodoulou-Klainerman
(stability of Minkowski), Lindblad, Alinhac, Lindblad-Rodnianski
(wave coordinates), Dafermos-Rodnianski,
Klainerman-Rodnianski-Szeftel.
» Nonlinear Klein-Gordon equations
» Klainerman, Shatah, Hormander, Bachelot.

Much less is known on coupled problems



COUPLED WAVE-KLEIN-GORDON SYSTEMS
» Major challenge
> Smaller symmetry group: scaling field td; + rd, is not conformal
Killing for KG
» Decay for Klein-Gordon equation t
(in 3 + 1 dimensions)
> Need a robust technique for the coupling of wave equations and
Klein-Gordon equations
» Relying on fewer Killing fields
» Georgiev (1990): strong assumption on the nonlinearities

=3/2 but t~! for wave equation

» Katayama (2012): weaker conditions on the nonlinearities
» PLF & YM (2014, 2015): The Hyperboidal Foliation Method

Remark. Earlier work based on hyperboloidal foliations

> Friedrich (1981): global existence result for the Einstein equations
(conformal transformation, Penrose’s compactification)

» Klainerman (1985): global existence of small amplitude solutions to
nonlinear Klein-Gordon equations in four spacetime dimensions
(pseudo-spherical coordinates, uniform decay rate t5/4)

> Christodoulou (1986): existence for nonlinear wave equations
(conformal transformation)

> Hérmander (1997): sharp decay for the linear Klein-Gordon equation

» Numerical computations of the Einstein equations: Frauendiener,
Moncrief, Rinne, Zenginoglu



Section 1.2 THE HYPERBOLOIDAL FOLIATION

» Family of conformal Killing fields (of Minkowski spacetime) reduced
in presence of a massive field
» Scaling vector field not conformal Killing for Klein-Gordon

OUR STRATEGY
» Foliation (of the interior of a light cone) of Minkowski space by
hyperboloidal hypersurfaces (of constant Lorentzian distance)
» Generated by the Lorentz boosts L, := x?0; + td, for a=1,2,3
» Reuvisit standard vector field arguments, but new weighted norms,
better adapted to the Minkowski geometry
» Hyperboloidal energy
» Sobolev inequality on hyperboloids
» Hardy-type inequality for the hyperboloidal foliation

Encompass successively broader classes of coupled systems

» Nonlinear wave equations with null forms (Section 3.1)
» Systems with weak metric interactions and null forms (Section 1.3)
» Systems with strong metric interactions and null forms (Section 3.2)

» The Einstein-massive field system: strong metric interactions and
quasi-null forms (Section 2)




HYPERBOLOIDAL FOLIATION

» Hyperboloidal hypersurfaces H, := {(t,x) /t > 0; t? — [x|? = s?}
parametrized by their hyperbolic radius s > 55 > 1
» Foliation of the future light cone from (t,x) = (1,0)

K:={(tx)/IxI<t-1} (s <t <L)

» Initial data prescribed on the spacelike hypersurface t = 55 > 1
» Energy estimate in domains limited by two hyperboloids

Kiso,s1] ::{(t7x)/\x| <t-—1, (50)2 <t - |x\2 < (51)2, t > 0}



HYPERBOLOIDAL VECTOR FRAME
» Lorentz boosts (hyperbolic rotations) L, := x?0; + td, (a = 1,2,3)
» Semi-hyperboloidal frame
» Three vectors tangent to the hyperboloids 0, := L—;
» A timelike vector ¢, := 0:
» Semi-hyperboloidal decomposition of the wave operator

52'3 3 X2 a4 2 5 A
Ou = _?QOQOU = ?(')tu = T(gogau + 0,00u) + Egagau
a

HYPERBOLOIDAL ENERGY
» Weigthed directional derivatives
» Use full expression of the energy flux on the hyperboloids

» For instance, for the linear Klein-Gordon equation [Ju — c®u = f in
Minkowski space ss=t*—r and r’ =3 _(x°)°

5_2 5 3 Xa
Els,u] = En[s,u] := L—L F(ﬁtu) + Z (Té’tu + 5au) dx

i
2 "

2 3
JH5<52+f2 Z&u +u>

a=1



Summary of the features of the method

» Lorentz invariance.

» Foliation of Minkowski space by hyperboloids: level sets of constant
Lorentzian distance from some origin

» Invariance under Lorentz transformations

» Hyperboloids asymptotic to the same limiting light cone and
approaching the same sphere at infinity.

> No energy can “escape”’ through null infinity.

» Smaller set of Killing fields.

» Avoid using the scaling vector field S := rd, + to:

» The key in order to be able to handle Klein-Gordon equations

> Apply to the Einstein-matter system when the matter model is not
conformally invariant

» Sharp decay rates in time.

» Need to control interaction terms related to the curved geometry
» Sharp pointwise bounds for nonlinear wave equations and nonlinear
Klein-Gordon equations



Section 1.3 WAVE-KLEIN-GORDON SYSTEMS
WITH WEAK METRIC INTERACTIONS

COw; + G/ (w, 0w)dndsw; + 2w = Fi(w, dw)
Wl’(th ) = Wjo atW,'(tO, ) = Wiy

with unknowns (w;)1<;<, defined on Minkowski space (R3!, m)

» Wave-Klein-Gordon structure

» ¢ =0 1<i<n

»c=0>0 n+1<i<n

» Quadratic nonlinearities

» Curved metric terms

G (w, dw) = AP, w1 By,

> Nonlinear coupling

Fi(w,ow) = Pf“ﬁjkﬁavwﬁg wi + Qlf)‘jkwko”avw + R{ijWk

» Symmetry properties
N Gjaﬁ G/Ba

existence of an energy for the curved metric

> Gj‘w G'O‘ﬁ existence of an energy for the coupled system



Index convention
» Wave-Klein-Gordon structure

» ¢ =0, 1<i<n

» ¢ =0>0, n+1<i<n
» Wave components u; := w; 7=1,...,n
» Klein-Gordon components vy := wy T=n+1,...,n

