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1. Motivation



Nonlinear stability of expanding spacetimes in the class of solutions to the
Einstein-Vlasov system

(EV)

{
Rµν − 1

2
Rgµν = Tµν(f̂)

X f̂ = 0

X : Geodesic flow field on T (R×M)

T (R×M) ⊃P = {(x, p) ∈ TM : −m2 = |p|2g
M
, p0 > 0} = dom(f̂)

Tµν(x) =

∫
Px

f̂pµpνµPx

Aim: Develop an energy estimates approach to control the energy-momentum
tensor of Vlasov matter on spacetimes with compact spatial hypersurfaces without
symmetries and with different future asymptotics.



(EV) models ensembles of self-gravitating collisionless matter.

Transport equation is regular on a fixed background.

Decay mechanism:

I Dispersion in the asymptotically flat setting.
Cf. talk by J. Smulevici in November on Vector field method for transport
equations (j. w. J. Joudioux & F.)

I In expanding spacetimes matter dilutes.
Volume increases while the number of particles is conserved.

Results

I Static and Stationary solutions: Rein-Rendall, Rein, Andréasson,
Andréasson-Kunze-Rein, Wolansky, Rein-Ramming, Andréasson-F.-Thaller

I Cauchy problem in AF case: Rein-Rendall, Dafermos, Hadžić-Rein, Taylor,
Andréasson, Andréasson-Rein, Andréasson-Kunze-Rein

I Stability, Global existence, Asymptotics in the cosmological case: Andréasson,
Andréasson-Ringström, Andréasson-Rendall-Weaver, Dafermos-Rendall, Lee,
Weaver, Rein, Nungesser, Smulevici, Tchapnda, Noutchegueme, Tegankong

I [Ringström, ’13] Λ > 0, no symmetry assumptions, massive particles, localized
stability (+ local existence with L2-norms)



Expanding spacetimes: M̄ = I ×M , M compact, ∂M = ∅

Lorentzian metric on M̄ , CMC foliated

gM̄ = −N2dt⊗ dt+ gab(dx
a +Xadt)⊗ (dxb +Xbdt)

with behavior
g ≈ T (t)g, N ≈ n, X ≈ 0,

where g is some fixed Riemannian metric on M and T (t) is strictly monotonically
increasing.

k = −
1

2N

[
∂tg − LXg

]
≡ Σ +

τ

n
gab,

where τ is the mean curvature. Here we assume Σ ≈ 0.

This is compatible with

I Generalized de Sitter (Λ > 0): T (t) = sinh(t)2,

I Power law inflation (scalar field): T (t) = t2p for p > 1,

I Milne universe: T (t) = t2.



Christoffel symbols:

(n+1)Γa00 = N∂0(Xa/N)− 2N/nτXa + Qa ≡ Qa

2(n+1)Γa(b0) = −2
N

n
τδab + 2Pab

(n+1)Γabc = Γabc + Wa
bc,

where Qa, Pab , Wa
bc tensors on M , depending on Σ, N , X, g, perturbation terms.

Consider distribution functions

f : I × TM → R+

(TM \ {0} for massless particles) solutions to

∂tf = −pe/p0Aef − 2τ
N

n
peBef + p0(N∂0(Xe/N)− 2NτXe)Bef

+ p0QeBef + pu2PeuBef + papb/p0We
abBef,

with Ae = ∂a − piΓbieBb and Be = ∂pe , where

p0 = N−1(1− |X̂|2g)−1
(
X̂jp

j +
√

(X̂jpj)2 + (1− |X̂|2g)(m2 + |p|2g)
)
.



2. Sasaki metric



Construction of invariant Sobolev-type norms for functions on TM requires a Rie-
mannian metric on TM .

The following construction bases on given metric on the base manifold M . We
choose the rescaled metric g.

Consider the decomposition in horizontal and vertical parts

T(x,p)(TM) = H(T(x,p)(TM))⊕V(T(x,p)(TM)).

