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Einstein vacuum equation

We are interested in the global behavior of solutions of
Ric(g) =0,
where g is a Lorentzian metric (+———) on a 4-manifold M.

Here: study perturbations of special solutions.



Special solutions of Ric(g) =0

1. Minkowski space.

M =R; x R3,

80,0 = dt*> — dx* = dt® — dr’

— rzgSz.
2. Schwarzschild black holes (mass m > 0).

M =R, x (0,00), x S?,

2m 2m\
g(m’O) = <1 - r> dtz - (1 - r> dr2 — r2ggz

= 8(0,0) + o(r ™).



[llustration of the Schwarzschild metric

2 2mp\ !
bo = (mp,0), gk, = (1 — TO> dt? — (1 — n:o> dr’ — r’ge.

Regge-Wheeler coordinate : r, = r + 2mg log(r — 2my).
te =t + ro near H (r =2mg), t, = t — r, near I+,
M=TR; x X, X=][r_,00)xS? r_ € (0,2mp).




Special solutions of Ric(g) = 0, continued

3. Kerr black holes
(mass m > 0, angular momentum a € R3, a = |a]).

Ap — 2% sin? thz 4 4amrsin? 0

g = dtdy
) % %
2 1 22)2 _ AL 22sin2 2
_ (£ > ba” sin” 0 sin? fdy? — Q%(dL + dc92)
O Ap

= 8(m,0) + O(riz)a
Am,a) = r’ —2mr + a, Q%mVu) = r? + 2% cos? 6.

Consider slowly rotating Kerr black holes:

b:= (m,a) = by = (mp,0)on M =R, x X.

gp for such b is a smooth family of stationary metrics on M.



Kerr solution continued

> The Kerr metric is asymptotically Minkowskian.

» There exist trapped null geodesics. r-normally hyperbolic
trapping for each r (stable property with respect to
perturbations).

» There doesn’t exist any global timelike Killing vector field
outside the black hole. Consequence : no conserved positive
quantity for the wave equation.

K

K

Analogous solution for positive cosmological constant : De Sitter
Kerr metric. The De Sitter Kerr metric is asymptotically De Sitter.

Only special solutions or real 7



Initial value problem for Ric(g) =0

Given on ¥ = t71(0) c M:
> v: Riemannian metric on X,

> k: symmetric 2-tensor on .

Find:
» Lorentzian metric g on M, Ric(g) =0,
> 7(g) = (—gls,115) = (v, k).

Necessary and sufficient for local existence: constraint equations
on (v, k). (Choquet-Bruhat '52.)

Example
For (v, k) = (b, kb) := 7(gb), the solution of the initial value
problem is gp.



Kerr black hole stability

Kerr :

Theorem (Klainerman, Szeftel, Giorgi, Shen '22)

The future globally hyperbolic development of a general,
asymptotically flat, initial data set, sufficiently close (in a suitable
topology) to a Kerr (ag, mg) = bg initial data set, for sufficiently
small % has a complete future null infinity .#+ and converges in
its causal past J=(.# 1) to another nearby Kerr spacetime with
parameters by close to the initial ones by.

De Sitter Kerr:

Theorem (Hintz, Vasy '16)

In an equivalent situation for De Sitter Kerr there exists g such
that

g=gp +8& |8 Se Pt B>0.






A > 0 versus A = 0.

Toy model of linearized Einstein equations around (De Sitter)
Schwarzschild : wave equation on scalars :

(02 + P)u=0.

» De Sitter Schwarzschild : P similar to a Laplace Beltrami
operator on a manifold with two asymptotically hyperbolic
ends : meromorphic extension of the resolvent on suitable
spaces (Mazzeo-Melrose, Guillarmou).

» Schwarzschild : one asymptotically euclidean end : close to
zero, resolvent only H* down to the real axis (Bony-H.,
Guillarmou-Hassell, Wunsch-Vasy, Vasy,...)



Kerr stability: main issues

1. Find final black hole parameters (my, ar).

2. Diffeomorphism invariance: Ric(g) = 0 = Ric($*g) = 0.
» gauge fixing;
» track location of black hole in chosen gauge.

3. Because of the weak decay for the linearized problem, the
precise structure of the nonlinearity is needed.

In Hintz—Vasy: use Newton-type iteration scheme; naively
80 = 8by:

{DgORiC(hO) - _Ric(go)’ — g1 =80 + ho etc.

initial data for hg on ¥,

Idea: read off improved guess of final black hole parameters and
location /velocity from asymptotic behavior of hg.