MAIN ASSUMPTIONS
» Null condition for wave components: for (£y)? — 23:17273(53)2 =0

APPRE 6, = BI PRty = PEP6ats = 0

» Imposed only on the quadratic forms associated with wave
components
> No such restriction for Klein-Gordon components
» Structural condition on the sources (essentially to avoid blow-up)
(excludes terms like udu, udv, and u?)

ajk _ jk _ pik _
Q7" =0, R"=R"=0
» Weak metric interactions (excludes metric terms like uddv)

Bijaﬂt? -0



Theorem. (2014) Global existence theory for nonlinear wave-KG systems

with weak metric interactions
Consider the initial value problem
» coupled nonlinear wave-Klein Gordon systems with weak metric
Interactions
» smooth and localized (compactly supported) initial data posed on a
spacelike hypersurface of constant time t = ty.
Then, there exists € > 0 such that
» provided the initial data satisfy ||wig|ers) + [Witllusrs) < €
» the Cauchy problem admits a unique global-in-time solution (w;).

Proof.

» A complex bootstrap argument based on three levels of regularity

» A family of L? norms based on the collection of admissible vector
fields Z € {0., L.}



BOOTSTRAP FORMULATION Given ¢; > 1 and e > 0 and
0 € (0,1/6), we formulate our bootstrap assumptions within a given
interval [so, s1] of hyperbolic time.
» Hierarchy of energy bounds (s € [sp, 51| and all admissible fields):
» High-order energy |I*] <5

E[s,Z’ﬁu;]l/zg Cies® 1<er<n’
E[s,Z’ﬁvj]l/QéClz-:s‘s n+1<j<n

» Intermediate-order energy [T < 4
E[s,Z’Tug]l/2 < Gesd’? 1<e<n
E[s,Z’ijv]l/2<C185"/2 n+1<j<n

» Low-order energy (uniform, specific to wave components) [ <3
E[s, Z'u;]*? < Cie 1<7<n

» Hierarchy of bounds for the curved metric and sources

From these assumptions, we are able to deduce a hierarchy of
enhanced energy bounds with C; replaced by C;/2
Observations.

» Algebraic (slow) growth factors

» Uniform bound for the low-order energy of the wave components



Section 2. THE EINSTEIN-MASSIVE FIELD SYSTEM
Section 2.1 STATEMENT OF THE NONLINEAR STABILITY

New approach for proving the nonlinear stability of Minkowski
space

» Covers self-gravitating massive fields

» Previous works concern vacuum spacetimes or massless scalar fields

» Christodoulou-Klainerman 1993: null foliation / maximal foliation
(fully geometric proof, Bianchi identities, geometry of null cones)

» Lindblad-Rodnianski 2010: wave coordinates (standard foliation)

» Massless models: Bieri-Zipser (2009, weaker decay assumptions),
Speck (2014)

Einstein equations for a spacetime (M, g) Ruop — ggaﬁ = Tup
» Stress-energy tensor T,g := V¢V — <%VV¢V"’¢ + V(d)))ga/g

» Potential V(¢) == ¢ with ¢ > 0
» Klein-Gordon equation (gt = V() = ¢
» Perturbation of a spacelike hypersurface in Minkowski space

» Wave gauge [7 := g“ﬂrlﬁ =0 (see Chapter 1)



CAUCHY DEVELOPMENTS

Initial data set.

» Riemannian 3-manifold
» Symmetric 2-covariant tensor field

» Einstein's constraint equations

R+ (Trk)? — [k|> = 167 Too
Yok — V,(Trk) = 87 T,

(Hamiltonian Ggg = 87 Tgo)

(Momentum To, = 87 To,)

» Matter fields
» Notation
> Z.pr ki (with a,b=1,2,3)
» V: connection associated with g

» Trace Trk = E: = ga%b

(components Too, Toa)

R: scalar curvature of g

norm |k|> = Konk™”



INITIAL VALUE PROBLEM. Future development of the initial data
set

» Lorentzian manifold satisfying the Einstein equations (M, g)
» Embedding v M—->HcM
» Induced metric V'g=g
» Second fundamental form k vk =k

» Matter fields

FORMULATION AS PARTIAL DIFFERENTIAL EQUATIONS

» choice of coordinates / diffeomorphism invariance
» wave gauge
» coordinate functions such that
(Jgx® := V¥Vox® =0
» system of coupled nonlinear wave equations for the metric
(e8as = Qas(g,08)
» hyperbolic-elliptic system of PDE'’s



Theorem. The global nonlinear stability of Minkowski spacetime for self-

gravitating massive fields. The geometric formulation

Rap = 8m(VadVsd + V(9) gap) g9 = V'(¢)

with an initial data set (M, g, k, ¢o, ¢1) satisfying the constraint equations

R+ (Tr;)2 — |E|2 = 167 Too (Hamiltonian Ggo = 87 Tqp)
— —b — —
kaa — Va(Trk) = 8m Tp, (Momentum Tos = 8w TOa)
» is close to an asymptotically flat slice of the (vacuum) Minkowski
spacetime (suitable decay at spatial infinity)

> more precisely, in a neighborhood of spacelike infinity coincides with a
spacelike slice of Schwarzschild spacetime with sufficiently small ADM
mass (Compact Matter Perturbation Problem)

Then, the corresponding initial value problem admits a globally hyperbolic
Cauchy development
» which is an asymptotically flat and future geodesically complete spacetime.

> In other words, every affinely parametrized, timelike geodesic can be
extended indefinitely toward the future.




