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1. Motivation



Nonlinear stability of expanding spacetimes in the class of solutions to the
Einstein-Vlasov system

Ruv — 2Ry = Ty (f
(EV) W 3 guA v (f)
Zf=0
Z': Geodesic flow field on T'(R x M)
TR xM)> 2 ={(z,p) €TM : —m® = |pl;__,p° >0} = dom(f)

P
Tw (x) = / foupvii o,
‘@T/
Aim: Develop an energy estimates approach to control the energy-momentum

tensor of Vlasov matter on spacetimes with compact spatial hypersurfaces without
symmetries and with different future asymptotics.



(EV) models ensembles of self-gravitating collisionless matter.
Transport equation is regular on a fixed background.

Decay mechanism:

» Dispersion in the asymptotically flat setting.
Cf. talk by J. Smulevici in November on Vector field method for transport
equations (j. w. J. Joudioux & F.)
> In expanding spacetimes matter dilutes.
Volume increases while the number of particles is conserved.
Results

» Static and Stationary solutions: Rein-Rendall, Rein, Andréasson,
Andréasson-Kunze-Rein, Wolansky, Rein-Ramming, Andréasson-F.-Thaller

» Cauchy problem in AF case: Rein-Rendall, Dafermos, Hadzi¢-Rein, Taylor,
Andréasson, Andréasson-Rein, Andréasson-Kunze-Rein

> Stability, Global existence, Asymptotics in the cosmological case: Andréasson,
Andréasson-Ringstrom, Andréasson-Rendall-Weaver, Dafermos-Rendall, Lee,
Weaver, Rein, Nungesser, Smulevici, Tchapnda, Noutchegueme, Tegankong

> [Ringstrém, ’13] A > 0, no symmetry assumptions, massive particles, localized
stability (4 local existence with L2-norms)



Expanding spacetimes: M = I x M, M compact, OM = ()

Lorentzian metric on M, CMC foliated
g = —N2dt @ dt + gap(dae® + Xdt) @ (dz® + XPdt)
with behavior
g=T({t)g, N=n, X=0,
where g is some fixed Riemannian metric on M and T(t) is strictly monotonically
increasing.
1
2N

where 7 is the mean curvature. Here we assume X = 0.

k= (009 — £x9] EE"F%Qaba

This is compatible with
> Generalized de Sitter (A > 0): T(t) = sinh(¢)2,
» Power law inflation (scalar field): T'(t) = t?P for p > 1,

» Milne universe: T(t) = t2.



Christoffel symbols:

(n+pg) = N9(X*/N) — 2N/nTX% + Q* = Q°

N
1
2(n e o = —2-76) + 2P}

(DT, = Tf + Wi,
where Q%, Py, W{_ tensors on M, depending on 3, N, X, g, perturbation terms.
Consider distribution functions

f:IXTM — R4

(TM \ {0} for massless particles) solutions to

O f = —p°/pPAcf — 2TﬁpeBef +p°(N8o(X°/N) — 2N7X®)B. f
n

+p°Q°Bef + p 2P B. f + pp®/p"WE,Be f,

with Ae = 04 — piFfEBb and Be = Ope, where

PO = NTH1 = X2 (Kgp + (K02 4+ (1= [XI2)(m2 + pI2) ).



2. Sasaki metric



Construction of invariant Sobolev-type norms for functions on 7'M requires a Rie-
mannian metric on T'M.

The following construction bases on given metric on the base manifold M. We
choose the rescaled metric g.

Consider the decomposition in horizontal and vertical parts
T(z,p) (TM) = H(T(z,p) (TM)) @ V(T(z,p) (TM))
H(T (3 ) (TM)) = span{Dya := 0/0z“ — kT, 8/0p°}
V(T(a;,p) (TM)) = Span{a/apa}

Sasaki metric g on 7'M is defined by demanding orthogonality of horizontal and
vertical vectors in a metrical sense.

g(Dza, D) = gab
g(Dya,8/0p") =0
g(8/0p™,0/0p") = gab.

In connection coframe: g = gijd:pi ® dxd + giiji ® Dpl. Dp* = dp* + F;kpjdzk.

Volume form: prpr = |gldz! A... Adz™ Adp' A ... Adp™; Covariant derivative: v



3. L2-energies



Weighted Sasaki metric:
g = gijda’ @ da’ + (T(t)"2 + |ply) " 'gi; Dp’ @ Dp’

Sasaki-Vlasov norm for distribution functions f : TM — [0, c0).

