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Lippmann equation

doi:10.1351/goldbook.L03577

Lippman's equation

An equation which gives the electric charge per unit area of an interface (electrode):

Jdy )
il A =-0
(‘)EA T.p.p#n A

where 7 is the interfacial tension, E A is the potential of a cell in which the reference
electrode has an interfacial equilibrium with one of the ionic components of A, Q, is
the charge on unit area of the interface, y;, is the chemical potential of the combination

of species i whose net charge is zero, T is the thermodynamic temperature and p is
the external pressure. Since more than one type of reference electrode may be chosen,
more than one quantity Q may be obtained. Consequently Q cannot be considered as
equivalent to the physical charge on a particular region of the interphase. It is in fact
an alternative way of expressing a surface excess or combination of surface excess of
charged species.

Source:

PAC, 1974, 37, 499 (Electrochemical nomenclature) on page 508

PAC, 1986, 58, 437 (Interphases in systems of conducting phases (Recommendations
1985)) on page 445

IUPAC Compendium of Chemical Terminology Copyright © 2014 IUPAC
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Outline

Kl lon transport in electrolyte bulk
= Shortcomings of Nernst-Planck model
= General continuum model for the bulk

B Electrochemical double layer
» Surface balances and adsorption
» Free energy models for metals
= Double-layer capacity

Kl Lippmann equation for liquid mercury electrode
= Matched asymptotic analysis
= Numerical results
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Shortcomings of Nernst-Planck model 'Zﬁf’g

diluted solution of anions A, cations C' in solvet .S o © ® ©
1 e o @
Or(maneg) + div(menav + Jo) =0 fora=A,C : ®@ = @E*
—gA(p = ZANA —+ zono metal +[© @ electrolyte ©
¢ e

Nernst-Plack (1890):
Jo = —M(Vng + zanaVe) fora=A,C
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Shortcomings of Nernst-Planck model

©
© @®
© ¢ @®

diluted solution of anions A, cations C' in solvet .S -
at(mana) + diV(ma’rLa’U + Ja) =0 fora= A, C : @@ @@ -

@
—gAgp = ZANA —+ zongo metal © @ electrolyte ©
¢ %
Nernst-Plack (1890):

Jo = —M(Vng + zanaVe) fora=A,C

equilibrium — Poisson-Boltzmann e

0=Vng+ zanaVe fora=A,C

—eAp = zan g exp(—zap) + zonc exp(—zop) }
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“Extended” Nernst-Planck models

B postulated layer structure y-<< : ) e ©
[Stern:1924] e © o ©
<= =>
g{_- [~ + @ o @
+77£T}]1 -7z metal + e e electrolyte C]
? e
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“Extended” Nernst-Planck models

B postulated layer structure
[Stern:1924]

B finite size of ions, volume exclusion
[Bikerman:1942], [Eigen,Wicke:1952], [Carnahan,Starling:1969],
[Borukhov,Andelman,Orlando:1997], [Ajdari,Bazant,Kilic:2007]
... molecular dynamics, statistical mechanics,
Langevin, Monte Carlo, DFT ...
— Poisson-Fermi

metal

]

€) electrolyte

©
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“Extended” Nernst-Planck models

B postulated layer structure : ) @
[Stern:1924] ©,. e @®
+ © " =
W finite size of ions, volume exclusion +| @ e @
metal + © ) electrolyte ]

[Bikerman:1942], [Eigen,Wicke:1952], [Carnahan,Starling:1969],
[Borukhov,Andelman,Orlando:1997], [Ajdari,Bazant,Kilic:2007]
... molecular dynamics, statistical mechanics,

v %

Langevin, Monte Carlo, DFT ...
— Poisson-Fermi

B layers not diluted

B pressure dependence,
momentum balance

B [Freise:1952], [Sanfeld:1968],
[DGM13]
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General Framework

non-equilibrium thermodynamics distinguishes
B general balance laws

B material dependent constitutive equations
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General Framework

non-equilibrium thermodynamics distinguishes
B general balance laws

B material dependent constitutive equations

constitutive equations restricted by
m 2"% aw of thermodynamics  (cf. [Bothe,Dreyer:2014])