H(T(x,p)(TM)) = span{Dxa := ∂/∂xa − pkΓbak∂/∂p
b}

V(T(x,p)(TM)) = span{∂/∂pa}

Sasaki metric g on TM is defined by demanding orthogonality of horizontal and
vertical vectors in a metrical sense.

g(Dxa , Dxb ) = gab

g(Dxa , ∂/∂p
b) = 0

g(∂/∂pa, ∂/∂pb) = gab.

In connection coframe: g = gijdxi ⊗ dxj + gijDpi ⊗Dpj . Dpi = dpi + Γijkp
jdxk.

Volume form: µTM = |g|dx1 ∧ . . . ∧ dxn ∧ dp1 ∧ . . . ∧ dpn; Covariant derivative: ∇̂



3. L2-energies



Weighted Sasaki metric:

g = gijdx
i ⊗ dxj + (T (t)−2 + |p|2g)−1gijDp

i ⊗Dpj

Sasaki-Vlasov norm for distribution functions f : TM → [0,∞).

‖f‖Vl,s ≡

√√√√ s∑
k=0

∫
TM
|∇̂kf |2gµg

Decay of the momentum-support in combination with uniform boundedness of
these energies yields decay of Sobolev norms of the components of the
energy-momentum tensor.

Next: Energy estimates for ‖f‖Vl,s.



Lemma. [Standard energy estimate]
Let (M = I ×M, gM ), where I ⊂ R is a connected open interval, be a smooth

globally hyperbolic manifold such that 1− |X̂|2g > 0, N > 0 (...) holds, CMC
foliated. Let f be a smooth solution to the transport equation on [T0, T1)×M
with initial data f0 at T0 with f0 ∈ HsVl(TM) for n/2 + 1 < s ∈ Z+. Then

d

dt
‖f‖Vl,s ≤ κ(t)‖f‖Vl,s,

for T0 ≤ t ∈ I with

κ(t) ≤ C
[
|τ |(‖∇N‖Hs + ‖N/n− 1‖Hs+1 ) + T−1(t)‖Σ‖Hs−1

+ ‖X‖Hs + T−1(t)‖LXg‖s +
P∞,T

P0
∞,T

+ P∞,T · ‖Rm‖Hs−1

+ p1

(P∞,T
P0
∞,T

)
· q1

(
‖N‖Hs+1 , ‖X̂‖Hs+1 ,P∞,T ,P∞,T · ‖Rm‖Hs−1

)
(1 + ‖Q,W‖Hs )

+ p2(P∞,T ) · q2(‖Rm‖Hs−1 )
(
‖P‖Hs + T (t)‖Q‖Hs

)
+ p3(P∞,T ) · q3(‖Rm‖Hs−1 )‖W‖Hs

]
,

where C denotes a numerical constant, pi and qi denote polynomials, where p1

and p3 are at least first order in their arguments.



A special case:
In particular, this concerns the class of metrics of the form

gM̄ = −dt⊗ dt+ T (t)g.

with g time-independent of constant, positive sectional curvature Kg = const. > 0.
We choose the weighted Sasaki metric adapted to this geometry by

g = gijdx
i ⊗ dxj +

`−1

|p|2g
gijDp

i ⊗Dpj ,

on TM \ {0}, where

` =
R(g)

2n(n− 1)
.

Let f be the solution to the massless transport equation. Then

‖f‖Vl,1 ≡

√∫
f2 + |∇̂f |2gµg

is conserved.



4. Corrected energies



Model problem: transport equation in 1 + 1 + 1-dimensions

distribution function: f : R× R2 → R, sufficiently regular.

Model equation:
∂tf = a∂pf + ∂tb · ∂pf,

where a = a(t, x) and b = b(t, x) sufficiently regular;

Decay properties:
‖∇b‖∞ < ε,∫ ∞

1
‖∇a‖∞ dt <∞,∫ T

1
‖∇∂tb‖∞ dt

T→∞−→ ∞.

Aim: Show uniform boundedness of an energy of the form

E(f) =

∫∫
|∇f |2 + |∂pf |2dpdx.

Taking the time derivative, substituting by the equation, integration by parts
yields

∂tE = 2

∫∫
∇f(∇a)∂pfdpdx+ 2

∫∫
∇f∇(∂tb)∂pfdpdx.