S
o= |3 [ 194713
£l kz::O TM\ lg1e

Decay of the momentum-support in combination with uniform boundedness of
these energies yields decay of Sobolev norms of the components of the
energy-momentum tensor.

Next: Energy estimates for || f|lvi,s-



Lemma. [Standard energy estimate]

Let (# =1 X M,g_4), where I C R is a connected open interval, be a smooth
globally hyperbolic manifold such that 1 — |X|?] >0, N >0 (...) holds, CMC
foliated. Let f be a smooth solution to the transport equation on [To,T1) x M
with initial data fo at Tp with fo € HS, (T M) for n/2 +1 < s € Z4. Then

d
S lvis < &@l1fllv,s,

for Tp <t € I with

r(t) < C[\TI(IIVNHHS HIN/n =1l gas1) + TSl o1

Poo,T
po

oo, T

P, .
+01 (50 ) - (Nl e, 1K a1, Poo, s Poc,r - IR e ) (14 1Q, Wi+
oo, T

FlIX s + T Lxglls + + Poo,7 - [[Rml| 51

+92(Poc,7) - G2(IRml g2 1) (IPll e +T(0)Q a2
+ 3 (Pos,1) - a5 (IR o)Wl ]

where C' denotes a numerical constant, p; and g; denote polynomials, where p1
and p3 are at least first order in their arguments.



A special case:
In particular, this concerns the class of metrics of the form

gy = —dt ® dt + T (t)g.
with g time-independent of constant, positive sectional curvature Kz = const. > 0.
We choose the weighted Sasaki metric adapted to this geometry by

—1

g:gijdivi@dl’j"r ngij ®DP s

on TM \ {0}, where
_ _ Rl
T on(n—1)

Let f be the solution to the massless transport equation. Then

1l = 4/ / £+ 195 2g

is conserved.



4. Corrected energies



Model problem: transport equation in 1 + 1 + 1-dimensions
distribution function: f:R x R? — R, sufficiently regular.

Model equation:
O f =alpf+ 0tb-0pf,

where a = a(t,z) and b = b(t, z) sufficiently regular;

Decay properties:
IVbllo <

oo
/ IVal| o dt < oo,
1

T T—
/ IVaeb]|. dt "3 co.
1

Aim: Show uniform boundedness of an energy of the form

E(f) = / IVFI% + |8y f)?dpdz.

Taking the time derivative, substituting by the equation, integration by parts
yields

HE = 2/ V£(Va)dy fdpdz + 2/ V£V (8:b)d, fdpda.

In turn
[0:E| < C(|IVallo + [[VO:b]|l o ) E.



Model solution: Introduce correction terms.

Consider the correction term
C = 2/ V Vb, fdpdx.
Then as before

oC = 2/ V fV(9¢b)0p fdpdx +2 //(Va)aprbapfdpdx

S
+2 / / V(8:b)8y fVb, fdpda .

(%)
(*) neutralizes the first bad term in 9;E. (x*) is a new bad term.

Require a second correction term

D= // |Vb|2|8, f|?dpdz.



Require a second correction term

D= [ [ 1910, 2 dpas,
which has the time derivative
oD = 2/ VbV 8:b|0p f |2 dpda.

We then define the corrected energy by

Eor=E—-C+D.

Due to the smallness of ||[Vb|| , we have the equivalency of energies
1
EE < Ecr <CE

for some constant C' and consequently the desired energy estimate

|0t Beor| < C'||Val|y, Eeor-



In the nonlinear setting:

The idea of corrections can be applied to avoid the appearance of certain
shift vector terms in the energy estimates.

N
of=—-p°/p°Acf — 27— p"Bef + p’(NOo(X®/N) —2N7X°)B. f

(%)
+°Q°Bef + p“2PSBe f + pp’ /O WE, Be f,

These terms are problematic in the 2 4+ 1 — dimensional case for A = 0 and
massive particles.

The first corrected energy takes the form
EG (D =1F13, - / A®fVaX Befura + / VOX'B; fVaX Befuras

+ / (0, X)o + FIXI2)BfRurar = 113, + CL ()



c@n=- / VOV 12V (o XV Vi [ + VaVp XV f + SRmG 0, X Y g lur s
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Lemma
Let the shift vector field be such that
XN me < et
Then for every n/2 < s € Z4 there exists a correction term
Cui,s = Cvi,s(X, 9, f),

such that
11,5 S IFI,s + Cvis S IF IR

and an estimate of the form

< k(1) -E)

‘8tE<s> Vi,c

Vi,c

holds without the corresponding shift vector terms in the first order terms of k.