Linear stability (modulo gauge)

Consider black hole parameters b ~ by = (myg,0).

Theorem (H.—Hintz-Vasy '19)

Let o/, k' be symmetric 2-tensors on ¥ = t~1(0) satisfying the
linearized constraint equations and

W S K] S e o<a<l,

(and similar bounds for derivatives). Then there exists a symmetric
2-tensor h on M such that

ngRiC(h) = 07 ngT(h) = (’y/v k,)v
which decays to a linearized Kerr metric,

C d
b= () +h S0 (G(6) = b

o)



Gauge fixing
Eliminate diffeomorphism invariance: impose extra condition on g:
W(g) =0gg,1 (= 1-form in g, 0g) = 0.
Then (‘DeTurck trick’):
Ric(g) =0,
W(g) =0, <= IVP for P(g):=Ric(g) —d;W(g)=0.

initial data

Linearized version:
ngRic(h) =0, )
Dy, W(h) =0, <= IVP for ngP(h) (kﬁ 2ngh> =0.

initial data



Main theorem
Let Ly, := Dg, P. Study Lph = 0 with general initial data.

Theorem (H.—Hintz-Vasy '19)
Let a € (0,1), and let hy, hy € C*°(X; S?TE M),

lho| S r7t™ | <r?0<a<1

(and similar bounds for derivatives). Let

Lph =0,
(h‘Zv Eath‘Z) = (h07 hl)-

Then there exist b’ € R x R3 and V ¢ fixed 8-dimensional space of
vector fields on M such that

h=gy(b')+ Lyegy,+h, |b <t t7ot



Main theorem, continued

h=gy(b')+ Lyegy,+h, |b <t t7ot

Here,

V € span{asymptotic translations: d,; + O(r™ 1),
asymptotic boosts: td,; — x'0; + l.o.t.}

+ two non geometric vector fields.

Can read off:
» change of black hole parameters,
» movement of black hole in chosen gauge.

Remark: upon given up one order of decay one can choose V in a
6 dimensional space consisting only of the vector fields with clear
geometric interpretation.



Prior work

v

Andersson—Backdahl-Blue—Ma '19: initial data with fast
decay (o > 5/2; then b’ = 0)

Dafermos—Holzegel-Rodnianski '16: b = by
Johnson, Hung—Keller-Wang '16-'18: b = by

Finster=Smoller '16 (no decay rate).

v

v

v



Strategy of proof

Recast as
Lph=f.

Work on spectral side:

1 R
h(t.,x) = 5 /| B e 7t [, (0) (0, x) do.

s

Shift contour to C = 0.

Uses/is related to: Melrose, Vasy—Zworski, Vasy; Wunsch—Zworski,
Dyatlov, Hintz, Vasy, Guillarmou—Hassell, Bony—H.



15t step: Fredholm setting.

Uses Melrose '93, radial point estimates Melrose '94, Vasy '13, non
elliptic Fredholm framework Vasy '13.

Proposition
Let 0 < a < m. There exists s, > 0 with the following property.
1. Lets > sy, £ < —1/2,5+ ¢ > —1/2. Then the operators

Z;(U)i {ue FIE’Z(X): L/g\b(g)u c H§—17[+2(X)} _ I:Iks)—l,f—&-z(x)

are Fredholm operators of index 0 for Imo > 0, o # 0.
2. If moreover ¢ € (—3/2,—1/2), then

Z-;(O) {U S I:I;K(X): L/.g\b(O)u c H§_17Z+2(X)} N /__I;—l,f+2(x)

is Fredholm of index 0.



ond step. Mode analysis for the gauged fixed linearized

Einstein equations

> Z;(a) invertible for Imo > 0, o # 0.
» Precise description of the kernel of Z;(O), e (-3/2,-1/2).

The mode analysis of I;(a) follows from the mode analysis of
» ungauged linearized Einstein equations,
» the 1— form wave operator.

One also has to consider generalized mode solutions
d 00,—1/2—

h=Y2otlh, hye A%, Lyh=0.

There exist such solutions with hy # 0, d > 2.



Mode stability without gauge

Theorem (Andersson-H-Whiting '22)
Let0<a<m,o€eC,Imog >0, and suppose

g=e"th hc I:Igo’g(X;S%C/f;;(), e (—=3/2,-1/2) is an
outgoing mode solution of the linearized Einstein equation

DgRic(g) = 0.