In turn
|∂tE| ≤ C(‖∇a‖∞ + ‖∇∂tb‖∞)E.



Model solution: Introduce correction terms.

Consider the correction term

C = 2

∫∫
∇f∇b∂pfdpdx.

Then as before

∂tC = 2

∫∫
∇f∇(∂tb)∂pfdpdx︸ ︷︷ ︸

(∗)

+2

∫∫
(∇a)∂pf∇b∂pfdpdx

+ 2

∫∫
∇(∂tb)∂pf∇b∂pfdpdx︸ ︷︷ ︸

(∗∗)

.

(∗) neutralizes the first bad term in ∂tE. (∗∗) is a new bad term.

Require a second correction term

D =

∫∫
|∇b|2|∂pf |2dpdx.



Require a second correction term

D =

∫∫
|∇b|2|∂pf |2dpdx,

which has the time derivative

∂tD = 2

∫∫
∇b∇∂tb|∂pf |2dpdx.

We then define the corrected energy by

Ecor ≡ E − C +D.

Due to the smallness of ‖∇b‖∞ we have the equivalency of energies

1

C
E ≤ Ecor ≤ CE

for some constant C and consequently the desired energy estimate

|∂tEcor| . C ‖∇a‖∞ Ecor.



In the nonlinear setting:

The idea of corrections can be applied to avoid the appearance of certain
shift vector terms in the energy estimates.

∂tf = −pe/p0Aef − 2τ
N

n
peBef + p0(N∂0(Xe/N)− 2NτXe)Bef︸ ︷︷ ︸

(∗)

+ p0QeBef + pu2PeuBef + papb/p0We
abBef,

These terms are problematic in the 2 + 1 – dimensional case for Λ = 0 and
massive particles.

The first corrected energy takes the form

E
(1)
Vl,c(f) ≡ ‖f‖2Vl,1 −

∫
Aaf∇aXeBefµTM + 1

4

∫
∇aXiBif∇aXeBefµTM

+

∫
(〈p,X〉σ + 1

4
|X|2σ)|Bf |2gµTM ≡ ‖f‖2Vl,1 + C

(1)
Vl (f)