Theorem. The global nonlinear stability of Minkowski space for self-gravitating

massive fields. The formulation in wave gauge

Einstein-massive field system in wave coordinates [J;x* = 0
(sgas = Qup(8:08) + Pap(gi 08) — 2(0addsd + V(6)gas)
Do — V'(6) = 0 V() = ¢
(s := 8%%0,.05 reduced wave operator
Qup: standard null terms P.s: quasi-null terms

together with an initial data set (M, g, k)

coincides, in a neighborhood of spacelike infinity, with a spacelike slice of
Schwarzschild space in wave coordinates (¢, x)

1_ms
8500 = —
1448
14+ = ms\ 2
85.ab = 7 i Wawp + (1 — T) (0ab — waws)
r

ms being the ADM mass with r := |x| and w? := x?/r




That is, consider an initial data set prescribed on the hypersurface {t = 2}:
8ap(2,7) = go,a8 0t8ap(2,") = 81,08
¢(2v ) = ¢0 af¢(2a ) = ¢1

which coincides with gs outside the ball {r < 1}, i.e. forall r > 1

ga5(2, ) = 85,08 afga5(27 ) =0 #(2, ) = 0:p(2, ) =0
Then, there exist constants €p,d > 0 and C; > 0 and an integer N such that
provided (with hap = gap — Map)
Z 10+ ho,apl un(gr<yy + Dol uv+r(greaayy + +Hld1l v (graayy + ms < € < e,
o, B,y
then the initial value problem for the Einstein-massive field system
» admits a global-in-time solution in wave coordinates (gags, ¢)

> satisfying the following energy bounds for all s > 2

Ewm(s,d' L' hap)? < Gies® M+ <N
En.e(s,0'L'¢)* < Cres®™? ) +[J <N
Ew.o(s,8'L’9)? < Cres® ) +]J]<N—4




FOR THE PROOF
Hyperboloidal foliation

» Killing fields: hyperbolic rotations
» Lorentz-invariant norm
» commutators

Tensorial structure

» wave coordinate condition [Jyx* = 0

» null terms, quasi-null terms (refered to as “weak null” terms by
Lindblad-Rodnianski)

Sharp pointwise estimates
» explicit integration along characteristics or rays

» [*-L* estimate for wave equations on curved space
» L®-L%* estimate for Klein-Gordon equations on curved space

Hierarchy of energy bounds
» several levels of regularity
» algebraic growth in the hyperboloic time s
» proof based on successive improvements of the estimates



Section 2.2 THE QUASI-NULL STRUCTURE
OF THE EINSTEIN-MASSIVE FIELD SYSTEM

Proposition

Rag g (ha(;ga/@ P = (a Fﬁ +(/Brﬂ) P = Faﬁ
where Fop := Pog + Qag + Wep is a sum of (i) null terms

Qup =8 g% Osgar05g5x — g™ g°° (

058ax'0x8as' — 05855'OrBa')
+ gM/gW (aa A65' 05873 — 5agA395gA'5')

+ %gM/gW (0agr30x 855" — 0aBss' ON 8AB)

+ g g (0885705810 — 088ra058x's)

1
2gM g (f%gkaaxgaa' — 058565/ Ox'Brar)

(i) “quasi-null terms”

1 ’ ’ ]_ / ’
Paog = —EgM g55 0a8s5)' 085" + Zgéé g/\’\ 05855 0a8AN

and (iii) terms vanishing in the wave gauge W,z := g55'agga5r5, —Talg.




CONSEQUENCES.
» Vacuum Einstein equation R,3 =0

(le8as = Pap + Qup + Wags + (0aTs + 35T ).

Under the wave condition gaﬁrgﬂ =0, we have [3 = 0 and
therefore:

(Jg8ap = Pap(g: 08) + Quslg: 08)

» Einstein-massive field system
Gag =87 Tag

1
Taﬁ :aa¢aﬂ¢ - Egaﬂ (glwauqbau(b + C2¢2>

therefore )

C
Ra,B =87 (va¢v6¢ + ?¢2goz/3)

and the system in wave coordinates reads

(Jg&ap = Pap(gi 08) + Quslg: 0g) — 16m0apdpd — 8Tc> P gas
|jg¢ - C2¢ =0




DERIVATION OF THE RICCI DECOMPOSITION
Rap = 0ATos — 0al3x + TasM %5 — TasT o

1 /
Mo = Eg,\x (0agBx + 038ax — OnBap)

Only the first two terms in the expression R,z involves second-order
derivatives of the metric. In view of

20305 = — 8" 02058ap + 8°020agps + 8™° 020p8as
+ 0,8 (0agss + 0p8as — 058as)
2 (?aFgA =0a08xs + 5ag/\555g,\6,
the second-order terms in the Ricci curvature read
= —g"0\058ap + 8°0a0r855 + 80507850 — 87000l
— 078 0580p + 0287 0agps + 0287 05805 — 008 0p8rs

» second-order terms in the metric

» products of first-order terms in the metric



On the other hand, consider the term 9, 3 + 03l (which appears in our
decomposition):
» Christoffel symbols

1
M =g" T, = 588" (9agps + 0p8as — 0s8as)
« 1 «
=8¢ 0agss — 58°°8" 0s8as
and, therefore, I\ = gy, [ = g%, gsx — 287 0rgup-
» Derivatives of Christoffel symbols
1
0al 5 =00 (8" 05805) — 5% (g™058xs)
1 1
=g°20,0580p — EgM@a@ﬁg,\a - Eaagmaﬁgm + 008’ 05875
The term of interest is thus:

0al g + 05T 0 =g*°0a0rg55 + £° 0507850 — £7° 000882
+ 00805825 + 0587 0580

1 1
- Eaﬁgmaag,\é = Eaagmaggm




Observe that

» The second-order terms in 0,3 4 0gl, are exactly three of the
(four) second-order terms arising in the expression of dAI') 5 — 0al 3,

» The last term in 0,3 + 0glo coincides with the last term in
OrMhg — 0l iy
2 (a)\réﬁ - (7ar2\3>\) = _gkéa/\aégaﬁ + (aarﬁ + aﬁra)
— 028" 0580p + 028700885 + 028" 0p&as

1 1
— 0.8™°058r5 — 08870580 — Eéagmaﬂgm + Eﬁﬁgmﬁagm

2 (02 — 0al3y) = —0287058as + (0aT5 + 95T 4)
+ g g% Orgn5 058ap — 8™ 8% OrEN 51 0alps

’ ’ 1
— 8" g% 0xgx5038as + ng,\ g% dugns 0B8AS

AN 656

+g w85 058rs + 8 8% 08 058ra

1 ’
= EgM 2% 058x 5 0ngrs




» We have used the identity 0,8 = —g* g% Do g

» The two underlined terms above are opposite to each other.