5. Nonlinear Stability I, A > 0

(j. w. K. Kroncke, L. Andersson)



Nonlinear Stability for the massless Einstein-Vlasov system with positive A.
[complementary to the massive case of [Ringstrom,13]]

Background geometries: A = @
Class A: negative curvature
(M,~) is an n-dimensional compact Riemannian Einstein manifold with
Ric(y) = —n(n — 1).
g = —dt? + sinh(t)2y
on (0,00) x M.
Class B: positive curvature
(M, ) is an n-dimensional compact Riemannian Einstein manifold with
Ric(v) = n(n —1)y.
g = —dt? + cosh(t)%y

on R x M.



Results for the vacuum Einstein flow, A > 0:

Theorem 1 (F.-Kroncke, 2015)

Let M be a closed n-dim. mnfld (n > 2) and ~ an Einstein metric satisfying Ric(y) =
—(n —1)y. Then for s > n/2+ 2, s’ > n/2 + s and £ > 0 there exists a §(g) > 0
s.t. for initial data (go, ko) satisfying

lgo = Yl gror + [|k0 + V21| ,_, <6

its maximal globally hyperbolic development under the Einstein flow admits CMC-
foliations {My}, such that the induced metrics g¢ satisfy

Hsinh_Q(t)gt — ’yHHS <e.

All corresponding homogeneous solutions are orbitally stable and future develop-
ments of small perturbations are future geodesically complete.



Theorem 2 (F.-Kroncke, 2015)

Let M be a closed n-dim. mfld. (n > 2) and « an Einstein metric with Ric(y) =
(n — 1) which does not admit Killing vector fields and such that —2(n — 1) is not
an eigenvalue of the Laplacian. Then for s > n/2+2, s’ > n/2+ s and € > 0 there
exists a §(g) > 0 s.t. for initial data (go, ko) satisfying

llgo =Yl s + 1Kol -1 <8

its maximal globally hyperbolic development under the Einstein flow admits a CMC-
foliation {M;}+cr such that the induced metrics g¢ satisfy

Hcosth(t)gt = 'y||HS <e.

All corresponding homogeneous solutions are orbitally stable and the develop-
ments of small perturbations are complete.

Remark. The stability can be deduced from ”localized stability result” in
[Ringstrom, 08] (also in higher dimensions).



New: Approach via CMC-foliations (inspired by [Andersson-Moncrief,’11]) provides
a substantially simplified and concise proof.
Foliation by compact, spacelike hypersurfaces M, I C R compact interval.
M=IxM
ADM-Ansatz
(g = —N2dt @ dt + gap(dz® + Xdt) ® (da® + X dt)
Lapse function N, shift vector field X, induced Riemannian metric g on .

Second fundamental form k, Mean curvature 7 = trgk, k = £ + ~g.

Constant mean curvature - spatial harmonic - Gauge

0o =0
VE =g} —TF) =0



Elliptic - Hyperbolic system

Orgij = —2N (X4 + 7/ngij) + Lx gij
8t2ij e N(Rij + 735 — QZikZ§ aF (7'2/TL = n)gij)

1 2NT
+LxZi; — 9T T Yij = ViViN

T2
AN =-1+ N[5+ = -1
n
AX 4+ RL X™ — Lx V' = 2V;NkI* — V Ntrgk + 2NV ;K"
— (2NK™" = (Lx9)™™)(Thun — D)



Sketch of Proof.

1. Universality of the CMC-gauge:

Every development of a small perturbation of the background geometries contains
a CMC surface.

Implicit function theorem argument.

2. Rescaling of the equations.

g=s(n)g, N =s(1)N,
= s(r)/28, X = s(r)/2X

for s(7) = (£)? — 1 and define a new time function T' by

cosh(T)
sinh(7T) "

T=-n



3. Uniform energy estimate.

Rescaled evolution equations:

n cosh(T) n
Brgij = — —— 2N, A B,
T9is sinh(7T) it sinh(7T") + sinh(7T")
cosh(T)
S = — =22y 1)y
T8 =~ () "V
N3 A (g =) — Rylg =)
sinh(T") SRRAA M=
1 n cosh(T)
——(LxXij
+ sinh(T)( xZij) + sinh(7") sinh(7")

Constraining the energy estimate:
> Not all terms have an exponentially decaying coefficient.
» Decay inducing term only for 3.