C
(2)
Vl

(f) ≡ −
∫
TM

∇̂a∇̂bf[2∇(aX
e∇̂E∇̂b)f +∇a∇bX

e∇̂Ef + 1
2
Rm

e
kabX

k∇̂Ef]µTM

+

∫
TM

(∇a∇bXe + 1
2
Rm

e ab
k X

k
)∇̂Ef[∇(bX

i∇̂I ∇̂a)f]µTM

+ 1
2

∫
TM

∇̂a∇̂bf[∇aX
e∇bX

i∇̂I ∇̂Ef]µTM +

∫
TM

(∇(a
X
i∇̂I ∇̂

b)
f)(∇(aX

e∇̂E∇̂b)f)µTM

+ 1
4

∫
TM

(∇a∇bXe + 1
2
Rm

e ab
k X

k
)∇̂Ef[∇a∇bX

i
+ 1

2
Rm

i
labX

l
]∇̂IfµTM

− 1
2

∫
TM

(∇(a
X
i∇̂I ∇̂

b)
f)(∇(aX

e∇b)X
l∇̂L∇̂Ef)µTM

− 1
4

∫
TM

(∇a∇bXk + 1
2
Rm

k ab
l X

l
)∇̂Kf(∇aX

e∇bX
i∇̂I ∇̂Ef)µTM

+ 1
16

∫
TM

(∇aXi∇bXk∇̂K∇̂If)(∇aX
e∇bX

l∇̂L∇̂Ef)µTM

+

∫
TM

(〈p,X〉 + 1
4
|X|2σ)g

au
g
vb∇̂U ∇̂vf∇̂A∇̂bfµTM

−
∫
TM

(ω
2
t
−4

+ |p|2σ + 〈X, p〉 + 1
4
|X|2σ)∇̂B∇̂af∇aX

i∇̂I ∇̂BfµTM

+ 1
4

∫
TM

(ω
2
t
−4

+ |p|2σ + 〈X, p〉 + 1
4
|X|2σ)∇aX

e∇aXk∇̂E∇̂Bf∇̂K∇̂
B
fµTM

+

∫
TM

(〈X, p〉 + 1
4
|X|2σ)g

au
g
vb∇̂u∇̂V f∇̂a∇̂BfµTM

−
∫
TM

(ω
2
t
−4

+ |p|2σ + 〈X, p〉 + 1
4
|X|2σ)∇̂a∇̂Bf(∇aX

e
)∇E∇BfµTM

+ 1
4

∫
TM

(ω
2
t
−4

+ |p|2σ + 〈X, p〉 + 1
4
|X|2σ)∇aX

e∇aXk∇̂E∇̂Bf∇̂K∇̂
B
fµTM

+

∫
TM

(|p + 1
2
X|4σ − |p|

4
σ)g

au
g
bv
(
g∇U

g∇V f
) (

g∇A
g∇Bf

)
µTM.



Lemma

Let the shift vector field be such that

‖X‖Hs . εt−2.

Then for every n/2 < s ∈ Z+ there exists a correction term

CVl,s = CVl,s(X, g, f),

such that
‖f‖2Vl,s . ‖f‖

2
Vl,s + CVl,s . ‖f‖2Vl,s

and an estimate of the form ∣∣∣∂tE(s)
Vl,c

∣∣∣ . κ(t) ·E(s)
Vl,c

holds without the corresponding shift vector terms in the first order terms of κ.



5. Nonlinear Stability I, Λ > 0

(j. w. K. Kröncke, L. Andersson)



Nonlinear Stability for the massless Einstein-Vlasov system with positive Λ.
[complementary to the massive case of [Ringström,13]]

Background geometries: Λ =
n(n−1)

2

Class A: negative curvature

(M,γ) is an n-dimensional compact Riemannian Einstein manifold with
Ric(γ) = −n(n− 1)γ.

g = −dt2 + sinh(t)2γ

on (0,∞)×M .

Class B: positive curvature

(M,γ) is an n-dimensional compact Riemannian Einstein manifold with
Ric(γ) = n(n− 1)γ.

g = −dt2 + cosh(t)2γ

on R×M .



Results for the vacuum Einstein flow, Λ > 0:

Theorem 1 (F.-Kröncke, 2015)
LetM be a closed n-dim. mnfld (n ≥ 2) and γ an Einstein metric satisfying Ric(γ) =
−(n − 1)γ. Then for s > n/2 + 2, s′ > n/2 + s and ε > 0 there exists a δ(ε) > 0
s.t. for initial data (g0, k0) satisfying

‖g0 − γ‖Hs′ +
∥∥∥k0 +

√
2γ
∥∥∥
Hs
′−1

< δ

its maximal globally hyperbolic development under the Einstein flow admits CMC-
foliations {Mt}, such that the induced metrics gt satisfy∥∥sinh−2(t)gt − γ

∥∥
Hs

< ε.

All corresponding homogeneous solutions are orbitally stable and future develop-
ments of small perturbations are future geodesically complete.



Theorem 2 (F.-Kröncke, 2015)
Let M be a closed n-dim. mfld. (n ≥ 2) and γ an Einstein metric with Ric(γ) =
(n− 1)γ which does not admit Killing vector fields and such that −2(n− 1) is not
an eigenvalue of the Laplacian. Then for s > n/2 + 2, s′ > n/2 + s and ε > 0 there
exists a δ(ε) > 0 s.t. for initial data (g0, k0) satisfying

‖g0 − γ‖Hs′ + ‖k0‖Hs′−1 < δ

its maximal globally hyperbolic development under the Einstein flow admits a CMC-
foliation {Mt}t∈R such that the induced metrics gt satisfy∥∥cosh−2(t)gt − γ

∥∥
Hs

< ε.

All corresponding homogeneous solutions are orbitally stable and the develop-
ments of small perturbations are complete.

Remark. The stability can be deduced from ”localized stability result” in
[Ringström, 08] (also in higher dimensions).



New: Approach via CMC-foliations (inspired by [Andersson-Moncrief,’11]) provides
a substantially simplified and concise proof.