B principle of material frame indifference
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Electrolyte bulk model

constituents: Ag, Ay, -, AN
atomic mass: mg, mi,- -+ ,MN
charge number: 29, 21, -+ , 2N

fields of matter

po, -+, PN mass density
pv momentum
pu internal energy

-

-

electromagnetic fields

FE electric field

B magnetic field
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Electrolyte bulk model

constituents: Ag, Ay, -, AN
atomic mass: mg, mi,- -+ ,MN
charge number: 29, 21, -+ , 2N

fields of matter

po, -+, PN mass density
pv momentum
pu internal energy

09~

=0
-
- o—
e (]

[+

electromagnetic fields

E=-Vop
B

electric field
magnetic field
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Electrolyte bulk model 'Zﬁ@";

i
| I
N— m\/\/\/ A N

constituents: Ag, A1, -+, An " A e

. 00— Fo_ ()
atomic mass: mg, my, -+ , My -0 ' _ %90~

. -  0—= o=

charge number: 2g, 21, -+ , 2N ) Q0
fields of matter electromagnetic fields
po, -+, PN mass density E = -V electric field
pv momentum B magnetic field
pu internal energy

partial mass balances Opo +div(pav +Jy) =0 fora=0,1,--- N
quasi-static momentum —div(X) = pb

electrostatic Poisson eqn. —eo(1+x)Ap =nF
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Entropy production

1 T( 0h h
€= |19+ HMBT + MIB) — J(E'P + €7 P + E(BT;E”'W‘ + B@L..E“k"‘)
x o o
~(pu-—1n —g Patat g JFun,F&“‘ — &P M Bk)‘w] (0;.1 + o;]>
e ()
pul 0 (e 1 [zt _ zne
; o BN aCo _ ENCO\ o
*21(3, (77?),?(%,7””')8) 1 1
- ?Z (Zﬂmm;w) L 7 o o o
IA L o Lunid ST i) gAr
(B L) (p () (5T = (- L))
T 27w ~ o ’ (x( )~ brav,)
oh Lo 3loria +saai) = ray
(6(\4! + = HJ) (MJ +§M (Z,); - %)) . N1 [
/ J " 1/2za€0 2n,€0 E B
PR ( )7 o (B vy < B).
No
Pt EE e
[ s TS ) -0) (3 1)]
1 - :
+ ?[[(/” — P MU = (pu—Toy - 2::] Jap = EEPH + MHBE) o
iy
(] (P B =) - (ot -0 + T - %))””)” o' =11]
I —_— :
Guhlke:2015
[ ] - [ (et il — ) (%(u« ~ ) - %(ua - )] (5.79)
Pt s
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Constitutive modeling 'Zﬁ@"*é

free energy  pv = pi(T,po.p1,+.on,) + X’E|2

opy =
o =G pi=—pb+ > pajie (Gibbs-Duhem)
@ a=0
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Constitutive modeling 'Zﬁ@"*é

free energy  p1 = pY(T,p0.p1,0n,) + X|E|?

opy al .
o =5, pi=—pt+ Y pajle (Gibbs-Duhem)
@ a=0

<o () 4 (3 - w)E). a3

a=1

E=-ptel+x)(E®E-3|EF1)
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Free energy

N
n,
pib = Z PagB(T) +kTY ngIn "2

n
a=0
-~
reference values entropy of mixing
. N R
elastic law: p = pfe + K (N o2 n,, —

v specific volume of A,

+ppM
——

elastic energy

1)
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Free energy

N
n,
pib = ZpagRef (T) +kT> naln

n
a=0

reference values entropy of mixing

elastic law: p = pf¢f + K (ij 0 vE g —

v specific volume of A,

pM =

L (p — pPel)

Vng + vRef(

incompressible limit ' — oo:

,Uza—gaef+kT ln”“ +va

Ma

Mg Na

mo Mo

J,=—-M, (Vna

(p—p

+ppM
——

elastic energy

1)
Rl ) (N o vd g

—1)

mavo

ool )Vp + Za€0V90>
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Free energy

N
n,
pib = ZpagRef (T) +kT> naln

n
a=0

reference values entropy of mixing

elastic law: p = pf¢f + K (ij 0 vE g —

v specific volume of A,

pM =

L (p — pPel)

Vng + vRef(

incompressible limit ' — oo:

Ref + K kT lnna +va

Mo
—M, (Vna

Ha

Mg Na

mo Mo

Ja

(p—p

+ppM
——

elastic energy

D

el ) (N g vd ng — 1)

:Z:v%ef )Vp + Za€0v90>

Nernst-Planck: J, = —M,, (Vn, + 2ae0V),
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Solvated ions

{ cation
.{D 31 &'L %o } specific volumina:

—

rm? ol ¢ v A ol
;' Q XS C: gef
LQ A s R

s -

anion O\.;) solvent moleculesg\/o
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Solvated ions

bm:ndeld solvent { solvated cation

mo',icuesyi & o specific volumina:
O\Z }O\éﬁ{ { A: Uﬁff + KA Ugef
} ﬁ&.\o o i Ref Ref

.QQ;. L { C: vo + Ko vg

Ay (e s R
Al N/, U s
solvated anion free solvent molecules
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Solvated ions

bounded solvent solvated cation

molecules { ({.\0

A s

solvated anion free solvent molecules

1
x [am]

L

specific volumina:

A: vA*f + KA vRef

C: vc*f + Ko URef
. Ref

s vl
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Solvated ions

bounded solvent
molecules

{ solvated cation
({0\0
3 MR

e
20X ren

solvated anion free solvent molecules

4 mol/l

0 0.5

1 15 2
x [am]

specific volumina:
Re Re
A: vA*f + KA Ug 4

C: vgff + Ko vgef
. Ref
S: vse

?jz/Zzanadx

atyor — pr =0.25V:

13 ~ (0 — 50) 25,

experiment:
cmy

~ uC

d ~ 60045

Nernst-Planck:

simple mixture: |q] = 100{‘%2
N . g 1C
solvated ions:  |q] ~ 281>
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= Shortcomings of Nernst-Planck model
» General continuum model for the bulk

B Electrochemical double layer
= Surface balances and adsorption
= Free energy models for metals
= Double-layer capacity

= Matched asymptotic analysis
= Numerical results
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Surface balances 'Zﬁ@";

volume: Ag, Aq,--- , AN surface: Ao, Ay, -, An, -, Ang
Oipa + div(pav + Jo) =0 Ocpa + [(pa(v —w) +Ja) -] =0
—3 = pb —[Z-v] = glsH- 2k:M;yu
—eo(1 + x)Ap = nF —ol(1 + x)9np] = 1"
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Surface balances

volume: Ag, Ay, -, Ay surface: Ao, Ay, -, An, -, Ang
Oipa + div(pav + Jo) =0 Ocpa + [(pa(v —w) +Ja) -] =0
—3 = pb —[Z-v] = glsH- 2]{7M"S)/V
—eo(1+ x)Ap =nF —ol(1 + x)9np] = 1"

pY = pY(Tpopron) + X E|? po= pi(Tpo.p1pwg)

opy
4 = 00V e r
o 8[)a Sa a[)o(
N $ Ng
pi=—p+ Y Palia V== patia
a:O S S S QIOS S
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Free energy of metal

incompressible simple mixture of metal ions )/ and electrons e
R
v =0, p=pc+pu

goal: pY = prdnr(par) + pete(pe),  pY(pos- - s PN, PesPM)

s§8 S S S S

2/3 2/3
ooy = pltel + vﬁf’an, fe = () / %ﬂne/ (Drude-Sommerfeld)
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Free energy of metal 'Zﬁ@";

incompressible simple mixture of metal ions )/ and electrons e

ved =0, p=pec+pu
goal: pYb = pyonr(par) + petbe(pe)s — pY(pos -+ s PN, Pes Pr)
s S S S S
ooy = pltel + vﬁfan, e = (%)2/3%8112/3 (Drude-Sommerfeld)

coupling to surface
Constitutive laws (fast adsoption limit)