Second-order terms in the Ricci curvature

2(0AM25 — 0al3y) = —028°0580s + (0als + 35T o)

AN 66" A

M %% 03 s 058ap — 87 8% x5 0ngss

+8

— g g% Orgn51 05 8us

+ g g% dugns 0587 + g’wgwaﬁgw’ 058 a

We need to deal with the five terms above.



Quadratic terms in the expression of the Ricci curvature

4Tps0%5 =™ g% (aAgéé’aozgﬂX + 0p8ax Oxgss' — 5A’gaﬁf7Ag55f>

4T F‘Z;A g™ g™ (aag(S)\’aﬁg)\é/ + 00853 0785 — 0a85) 05/ 8B
+ 058ax' 088x6" + Os8ar OrEBs' — O58ax Os &8N

— O\ 8as0B8rs' — Ox BasOrEBs + @A'gaaasngQ
We deduce that

4 (réﬂ rié - F?MJ%A)

= g™ g% O gapingss + 8 8% OsgarO58px + 8 OnBusOrgss
— g™ g% dagsn 0p&xs
+ g™ g% 0rgss Oagpn + 8 8% 0rgs5 0pgar — 28 8% 058an Orgss-

Observe that:
» The first three terms are “null terms”.
» The fourth term is a quasi-null term.

» The two underlined terms will be the opposite to two other (underlined)
terms derived below.

Hence, only the last term remains to be dealt with.



In summary, in the Ricci expression, we need to deal with six terms:

01 = 36" 8" Orgvsdaas 0 = —28" 8" Orgustagas
Q3 := —%gM g 5/6>\gx5'5ﬁga5 Q4 = %g”lg‘s‘yaa 5/ O5E\B
Qs := %gM/gwangwasgAa Qs := —%g”lgé‘slaggQA/aAgM,
General identities for the metric
gaﬁao‘gﬁ‘s o %gaﬁa‘sg‘lﬁ =T gﬁtsaagaﬁ - %gaﬁaﬁgaﬂ =Ts

First three terms

1 , 1
Q = Egéé 0580V 5 + 4gM g% 0580805 A\

1 ’ 1 / 5
Q = 58" agpsTs — ;8™ 8" Oy g dasss

1 1
Q3 = _Eg UBgaaraf - Zg Ng? 05/gw<9/3ga5

» The last term in Q; is one of the quasi-null term.
» The two underlined terms are opposite to the two underlined terms above.



Fourth term

1 1y sx
Q4 —2gM g (5agwfaagw — 0a823058xs') + EgM g°° 0agrs0s8\ s
1 ’
=§gM géé (@xgxafaégw - 9ag>\,355g>\/5/)
1 ’ 1 ’ ’
+ EgM Oagrply + ZgM g% 0ugrsOngss

1
72g>\/\ g (aa /\/6/(?5g)\ﬂ - aag)\gagg}\/(;/)

1
+ 4gM g (%&/35/\'&55' — 0a8s5' 0N 8AB)

1 ’ 1 ’ ’
+ EgM Oagrpl y + ZEM g% 0uss Ongrs

Qy 2gM/g (Oatns'05826 — Oalrp0s8x5)

4 g’\’\ g% (Oagrs0x 855" — Oakss OxEAE)

1 1 / 1
+ 58’)"\ Oapl v + Zg&s 0a8ss'T 5+ <

58" AN
0
g8 &

g 855" 0BEAN




Fifth term

1 /
Qs 2gM 2% (358x5 05820 — 058200585 )

1
+ 4g’\’\ g% (088ra0x &ss' — 03855 Ox'Bra)

1 . 1 .. 1 o o
+ §gM dp8ral v + Zg“ 05856 T + =8°° g™ 0856 arn

8

Sixth and last term Qg

1 1 ’ ’
28’M g (%gax@xggaf — 05855/ OrBax') — EgM g’ aég,@ti’a)\gaA’
1 3\ 55

—58 8 (058ar 0r8ps — 058ps' ONBar') — 2g aAgaA'rﬁ - *g g 9ﬁg55/(3Agax

1 1 1
2g>‘>‘ g (56gaw5Ag55' — 05865/ OrBar') — Eg N oxgan Mg — Zg 9,6g55'ra

1
8gM 8" dagrr 5855
1 v s 1
Qs = — 28 & (0s8ax Orgss' — 05855/ ONBar') — Era s

1 ’ 1 7
- Zgw 0a8ss'Tp — Zgw 05855/ T a

1 ’ ’
- gg»\ g66 Oa 8\ 08855




In conclusion the quadratic terms in the Ricci curvature R,z read:

1 1
2g N g% g Oy gpr — 2gM 8% (058ax 0rgp5 — 05855 Organ')

1 AN 58

t587¢8 0a8)5' 05828 — 0a8\BO58N S

Jr

g g

1 ’ ’
AN 566
g

+
(Iq

03875' 058 e — 038700585

1 ’ U
g)\/\ g&S

(
1 AN 88 (
(0
(

)
ag/\Ba)\’g&S’ — 0855/ O g,\ﬁ)
)
)

+

088xa 0\ 855" — 0855' 0N Bra

l 1
- Zg’“ g% 0a8s\0p8xs + 8g66 g™ 08855/ Ca8AN

1 55 1
- 0s8asl s — =Tl 3.
+2g 058apl s 5 B

By collecting all the terms above, we arrive at the desired identity.