Foliation by compact, spacelike hypersurfaces Mt, I ⊂ R compact interval.

M = I ×M

ADM-Ansatz

(n+1)g = −N2dt⊗ dt+ gab(dx
a +Xadt)⊗ (dxb +Xbdt)

Lapse function N , shift vector field X, induced Riemannian metric g on Σ.

Second fundamental form k, Mean curvature τ = trgk, k = Σ + τ
n
g.

Constant mean curvature - spatial harmonic - Gauge

∂aτ = 0

V k = gij(Γkij − Γ̂kij) = 0



Elliptic - Hyperbolic system

∂tgij = −2N(Σij + τ/ngij) + LXgij

∂tΣij = N(Rij + τΣij − 2ΣikΣkj + (τ2/n− n)gij)

+ LXΣij −
1

n
gij −

2Nτ

n
Σij −∇i∇jN

∆N = −1 +N
[
|Σ|2g +

τ2

n
− n

]
∆Xi +RimX

m − LXV i = 2∇jNkji −∇iNtrgk + 2N∇jkij

− (2Nkmn − (LXg)mn)(Γimn − Γ̂imn)



Sketch of Proof.

1. Universality of the CMC-gauge:
Every development of a small perturbation of the background geometries contains
a CMC surface.
Implicit function theorem argument.

2. Rescaling of the equations.

g = s(τ)g̃, N = s(τ)Ñ,

Σ = s(τ)1/2Σ̃, X = s(τ)1/2X̃

for s(τ) = ( τ
n

)2 − 1 and define a new time function T by

τ = −n
cosh(T )

sinh(T )
.



3. Uniform energy estimate.

Rescaled evolution equations:

∂T gij =−
n

sinh(T )
2NΣij +

cosh(T )

sinh(T )
A+

n

sinh(T )
B,

∂TΣij =−
cosh(T )

sinh(T )
(n− 1)Σij

+
n

sinh(T )
N(−

1

2
∆g,γ(g − γ)− R̊γ(g − γ))

+
1

sinh(T )
(LXΣij) +

n

sinh(T )
C +

cosh(T )

sinh(T )
D.

Constraining the energy estimate:

I Not all terms have an exponentially decaying coefficient.

I Decay inducing term only for Σ.

I Laplacian does not allow for an isolated estimate of Σ due to regularity
problems.



Resolution of the energy estimate:

I Give up on decay in the first step.

I The negative Σ-term

−(n− 1)
∑
k≤s

∫
|∇kΣ|2dx

can be used to absorb terms which are higher order in Σ.

I Main observation: All terms without an explicitly decaying time factor e−T

are higher order in Σ.

Conclusion: An estimate where ”bad” terms disappear holds for small data.



Energy:

Es(g,Σ) ≡ ‖g − γ‖2
L2(γ)

+

s−1∑
k=0

(−1)k(Σ,∆k
g,γΣ)L2(g,γ)

+
1

2

s∑
k=1

(−1)k(g − γ,∆k
g,γ(g − γ))L2(g,γ)

Generalized Laplacian: ∆g,γhij =
1

µg
∇[γ]m(gmnµg∇[γ]nhij),

L2-norm: 〈u, v〉 ≡ uijvklγikγjl; (u, v)L2(g,γ) ≡
∫
M
〈u, v〉µg .

Lemma
Let s > n/2 + 1 and (g,Σ) ∈ Hs ×Hs−1 be a solution to the evolution equations.
Then there exists an ε > 0 such that for

(g,Σ) ∈ Bsε(γ)× Bs−1
ε (0),

the estimate ∣∣∣∂TEs(g,Σ)
∣∣∣ ≤ C(ε)

sinh(T)
Es(g,Σ)

holds in the case of negative curvature of γ. The analogous estimate with sinh(T)
replaced by cosh(T) holds in the case of positive curvature of γ.



Energy estimate yields global existence.

Problem:
The established boundedness does not imply completeness of the resulting
solution.

I Boundedness of the metric in highest regularity is given by previous estimate.

I May apply estimate for Σ individually, in one order regularity lower.