—HO 0
0= Noz Nfo _ %a /:. 0= ﬁ _ lsj;
T - T T

T )
s

s
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Free energy of metal surface

Volume mixture Surface mixture
o
Cation 073 i
Solvent ® Solvent Cation

Partial
Bound
solvation shell

adsorption sides

n _ nRef

SM SM
vacancies

ny =ny — Y4 Na
S S S
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Free energy of metal surface

Volume mixture

° ¥
Cation
Solvent ®
Anion \e
e 2
(3
e ®® g
_ , Ref | kT
Ha = Mo~ + Py
s s
Ref
_ Ref _ay
M = Ky — Y
s s
yas
\\

BACKGROUND

ELECTRON DENSITY

-0 “0s — 3
DISTANCE (FERMI WAVELENGTHS)

adsorption sides

Surface mixture

Ca nyy = nid
ation pr—
Solvent s s M
Vacancy
o vacancies
Bound
solvent solvation shell ,{;LV — ZLM _ Za ,{;La

[Kohn,Lang:1971]
metal — vacuum: @p; — @y ~ 7V

metal — surface: o — py ~ 2V
S

Lippmann Equation - March 3. 2015 -

Page 16 (29) W



Free energy of metal surface

Volume mixture Surface mixture

Cati o
ation i
Solvent 21"

Partial
solvation shell

Bound

Q [Kohn,Lang:1971]

BACKGROUND

ELECTRON DENSITY

-0

“0s 0%
DISTANCE (FERMI WAVELENGTHS)

S S

| o metal — vacuum: @ —
metal — surface: opsr —

adsorption sides

n _ nRef
SM SM
vacancies
ny =ny — Y4 Na
S S S
Yy ~ 7V
oy ~ 2V

s

fe = pl (!)  depending on surface orientation
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Capacity

dq

differential capacity: C' := — Q:=q+q
dE S
C/uF.cm-2 100 —cNar =0.1
) enar =0.04
o - 82}2 T cNar =0.02
o 002 - 80 Ny, —— e =001
NaF —= 0.01 ~» éu—'7o
—1— 0.005 » g
w60
=
50
50k N
2 40
o
= 2 30
\v /) = S
’\,\/ 20
Esce/V 10
0 - Y 0
-10 -05 —~1:2 -1 0.8 —0.6
Potential £ (vs. SCE) [V]
G. Valette, J. Electroanal. Chem. 122 (1981), 285-297 W. Dreyer, C. Guhlke, M. Landstorfer, Electrochim. Acta, submitted,
(2015)
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Electrochemical double layer

metal electrolyte

T normal water structure

— fully solvated ion

L~ specifically adsorbed ion

—
water molecule

inner Helmholtz planc (THP)

outer Helmholtz plane (OHP)

D. Kolb, Surface Science, 500(1-3),722-740, (2002)

-

W— - O. Stern, Z. Elektrochem. angew. phys. Chem., 20(21-22),508-516, (1924)

T

1
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Electrochemical double layer

metal electrolyte
normal
— fully sol
local anion . — (X )
@ : I — 1 (X)) yaling
1 e 11 ¢ (X)) =
. I s 11 5 (X ) =
|~ specificall e ' T 3 §
5 | 6“::”” =0 | g
E 05 .. diffuse layer | 2 %
= 2]
5} : s
£ ' 8
[~ watermol .
0 1 xs = 1.94 3 4 xs+x4 5
Space coordinate x [nm]
inner Hel
outer Hell
D. Kolb, Surface Science, 500(1-3),722-740, (2002) W. Dreyer, C. Guhlke, M. Landstorfer, Electrochem. Commun., 43,
75-78, (2014)
-8
W72
%’- — - O. Stern, Z. Elektrochem. angew. phys. Chem., 20(21-22),508-516, (1924)