Section 3. THE HYPERBOLOIDAL FOLIATION METHOD
3.1 WAVE EQUATIONS WITH NULL INTERACTIONS

The simplest model

>

>

Ou = P*?0,udsu Ulp,, = Uo, Orulp, = tn (%)
initial data wo, 11 compactly supported in the intersection of the spacelike
hypersurface Hs, and the cone K = {(t,x) /|x| <t — 1} with 5o > 1
standard null condition: P*?¢,£5 = 0 for all € € R* satisfying
—§+2,&6=0
hyperboloidal energy Ey = Em,o: Minkowski metric and zero K-G mass

admissible vector fields Z € % spacetime translations 0., boosts L,

Theorem. Global existence theory for wave equations with null interactions

There exist €9 > 0 and C; > 1 such that for all initial data satisfying

the Cauchy problem (x) admits a global-in-time solution, satisfying the
uniform energy bound

and the uniform decay estimate |6au(t,x)‘ < o

Diij<s Dzex Em(so, Z' )2 <e < e

Z Z EM(S, Z'u)1/2 < CGie

<3 Zez
C1€
t—[x)t2




Bootstrap strategy. For some (sufficiently large) constant C; > 1, let
us assume that the local-in-time solution satisfies within some time
interval [so, s1]

Z Em(s, Z'u)V? < Cpe, s € [so, 5] (x%)
|1<3,Ze%
More precisely:

» let 51 be the largest hyperboloidal time such that (xx) holds true.
» Since C; > 1, by the local existence theory and by a continuity

argument, we do have s; > sp.
Suppose s is finite. We are going to prove that

» for suitably chosen constants €p and C; > 1 and for all € < g9

G
Z Em(s, Z'u)Y? < 715, s € [s0,s1]-

|1|<3,Ze%

» Consequently, s; cannot be the largest time and we get a
contradiction

» unless s; = +00.



Proposition

Let u be a solution defined in [sp, s1] whose initial data satisfies

Z Em(so, Z'u)Y? < e.
|11<3,ZeZ

Then, there exist constants eg > 0 and C; > 1 such that if

E,\,,(s,Z'u)l/2 < Cie, s € [so, s1]
|1|<3,Ze%

for € < €, then the following stronger estimate holds

C
Em(s, Z'u)¥? < 716, s € [so,51]-
|1|<3,ZeZ

Recall our notation

» The semi-hyperboloidal frame consists of three vectors tangent to the
Ly

hyperboloids 0, := % = X—:ét + 0, and the timelike vector 0, := 0;.

» Admissible vector fields Z € {0a, L.}



Lemma. The energy estimate for hyperboloids
Z Em(s, Z'u)}/?

|l|<3,ZeZ

< Y Eulso, Z'u)? f |2 (P 201y, 95
[1|<3,Ze2 0 |/|<3,Ze%

Notation. |ul;2(5,) = $a. lul dx = §lu(y/s? + [x]2,x)] dx
Proof. Using the product Z' (with |/| < 3) and the commutation property
[Z'.0] =0
0(Z'u) = Z' (P*Pdaudpu).
By multiplication by 0:Z'u, we see that I := Z'u satisfies

1 ~2 ~2 ~a ~ ol (poBa ~A
5at((atu) +§a](aau) ) — 0,(0200:0) = 0. Z' (P 0 0 51)..
By integrating in the region K[ 5] limited by two hyperboloids

J ( (@i +Z (2410)?) = 0a(@a0i0:1) ) ditx :J 0.1 Z' (P** 0,105 u) dtdx.
Klso.s]

Klsp.s)



Left-hand side. By Stokes’ formula:

%f (@) + Y (2a00)°,20,00,1) - n o
Hs 3

1

_EL{ (|8tu|2+2|8 0)?,20,00,0) - ndo

»n= (2 +[x[?)" / (t,—x?): future oriented, unit normal to the
hyperboloids

» do = %dx: induced measure on the hyperboloids

1J ( ~12 ~12 x? ~A ~
= (12 + Y jeanl +2—03u5tu) dx
2 Hs 2 t

1 -~ -~ q
— ff (|6tu|2 + Z |00 + 2X—62u8tu) dx
2 Hso 2 t

1 1
= EEM(S’ Z'u) - EEM(SmZIU)

in view of the expression of the hyperboloidal energy
2

Em (s, u) SH (52+r2 (Qou)? +Z§:1 (Q,u)”+ %2 u2) dx but here ¢ = 0.



Right-hand side. With the change of variable s’ = (2 — [x|?)¥/? and the
identity dtdx = (s’/t)ds’ dx:

S
J. J (s'/t)0cuZ' (PP dqudsu) dxds'
S0 i
Consequently

1 1 s
EEM(S’ Z'u) - EEM(507 Z'u) = f f (s'/t)0cuZ' (PP 0o udgu) ds'dx
S0 s/

After differentiation in s:

d
E(s, Z’u)l/ng(s, Zu)t? = (s'/t)(?tuZ’(Paﬁaauaﬁu) dx
Hs

<I(s/t)0et 234, | Z' (P OaiOpur) | 25,

By the definition of the hyperboloidal energy:
E(s,u)Y? > |(s/t)0¢ul2(3,) and therefore

d
e Z E(s,Z'u)'/? < Z HZ'(PO‘BOQU%U)HL%HJ.
|11<3,ZeZ l1|<3,ZeZ

We conclude by integrating over the hyperbolic time interval [sp, s].