» Laplacian does not allow for an isolated estimate of ¥ due to regularity
problems.



Resolution of the energy estimate:

» Give up on decay in the first step.

=1 / |VES|2dz

k<s

> The negative X-term

can be used to absorb terms which are higher order in X.

» Main observation: All terms without an explicitly decaying time factor e =7

are higher order in X.

Conclusion: An estimate where ”bad” terms disappear holds for small data.



Energy:
s—1

Es(g7 2) = ”g - ’7”%2(-\/) + Z(_l)k(zﬂA’gc,'yE)LZ(g,'y)
k=0

+5 Z(l (9= 72519 =Mr2g,q)

1
Generalized Laplacian:  Ag yhi; = —V[y]m (97" gV [¥]nhij),
Hg

L2morm:  (u,v) = ujjopy*y7l (u,v) 12 (g,4) E/ (u, v)pg.
M

Lemma
Let s >n/2+ 1 and (g,%) € HS x H*~! be a solution to the evolution equations.
Then there exists an € > 0 such that for

(9,%) € BZ(v) x B~1(0),

the estimate
C(e)

’8TE3(97 E)’ < m

Es(g7 2)

holds in the case of negative curvature of . The analogous estimate with sinh(T)
replaced by cosh(T) holds in the case of positive curvature of ~.



Energy estimate yields global existence.

Problem:
The established boundedness does not imply completeness of the resulting
solution.
» Boundedness of the metric in highest regularity is given by previous estimate.
» May apply estimate for ¥ individually, in one order regularity lower.
» This yields decay for X.

» Elliptic equations improve the regularity in which gradient of the lapse and
shift are decaying.

4. Lower order estimate for energy of X, (Hs_2) yields decay for the
perturbations. If n > 2,
Cy/e

H, 2(X2) < .
—2(B) < sinh(T")
If n = 2, the estimate is
Cye
H, 2(X) < 17{
sinh'/2(T)

5. Decay is sufficient to deduce completeness. d



Consider now the massless Einstein-Vlasov system.

Theorem 3 (Andersson-F.-Kroncke, 2015)

Spacetimes in the class A are future nonlinearly stable under the massless Einstein-
Vlasov flow. The future developments of small perturbations are future geodesically
complete and admit CMC-foliations.

Theorem 4 (Andersson-F.-Kroncke, 2015)

Spacetimes in the class B (excluding certain symmetries) are future- and past non-
linearly stable under the massless Einstein-Vlasov flow. The future developments
and past developments of small perturbations are future- and past geodesically
complete, respectively and admit CMC-foliations.



Elliptic - Hyperbolic system (non-vacuum case, geometry rescaled)
AgN = -1+ N(|Z2 +n) + N7}

AgXt 4+ RLX™ = 2V;N2¥ 4 2sinh(T) N7
— cosh(T)(2 = n)VIN — @NS™" — (Lx9)™™) (T — Tinn)

cosh(T) . _
Orgi; = — m(l —nN)g;; —nsinh(T) " (2NZ;; — Lxgij)
cosh(T) , 1 2N
Oy =—n?— (4t N— )y
Y " sinh(7T') (n2 + n JXat

+ nsinh(T) "N (Rij + ngap — 25 E5)

1 .
+nsinh(T) Y (LxZij — —gij — ViV;N) + 2nsinh(T) 3 NT};,
n

P = N7 = XE) T [Rp 4/ (Rp)? + (- X)),

ﬁ:pM+W&muﬂ—mwﬁ}

Ox2
2N2/f \fdp7 ,,7:(2_ 1) + /fw\fp

)= N/f%\/fydp, Tap = ﬁ/fpapbﬁ_ldp



Rescaling the matter via

f=sinh(T)"f, p® = sinh(T)%p*

yields
—1p° p 1, cosh(T)
Orf = ~Nnsinh(T) "' EAcf + £ | ~(So X" +0rX)|B
T f n sinh( ) P ef+N[n(Sinh(T) + Or )] of
P pa U fra a, b /=c cosh(T) u
+ NFI Bof +p FQ,uBaf+p jo /pFS,abBCfJ"nmf — 2N7p“B, f
and }
INT|| grs—1 < CEvy s—1(f) - sinh(7)~ (=1
s() V22N gs—1 < CByis_1(f) - sinh(T)~ (1),
27’LS(7’)3/2||N7~—’(117||H571 < CEVI,S_l(f) -sinh(T) ™",
Observation:

> The coefficients on the RHS of the transport equations (their Hs_1-norms)
are integrable in time, given the vacuum asymptotic of the geometry.