—
+7p =72

o
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= Shortcomings of Nernst-Planck model
» General continuum model for the bulk

= Surface balances and adsorption
= Free energy models for metals
= Double-layer capacity

E Lippmann equation for liquid mercury electrode
= Matched asymptotic analysis
= Numerical results
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Challanges

. dy
Lippmann 2L = —Q

Butler-Volmer R RO exp (af ans) Rb exp (—ablj—%ng)

thermodynamic variable: E not ¢
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Challanges

Lippmann d =—Q
ButIer-VoImer R RO exp (af ans) Rb exp( ablj—%ns)

thermodynamic variable: E not ¢

sharp boundary layers, Debye length: \L%¢f

—(14+x)e00zap = 0"~ =N(1 4 x)0ep ="
R
Y B Nt |
—\| e2nBef (LReF)2” ~ nlef [Ref
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Challanges 'Zﬁ@’g

Lippmann d—” =—Q
Butler- Volmer R RO exp (af anb) Rb exp ( ablj—%ng)

thermodynamic variable: E not ¢

sharp boundary layers, Debye length: \L%¢f

—(14+X)200map =nF =X (14 X)0gep =
Ref
\ = Sok‘T \G — QL “

LB = 1em, nfief = 6.022- 102 m~3, nfief =7.3.108 m=2
S
A 1.54-107%, A6~ 1.21-107°, A|b|~2.38-107%.
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Rescaled equations 'Zﬁ@";

Assumptions
B equilibrium: ;- =0, v =0
mo~0O()
B k- AR <1

bulk O

V(tta + 2ap) =0 (ko + Za(p))i = Mo + Zalp
s s

0:% = Apb [Z-v] = Ao(pb + 2knry)

( : —[A@1 + x)0zpv] = n"
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Formal Asymptotic Expansion

X=1(8,8,) +zV
LY

“y
r(Sy, S2)
Q- ot

rescale in layer

u(r,z) == u(r + Azv)

formal asymptotics expansions for 0 < A < 1
inbulk: u = u® + \ull) + O(\?)
inlayer: = a(® + \aM) + O(\2)
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Formal Asymptotic Expansion

= 1(s,8,) +zV

r(Sy, S2)
Q+

matching conditions:

g(O)(Z) _ u(O)d:(Jj
0.7 (2) = o(1/2])

in higher order
aM(z) — z9,uO* —

9,u M (2)—,u®

rescale in layer

u(r,z) == u(r + Azv)

formal asymptotics expansions for 0 < A < 1
inbulk: u = u® + \ull) + O(\?)
inlayer: © = u% + \al) + O(\?)

A
&) =01/l -

o(1/]z])
= o(1/2])
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Inner equations 'Zﬁf’g

Vu = A_laz’ljll + |T1|_1611~LT1 + |T2|_1621~1’7'2 + O()\) ,
div(w) = A10,@ - v + dive (@) + O(N) |
—Au = —\"20..0 — N2k 0.0+ O(1)

iyu - _5+ HTX|02@‘2 + O()‘Q)

layer
A0, + nF 0.3) + O(N) = \pb
—(1 4 x)(0:28 + A\ 2kp0.3) + O(N2) = nF

—[Zu] = A62kny + A28 pb - v+ O(N?)
s sS

—[(1 +x)0:] = on" + O(N)
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Leading order 'Zﬁ@"*é

layer: 50) = (@ + HX[0. 502 outk: 50 — —p(©)
5,80 =0, -[ED1 =0,
~(1+ x)8::50 = 7O, [+ x)2:8] = 5 ")

B0 (—o0) = B (o) = ] =0
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Leading order

layer: 0 = —p(©0) + 14x|9,5(0)2 bulk: 25,) = —p(©)
~0,30 =0, -[=01 =0,
~(1+ 20050 = 7O, [ +200:39] = 6 7O

> (—o0) = =W (00) = [O] =0

)7 000 dz =000 +0.605 = —[0.67]