Lemma. L? estimate based on the hyperboloidal energy

Z HQQZIUHL’%(’HS) + H(S/t)QoZIUHLﬁ(HS) < CGe
|11<3,ZeZ

Forall s € [sp, s1]:

Lemma. L? estimate based on commutators

For all s € [sp, s1]:

S 3 1250, 25ul iz, + 12 (/008025 0) iz, < CCre

|h|+|k|<3ZeZ

Lemma. Commutator estimates

(2", 2, ]u| + (2", 0a]u| £, D 10527l

B |J|<I
2, 0,]u >0 ) |8, 2% ul+ = Z > |8zl
b |hl<|l| v <]
(2, 0adslul £ D) D [850, 274l
¥,y <]

12", 0.051ul + |[Z', a@plul £ 3 ) 128,27+ £ IS Y o, z%;

& [l 7 |ls|]




Proposition. The Sobolev inequality on hyperboloids

For all functions u defined on the hyperboloid H (s2=1t2—1r?)
sup  t32|u(t 2 L ull 2(x s=s5>1
(t,x)€H,s lI]<2

with summation over all boosts L € {L, = x?0; + tJ,}

Lemma. Decay estimate in the sup-norm

For all s € [sp, s1]:

1£20,27 ull o 34, + 11250027 ulio ey < CQre <1

Recall that s < t



We now decompose the null forms on the semi-hyperboloidal frame. The
following lemma follows from the identity (and similar identities)

2,2 a
(0cu)* = (95u)% = fo(@Ouf + 27 dgud,u - Y (8,u)”

a a

in which we have used ¢, = 0; and @, = X—:at +0, (a=1,2,3).

Lemma. Algebraic structure of null quadratic forms

For all null quadratic form To‘ﬁaauaﬂv

!ZI(Taﬁaauaﬁvﬂ SZ Z (|Z’1QauZ’2Qﬂv|+|Z’1QBuZ/2QaVD
a5 [h|+|b|<|1]
+ (s/t)? 2 |Z"84uz",v|
[h]+]R]<]|/]

Observations.
» The derivatives ¢, enjoy better L and L? decay estimates.
» The derivative ¢,

» not enough decay
> but a favorable factor (s/t)? in front of Z"0 uz"”d,v



Lemma. Decay estimate for the interaction term

|Z' (P*P0,udsu) C (GCie)?s™3/2

lizae,y <

C > 0 being a universal constant

Proof.

|2 (PP 0audsu)| < C(s/t)® D) |Z"owuZ"dcu]

[h|+RI<]1
+C Y (12 zbosu] + |24 05u Z"0,u])
1Tl <

= T1+ T2

We now combine the L2 and L estimates together.



Terms in Ty

Observe that |li]| + || < |I] < 3 implies that |I;| < 1 or |k| < 1. Without loss
of generality, we can assume |h| < 1 and write

[(s/02Z8ocuz"0eu| 5y ) < |(5/8)2" 00t 3, |72 (82525000 .

it (Hs)

< C(Ge)?s3? sincet > s

Terms in T,

When |h| < 1 we write

|280,uz"25u] 5

2(Hs) <s |z "0yl oy, | (5/D 2225 2

7(Hs)
When | k| < 1, we write

|28 0,uz"25u] 5

7(Hs) <s 2 HZIIQaUH L2

2(Hs) I t'/2sZ" Opu L0 (H

Hs)

< C(Ge)’s

< C(Ge)’s

—3/2



CONCLUSION.
We combine the null form estimate with the energy estimate:

Z Em(s, Z'u)'? < Z EM(507ZIU)1/2+C(C1€)2J (s") 32 ds'

|11<3,ZeZ |1|<3,Ze% s

1
< €+ C(C1€)2 < EclE

by choosing C; > 2 and ¢ < gp := glczg
1




Section 3.2 WAVE-KLEIN-GORDON SYSTEMS
WITH STRONG METRIC INTERACTIONS

From the Einstein equations in wave gauge, we can formally derive the
following model:

—[u = P“ﬁaavégv + Rv?
— v + uH“ﬁﬁaﬁﬁv—k v=0

with arbitrary P8 H*8 R

Theorem. Global existence theory for wave-Klein-Gordon systems with

strong metric interactions

Consider the nonlinear wave-Klein-Gordon model with given P*? R, H*?
and ¢ > 0. Given any N > 8, there exists € = ¢(/N) > 0 such that
» if the initial data satisfy [ (uo, vo)| pwv1(msy + [ (u1, vi)ll v (re) < €

» then the Cauchy problem for the model problem admits a
global-in-time solution.




Bootstrap based on a hierarchy of energy bounds (k= |J))

Em[s, o' L7 u]"? < Cres®® [ +]J] <N wave/high-order
Eml[s, o' LIv]Y? < CresV>t 0 |1 +|J| < N K-G /high-order
Emls, 8'LJ ul¥? < Ge [I| +|J| < N—4 wave/low-order
Em[s, 0'LIv]Y/? < Cres®® | +1]J] < N—4 K-G/low-order

Energy bounds

» Wave component u

» High-order energy “quasi-conserved”
» Low-order energy “conserved”

» Klein-Gordon component v
» High-order energy in s/2*: specific to strong metric interactions

» Low-order energy “quasi-conserved”

» The proof uses also the energy functional associated with the curved
metric.