> The components of the energy-momentum tensor (in Hs_1) decay fast
(compared to the leading terms in the vacuum problem.)



Proof of Theorems 3 & 4.

> Bootstrap the energy-momentum tensor by assuming
Ey,s—1(T) <C

same for the support.

» Under these assumptions the matter terms in the elliptic-hyperbolic system
only appear as perturbation terms of fast decay.

> Same energy estimates as in the vacuum case can be achieved for g — v and X.

> Using the standard energy estimates (without correction) in combination with
smallness of the initial data yield

Ey,s—1(T) <e.



6. Nonlinear Stability II, A =0



Let M be a closed surface of genus gen(M) > 2, with ¥ a fixed Riemannian

metric of scalar curvature R(c%) = —1.

We consider the vacuum solution
gp = —4dt ® dt + 2t%60, dx® @ dx®.

Vacuum stability (Andersson, Moncrief, Tromba 96)
Einstein+scalar field (from U(1)-symmetry) (Choquet-Bruhat, Moncrief '01)

Theorem 5 (F.’14)

gp is future nonlinearly stable under the massive Einstein-Vlasov flow for perturba-
tions with initially compact momentum support of the distribution function. The
future developments of small perturbations are future geodesically complete.

The hardest problem for the proof are shift vector terms appearing in the Vlasov
equation, which have insufficient decay.

These can be neutralized using the corrected energies.



Other topologies in n = 2

» Remaining closed surfaces are S? and T2.
» In vacuum: no solutions with spatial S2 topology (A = 0)

» For a scalar field initial data on S? exists (Choquet-Bruhat, Moncrief)

v

On T? the conformal geometry degenerates asymptotically towards the
future. Stability not understood.

Observation: The slow decay of the Vlasov energy-momentum tensor in 241
dimensions essentially changes the global behavior of the Einstein flow.

For ”enough” matter any topology allows for future complete solutions.



Consider a vacuum solution (A, X, N, X) to the Einstein equations on [tg, c0) x S2.

The momentum constraint
DyX% =0

implies that X is transverse, therefore a TT-tensor.
On S? this implies ¥ = 0. The Hamiltonian constraint reads
20\ =272 /2 41,

which by integration yields a contradiction. Therefore: There is no solution of
the vacuum constraint equations in CMC gauge on S2.

The Hamiltonian constraint is solvable with a non-vanishing energy density.



Consider the Hamiltonian constraint of the Einstein-Vlasov equations.
280X =22 12/2 41 — e p— e T2 (HC)

We define the asymptotic mass of the system by

Moo E/ furn-
TM

The rescaled energy density for Vlasov matter is of the form

2x . Meo ~
¢ p_vol(SQ)er’

where p is a perturbation term.

This allows for solutions of (HC) if we set

Moo

— > 1.
vol(S2) ~

Main Observation:

The asymptotic mass of Vlasov matter in 241 dimensions acts as a negative correc-
tion to the scalar curvature of the conformal metric - independent of the topology.

This presumably avoids recollapse of the corresponding space times.



We have the following explicit solutions using an ansatz f = f(t, |p|g)-

Corresponding explicit solutions are of the form

272 2 272
gitr:_( > dt2+7_7_

7 t204pdz® @ da®.

72 4 27 4p(f)
Asymptotically,

. 272

lim — =
t—oo 72 + 2

. 272 { Moo }
lim = _
t—oo 4p(f) — 72 vol(S2)

These are future complete solutions on [Ty, 00) x S? with o the standard metric

on S2.

These models are counterexamples to a 2+1-dimensional version of the recollapse

conjecture.



Theorem (F.’14/°15)

Every of the previous solutions to the Einstein-Vlasov system on [Tp,c0) x S? is
future nonlinearly stable. Developments of the perturbed initial data are future
complete.

The same holds for corresponding solutions on T°2.

Corollary

Let M be a closed surface. Then there exists initial data to the Einstein-Vlasov
flow on M such that the future development of this initial data is geodesically
complete and the space-time is asymptotically of the form

Joo = —4dt? + ¢ - >0 pda®da®,

where o is a metric of constant scalar curvature on M and ¢ = ¢(x(M), moo (M))
is a positive constant depending only on the genus of M and its total mass. These
solutions are future stable.



Thank You.