I This yields decay for Σ.

I Elliptic equations improve the regularity in which gradient of the lapse and
shift are decaying.

4. Lower order estimate for energy of Σ, (Hs−2) yields decay for the
perturbations. If n > 2, √

Hs−2(Σ) ≤
C
√
ε

sinh(T )
.

If n = 2, the estimate is

√
Hs−2(Σ) ≤

C
√
ε

sinh1/2(T )
.

5. Decay is sufficient to deduce completeness. �



Consider now the massless Einstein-Vlasov system.

Theorem 3 (Andersson-F.-Kröncke, 2015)
Spacetimes in the class A are future nonlinearly stable under the massless Einstein-
Vlasov flow. The future developments of small perturbations are future geodesically
complete and admit CMC-foliations.

Theorem 4 (Andersson-F.-Kröncke, 2015)
Spacetimes in the class B (excluding certain symmetries) are future- and past non-
linearly stable under the massless Einstein-Vlasov flow. The future developments
and past developments of small perturbations are future- and past geodesically
complete, respectively and admit CMC-foliations.



Elliptic - Hyperbolic system (non-vacuum case, geometry rescaled)

∆gN = −1 +N(|Σ|2g + n) + Ñ η̃

∆gX
i +RimX

m = 2∇jNΣij + 2 sinh(T )Ñ ̃i

− cosh(T )(2− n)∇iN − (2NΣmn − (LXg)mn)(Γimn − Γ̂imn)

∂T gij =− 2
cosh(T )

sinh(T )
(1− nN)gij − n sinh(T )−1(2NΣij − LXgij)

∂TΣij =− n2 cosh(T )

sinh(T )
(

1

n2
+N −

2N

n
)Σab

+ n sinh(T )−1N(Rij + ngab − 2ΣikΣkj )

+ n sinh(T )−1(LXΣij −
1

n
gij −∇i∇jN) + 2n sinh(T )−3ÑT̃ij ,

p0 = N−1(1− |X̂|2g)−1
[
X̂jp

j +
√

(X̂jpj)2 + (1− |X̂|2g)|p|2g
]
,

p̂ =
[
X̂jp

j +
√

(X̂jpj)2 + (1− |X̂|2g)|p|2g
]

ρ = 2N2

∫
f

(p0)2

p̂

√
gdp, η = (2− n

n−1
)ρ+ 1

n−1

∫
f
|p+ p0X|2g

p̂

√
gdp

a(f) = N

∫
f
pap0

p̂

√
gdp, T̂ab =

√
g

∫
fpapbp̂

−1dp



Rescaling the matter via

f = sinh(T )nf̃ , pa = sinh(T )2p̃a

yields

∂T f = −Nn sinh(T )−1 p
e

p̄
Aef +

p̄

N

[ 1

n
(
cosh(T )

sinh(T )
Xa + ∂TX

a)
]
Baf

+
p̄

N
Fa1 Baf + puFa2,uBaf + papb/p̄F c3,abBcf + n

cosh(T )

sinh(T )
f − 2NτpuBuf

and
‖Ñ η̃‖Hs−1 ≤ CEVl,s−1(f) · sinh(T )−(n−1),

s(τ)−1/2‖2Ñ ̃‖Hs−1 ≤ CEVl,s−1(f) · sinh(T )−(n−1),

2ns(τ)3/2‖ÑT̃ab‖Hs−1 ≤ CEVl,s−1(f) · sinh(T )−n,

Observation:

I The coefficients on the RHS of the transport equations (their Hs−1-norms)
are integrable in time, given the vacuum asymptotic of the geometry.

I The components of the energy-momentum tensor (in Hs−1) decay fast
(compared to the leading terms in the vacuum problem.)



Proof of Theorems 3 & 4.

I Bootstrap the energy-momentum tensor by assuming

EVl,s−1(T ) ≤ C

same for the support.

I Under these assumptions the matter terms in the elliptic-hyperbolic system
only appear as perturbation terms of fast decay.

I Same energy estimates as in the vacuum case can be achieved for g− γ and Σ.