O LTRSS
global electro-neutrality of double layer: 6 n™(0) + 5~ + g+ =0
S
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Higher order

S = 50 + (140050050
azﬁ(l) aF ﬁF’(O)azs'E(l) + ﬁF’(l)azQZ(O) —0 ,
_(1 + X) (azz&(l) + 2kns 8z&(0)) — ”ﬁF,(l)
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Higher order 'Zﬁ@’“é

S = 50 + (140050050
azﬁ(l) aF ﬁF’(O)azs'E(l) + ﬁF’(l)azQZ(O) —0 ,
_(1 + X) (azz&(l) + 2kns 8z&(0)) — ”ﬁF,(l)

aziz(/ll/) — *2]{7]\4 (1 + X) (OZQB(U))Z

W
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Higher order 'Zﬁ@’g

S0 = =W + (1 + x)0.6© 0.0

0.pM + 7,50 4+ 7FWe,50) =g, —[ZWD] = 6 2kpr v

_(1 + X) (azz&(l) + 2kns 8z&(0)) — ’ﬁF,(l)

0.20) = —2kar (1 4+ x)(9.50))?
FHo= 5P+ x)(0:59)% dz, = [ (14 0)(0:8) dz

5
Young-Laplace [p(V] = 2kn (Y +75T —77)

W
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Lippmann equation

interfacial tension v : =~ 4+~ — &
S

QT metal, apply potential E := ¢ — ¢~
S

_ , d~t _
,L;e = const. — constant layer in metal = =71 =
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Lippmann equation

interfacial tension v :=~v + §+ -
S

QT metal, apply potential E := ¢ — ¢~
S

,L;e = const. — constant layer in metal = %5* =
~_ 0 ~
7= (1) [0 (0:619) dz

=1+ [oVP@+e)dp

w7 =—+x)Vpls =-T

[DGM13]

[DGL2014pre]
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Lippmann equation

interfacial tension v :=~v + 7+ -
S

Q" metal, apply potential £/ := ¢ — ¢~
S

e = const. — constant layer in metal — %TF =
S

~— 0 ~

T =1+x) [0 (0:6)2dz

=(1+x) f§ p(P+ ™) dp [DGM13]
g7 = +xVply =-q [DGL2014pre]
d%7 = d% (P”l/) - Z naﬂa)
ss S s

=4 (m/) — Yaen- Nallialg + 2a E))

5s
= —q [Guhlke2015]
s
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Lippmann equation

interfacial tension v :=~v+35t — 5~
S

Q" metal, apply potential £/ := ¢ — ¢~
S

,Lste = const. — constant layer in metal —> %TF =
~_ 0 ~1
7T = (14 x) L2 (0:61) dz

=(1+x) f§ V(@ +¢7)dp [DGM13]

g7 =0+ x)Vplg =—-q [DGL2014pre]

diEV = diE (P”l/) - Z naﬂa)
s s s S s
= %(,07/) - EaeQ— na(ﬂa‘g + 2o E))
s S
=—q [Guhlke2015]
S
double layer charge: @ :=q+q~ Lippmann: %7 =-Q
S
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Numerical results
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Validity of asymptotic results

rs=250m, c=0.1M
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Validity of asymptotic results
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Summary & Conclusions

pressure dependence, momentum balance necessary
thermodynamically consistent complete model derived

incompressible mixture model for metal surface; . = const.
S

qualitative & quantitative prediction of differential capacity

jump conditions by formal asymptotic analysis

W electric field contributes to interfacial tension
B Lippmann equation recovered within asymptotic limit

B asymptotic not valid in nm range
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pressure dependence, momentum balance necessary
thermodynamically consistent complete model derived

incompressible mixture model for metal surface; . = const.
S

qualitative & quantitative prediction of differential capacity

jump conditions by formal asymptotic analysis

B electric field contributes to interfacial tension
B Lippmann equation recovered within asymptotic limit

B asymptotic not valid in nm range

Thank you for your attention! Questions?
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