NEW TECHNICAL LEMMAS (Hardy, L* — L)

Proposition. Hardy-type estimates for the hyperboloidal foliation

For all functions u defined on a hyperboloid H:

S Z 10, ull 23, with 0, = t 1L,
a

For all functions defined on the hyperboloidal foliation

u
|2 o HSO o) Zu@auums)

ds’
# 3J (12ettionn + 16 10000) G

v

Proof. Compute the divergence of the vector field W =

0 o<r
1 2/3<

e

0, wim(r/t)?)

for some smooth cut-off function x(r) = {

Remark. Similar to d,(u?/r) for the classical Hardy inequality



Lemma. Decomposition for Klein-Gordon in curved space

v being a solution to fﬁgv +c2v="f

» metric g*# = m*# — poB

> sup m00| <1/2 (component in the hyperboloidal frame)
The function w; (\) := A32v(\t/s, Ax/s) (with s = +/t2 — r?)
satisfies the second-order ODE in A
d2 C2

th,x + ﬁwt,x = Kt x

with A = A (\t/s, Ax/s) and a right-hand side ke.x = ke x()\) defined below

y

» We do this analysis in hyperboloidal coordinates (X°, %) = (s, x)

P

—afB
» h ": components

> in the hyperboloidal frame

= s t2 —r?
(}0 = ('/‘s = E(‘}’t = fat
—a a
= X X
(33::5;a27(3t+(3327(3t+(33



3/2 — .
ke x i= RI[VHRZ[H;O?[VHS f W5 matrix of change of frame

. 3/273 A2 1 a _bA & 3 aA
Ri[v] :=5s770.0"v + ST (x X"020pV + VT 3x 6av>

Ro[v] := EOO (451/2 v+ 51/250v> — 32 (ZEObgogbv + Fabgagbv + h‘*‘*aﬁg éﬁzv)
. , o 2 a_ a b, _
Rs[v] :=h" <2x s%300v + S%aav + Xsl%aaa@

Lemma. Technical ODE estimate

Given G : [so,s1) — [—1/2,1/2] and k : [so,s1) — R with s; € [sp, +0)
and G’, k integrable, the solution z to z”(\) + HCT?\)Z()\) = k(\) with
prescribed initial data z(sp) = zp and z/(sp) = z satisfies for all s € [sp, s1)

2(s) + |Z'(s)] S |2o] + || + K(s)

S
+ J (|zo| +|z| + K(s')) |G'(s")| e S 1" VI g/

So

with K(s) := {_ |k(s')|ds’ and C > 0.

s
S0
v




Proposition. L®-L* estimate for Klein-Gordon equations on curved space

For the Klein-Gordon equation on a curved background —ﬁgv +cv="fF
» metric g% = m®? — h®P perturbation of the Minkowski metric
» data prescribed on a hyperboloid V|H50 = v, 5tV|H50 =

Then, in the future of Hs,, one has

s32|v(t,x)| + t 2|0, v(t,x)| < V(t,x)

with V' defined below. Q=0+ %0,

. . 00 2 _ 2 2
Notation. h; () := h (At/s, Ax/s) sE=t"—r
The derivative in \ reads 0, =0+ X—:ﬁa

B = éatﬁw(xt/s, Ax/s) + 0, (Me/s, Ax )

= @) /5,00/)



Function F defined from the right-hand side f of the K-G equation

’

F(s') := f ((Rl[v]+R2[v]+R3[v])(/\t/s, Ax/s)+A¥2f (\t/s, Ax/s)) d\

Function V defined by distinguishing between two regions

» “Far” from the light cone

S
V(t,x) = (HvoHLw(HsO) + \\vlumms())) (1 +J 1, (s') €€ 32 1OVl ds,>
S0

+ F(s) +J F(s)|H,  (A\)]e€ 5 1Rex(VldX ggr
S0
2
» “Near” the light cone igtsi <r/t<1

S
V(t,x) := F(s) + J F (') (s')] €€ 5 1Pex 1A g/



Proposition. L*-L* estimate for the wave equation with source

u being a spatially compactly supported to the wave equation —[Ju = f

in the cone K

» assume vanishing initial data

> the right-hand side satisfies |f| < mro s, ¢ =2

for some exponents 0 < 4 < 1/2 and 0 < |v| < 1/2.

Then, one has the decay property
1 1
— O<v<1/2
v (t—r)v=—r

tu(t,x)| <
(t—r)ke” -1/2<v <0

[v]n

Proof based on the solution formula for the wave equation




OUTLINE OF THE BOOTSTRAP ARGUMENTS
FIRST PART: energy, commutators, Sobolev

» Basic L? estimates (bootstrap assumptions) 1 +J] <N
H(s/t)aaélLJuH,_;(Hs) +...< Clesk‘s
[(5/£)0a0' L] 1230,y + - .. S Cres™>F

» Consequence based on commutators 1 +J] <N
H(s/t)(?'LJ@uuHL%(HS) ... S Gesh?
[(s/0)0" L7 0av 230,y + - - - S Cres™>TR

» Basic sup-norm estimates (Sobolev ineq. on hyperboloids)
[+ <N-2

|£25000" Lt oo 34,y + - .. S CrestkT2)?
|£725000" L] oo (34, + .. S Cres?/2T(kFD0

» Consequence based on commutators I +[J]<N-2
|£250" L 0pu] oo 34y + - - - < CrestkT2)?

||t1/2581LJaaVHLoc(H$) +... < C1651/2+(k+2)6



SECOND PART: sharp pointwise bounds (1+J] < N—4)
t|Lu| S Cres®
t3/2|aILJV| < Cleské(s/t)l/2746

t3/2|Ql(')ILJV| < C165k6 (5/1’)3/2746

» First bound for the wave component : Jow-order ¢' L/
(L*=L*® for the wave component)
[+ [J<N-7

|aILJu| < C1€t73/2 + (C16)2(t/s)f(k+4)6t71$(k+4)§
» Second/first bounds for wave/KG components at zero-order
(L®=L* for the wave and K-G equations)

tlu(t,x)| < G
s¥2|v| + ts2|0 v(t, x)| < Cie(t/s)270

(uniform integrability for the coefficients of the ODE)