I Using the standard energy estimates (without correction) in combination with
smallness of the initial data yield

EVl,s−1(T ) ≤ ε.

�



6. Nonlinear Stability II, Λ = 0



Let M be a closed surface of genus gen(M) ≥ 2, with σ0 a fixed Riemannian
metric of scalar curvature R(σ0) ≡ −1.

We consider the vacuum solution

gB = −4dt⊗ dt+ 2t2σ0
abdx

a ⊗ dxb.

Vacuum stability (Andersson, Moncrief, Tromba ’96)
Einstein+scalar field (from U(1)-symmetry) (Choquet-Bruhat, Moncrief ’01)

Theorem 5 (F.’14)
gB is future nonlinearly stable under the massive Einstein-Vlasov flow for perturba-
tions with initially compact momentum support of the distribution function. The
future developments of small perturbations are future geodesically complete.

The hardest problem for the proof are shift vector terms appearing in the Vlasov
equation, which have insufficient decay.

These can be neutralized using the corrected energies.



Other topologies in n = 2

I Remaining closed surfaces are S2 and T 2.

I In vacuum: no solutions with spatial S2 topology (Λ = 0)

I For a scalar field initial data on S2 exists (Choquet-Bruhat, Moncrief)

I On T 2 the conformal geometry degenerates asymptotically towards the
future. Stability not understood.

Observation: The slow decay of the Vlasov energy-momentum tensor in 2+1
dimensions essentially changes the global behavior of the Einstein flow.

For ”enough” matter any topology allows for future complete solutions.



Consider a vacuum solution (λ,Σ, N,X) to the Einstein equations on [t0,∞)× S2.
The momentum constraint

DbΣ
b
a = 0

implies that Σ is transverse, therefore a TT-tensor.

On S2 this implies Σ = 0. The Hamiltonian constraint reads

2∆σλ = e2λτ2/2 + 1,

which by integration yields a contradiction. Therefore: There is no solution of
the vacuum constraint equations in CMC gauge on S2.

The Hamiltonian constraint is solvable with a non-vanishing energy density.



Consider the Hamiltonian constraint of the Einstein-Vlasov equations.

2∆σλ = e2λτ2/2 + 1− e2λρ− e−2λ|Σ|2σ (HC)

We define the asymptotic mass of the system by

m∞ ≡
∫
TM

fµTM .

The rescaled energy density for Vlasov matter is of the form

e2λρ =
m∞

vol(S2)
+ ρ̃,

where ρ̃ is a perturbation term.

This allows for solutions of (HC) if we set

m∞

vol(S2)
> 1.

Main Observation:

The asymptotic mass of Vlasov matter in 2+1 dimensions acts as a negative correc-
tion to the scalar curvature of the conformal metric - independent of the topology.

This presumably avoids recollapse of the corresponding space times.



We have the following explicit solutions using an ansatz f = f(t, |p|g).

Corresponding explicit solutions are of the form

gitr = −
(

2τ2

τ2 + 2η

)2

dt2 +
2τ2

4ρ(f)− τ2
· t2σabdxa ⊗ dxb.

Asymptotically,

lim
t→∞

2τ2

τ2 + 2η
= 2

lim
t→∞

2τ2

4ρ(f)− τ2
= 2

[
m∞

vol(S2)
− 1

]
.

These are future complete solutions on [T0,∞)× S2 with σ the standard metric
on S2.

These models are counterexamples to a 2+1-dimensional version of the recollapse
conjecture.



Theorem (F. ’14/’15)

Every of the previous solutions to the Einstein-Vlasov system on [T0,∞) × S2 is
future nonlinearly stable. Developments of the perturbed initial data are future
complete.

The same holds for corresponding solutions on T 2.

Corollary
Let M be a closed surface. Then there exists initial data to the Einstein-Vlasov
flow on M such that the future development of this initial data is geodesically
complete and the space-time is asymptotically of the form

g∞ = −4dt2 + c · t2σabdxadxb,

where σ is a metric of constant scalar curvature on M and c = c(χ(M),m∞(M))
is a positive constant depending only on the genus of M and its total mass. These
solutions are future stable.



Thank You.