» Second bound for the KG component: only 0' and again L*—-L*
[I| <N-4

» Final estimate for wave/KG components: applying now L’
[+ |J<N-—4
t|L7u] < Cres®®
((t/5)377653/2‘QL61LJV|) + ((t/5)277553/2‘(’]\ILJV|) < C1€Sk6

((t/s)1770s%2|0,0'L7v]) < Cres®®
To conclude the bootstrap argument we return to the system
differentiated with oL/ (1] +]J] < N and |J] =: k)

—[00' L u ="l (P*Poviv) + 'L (RV?)
00" v + uHP0,050' v + ' LI v = —[0' L7, u H*P d,,05]v



ESTIMATES for the NONLINEAR TERMS
o' u = 'L (P*Po,vapv) + d'LT (RV?)
—00' v + uHP0,050" v + 20" v = —[0' L, u H?0,05]v

with arbitrary P*# H*8 R.
We investigate the decay in the hyperboloid variable s for the key terms
Tll’J(s) :=H8’LJ (Po‘ﬁaavagv) “L%(HS)
IJy .
T,7(s) =o'’ (Rv?) HL%(HS)
T3I’J(s) :=H [8'LJ, u Haﬁﬁa&g]v“L%(H )

» Low-order derlvatives || + |J] < N — 4: more decay and we can control
T!/(s) and T,’(s) from the bootstrap assumption and Sobolev
inequality on hyperboloids T,7(s) + T)7(s) < s73/2+(k+2)3

» Higher-order derivatives: The basic decay rate is not sufficient and we
need to use our sharp pointwise estimates.

» Third term T,”(s) (for arbitrary |/| + |J|): again we need our sharp
pointwise estimates.



The sharp L*—L™ estimates have allowed us to improve the basic
pointwise bounds and get U+ |J<N—-4
t |LIU‘ C1€S
53/2|8'LJV\ < Ge(s/t) sk < Cresk®

32|00, v| < Cre(s/t)1 705K < Creskd

Controling P*? and R

» For |I| +|J] < N and by assuming, without loss of generality,
|h| + || < N — 4 i the following calculation

Hal L (9avdpv) “L?(?-ls) = Z |oh L7 0 v 0" LJ255VHL,%(HS)
iy

SC165—3/2S\J1\5 Halz LJzaﬁVHLf(’H )
< (C1€)25—1+k6

> Similarly, we obtain [0'L” (v?) lezay < (Cre)?s 1tk

We thus control T,/(s) and T,”(s) (for all relevant /, J) and we arrive at the
desired improved energy bounds for the wave component.



Term T3I’J(s) = |[o'L, uHO‘ﬁ(?a&g]vHL%(HS) arising in the Klein-Gordon
equation.

It is a linear combination of

T3i(s) (O"Lhu) o L"0,05v hth=1I, h+h=J |h>1
T33(s)  (Lhu) &' 1%20a05v S d=J A=1
T33(s) udadpd'L’v <1

» Terms T3I’1J(s): again controled with the sharp decay estimates

» Terms T3I2J(s) and T3I3J(s) due to the presence of L/u, we need
both the sharp decay estimates and Hardy inequality, as follows.

Let us for instance treat here T312J(5) (T3I_’3J(s) being treated similarly).



Higher-order derivatives

» For all [Jj| < N — 4, we use the sharp decay bound t|L'u| < Cyes*?
combined with the energy bound on d,03v (implied by our
bootstrap assumption).

» For |I| + |J5] < N — 4, we use the sharp bound
10170, v| < Cre(s/t)} 7057321k and Hardy's inequality for L% u.

We are led to the slow growth (after integration in s)

L', He P20 051v] 55 5 (Gre?s T2

Lower-order derivatives: this is easier

» For |Jj| < |I| +|J| < N — 4, we apply directly the sharp bound
t|L'u| < Creskd

» together with the energy bound given by our bootstrap assumption.

This leads us to the decay

[[0"LY, HoP 2adp1v] 12 gy, < (Gre)?s™HHEC.



DEALING WITH THE EINSTEIN EQUATIONS
ArXiv:1511.03324

This requires a number of additional ideas:

» The wave gauge condition

» The quasi-null terms

» Much involved algebraic structure

» Specific hierarchy of (low-order, high-order) energy bounds
» Integration along the characteristics of the curved metric

» Non-compact solutions (Schwarzschild at spatial infinity)

FINAL REMARKS

» Dynamically unstable solutions to the Einstein equations do not
exist for self-gravitating massive fields with sufficiently small mass
and spacetimes sufficiently close to flat space.

» The f(R) theory of modified gravity: nonlinear stability of
Minkowski spacetime for f(R) ~ R + k R? with x > 0.



OPEN PROBLEMS
» PROBLEM 1: Appli. of the Hyperboloidal Foliation Method

» Encompass a large class of nonlinear wave-Klein-Gordon systems
with quasi-null coupling
Rely on the earlier work: S. Alinhac, H. Lindblad

» PROBLEM 2: Investigate the growing rate s'/2
> Investigate whether it is necessary in the wave gauge under
consideration (by constructing explicit examples)
» Improve this rate by introducing additional geometric arguments
(hyperboloidal foliation based on the curved metric)
Ongoing work by Q. Wang and J. Wang

» PROBLEM 3: Extend our method to other massive fields

» Kinetic models (density fc.), Vlasov eq. (collisionless), Boltzmann eq.
Rely on: D. Fajman, J. Joudioux, and J. Smulevici for the Vlasov eq.

» PROBLEM 4: Establish Penrose’s peeling estimates
» Precise asymptotics for the spacetime curvature along timelike
directions (D. Christodoulou and S. Klainerman's geometric method)
» Very challenging in wave coordinates (H. Lindblad and I. Rodnianski)

The Hyperboloidal Foliation Method provides sharp bounds (for instance a uni-
form energy bound in presence of null forms and without metric coupling) and
could allow one to establish the peeling estimates in wave gauge.