If o =0, then there exist parameters m € R, a € R3, and a 1-form
— _ ——x
we AXH(X; T X), such that

£ — E(ma)(M, @) = d,w.

If o #0, then g = dzw for a suitable outgoing 1- form w.



Mode stability with gauge

Theorem (Andersson-H-Whiting '22)
Let 0 < a<m.

1. Forlmo >0, 0 # 0, the operator
Lo(0): {u€ ASY(X; S T*X): L, (o)u € AT VH2(X; S25¢ T+ X)}
— V(X $2 5T X)

is invertible when s > s, £ < f%, s+/4> f%.

2. If moreover { € (—%, —1), the zero energy operator

L, (0): {u € AS(X; S>T"X): Lg, (0)u € Ay M 3(X; S2T*X)}
— ASTHR(X; $% 5 THX)

has 7-dimensional kernel and cokernel.



Mode analysis with and without gauge
oc#0
Lyh = Dg,Ric(h) — 03, Dg, W(h) =0, h=e"""hy, (1)

ho = ho(r,w) fulfills outgoing radiation condition. Apply linearized
second Bianchi identity

Op,1(Dg,W(h)) = 0.
We show absence of modes for the 1— form wave operator :
Dg,W(h) = 0. (2)

Put into (1):
Dg,Ric(h) = 0.
w. Putting this into (2) gives

= h is pure gauge h = d,,

Db71w =0.

It follows w = 0.



Proof of mode stability

o =0.

>

>

The Teukolsky scalars are zero (Whiting).
Gauge invariants. For linearized perturbations of Kerr with
vanishing Teukolsky scalars, the only non vanishing gauge
invariants are I¢, I and they have in this case exactly the
form they have for the linearized Plebanski-Demianski family.
The set of gauge invariants { Teukolsky scalars, linearized Ricci
tensor, I¢, I} is complete (Aksteiner, Andersson, Backdahl,
Khavkine, Whiting '19), it follows that up to gauge the
perturbation is a Plebanski-Demianski line element.
For all a € R3, there exists A\(a) € R, a 1—form
wE I:Igo’g_l(X;S?T'*X) and gy € C°°(8X;52SC7'§X/X) such
that )

&~ 0w — &(N(),8) — —go € O(r=2%).
Asymptotic behavior considerations eliminate the nut and
acceleration parameters.



3 step: Constraint dumping

Gauge freedom (Constraint dumping)
Gundlach et al '05.
Zeroth order modification of dy:

0g =05+ E, Ew=7(2c ®@sw — g Hc,w)g),

¢ being a stationary 1— form with compact spatial support.
Replacing & by 5; gives a modified gauge fixed linear operator.
For ~v # 0 small no quadratically growing generalized modes exist.
All other important properties of L, remain unchanged.



4th step : Regularity of the resolvent at high frequencies

Proposition
Let f < —%, and s > % s+4> —%+m, me N. Let g > 0.
Then for lmo >0, |o| > 09, h = |o|™1, the operator

m7 —1. gst+1 —mgs—m/{
OTLy(0) \: A 5 A

is uniformly bounded.

Main issue at high frequencies (|Rec| — oo): Trapping,

see Wunsch-Zworski '11, Dyatlov '16, Hintz '17.

Remark : the trapping is r— normally hyperbolic for 0 < a < m
(Dytalov '15), therefore the above proposition should hold for
0<a<m.



5t step: Structure of the resolvent at low frequencies
» There exists V € W™>°(X°; S2 T*X°),
[p(0) = Lp(o) + V: X (o) — A HH2

is invertible for c € C, Imo > 0, b close to bg.
> Kernel of Ly(0) :

,Cb = ]Cb75 ) ,Cb,v; I@byo = Zb(O)K:b’o(O), o=2s5,V.

» There exists M : I:I];_l’fJr2 — I:Ig_l’eJr2 of rank 7 which
depends continuously on b near by, and satisfies

(Mpf,h*y =0 VA €K}, Mp=1-TMj.

» Consider Lb(O’)Zb(O')71 : /:/}5)*17“2 N H}s)—l,uz'
Decomposition
domain: /-_[gfl,Hz ~ Kl g kv:b,s @ ’Eb,v,

target: I:I;_l’ﬁ+2 =~ ranll, @ RE O RLE.



. 5 LBO UfL/:Ol O'FL:QZ
Lp(o)Lp(o) ™t = ol 02511 02~L12
olyy o2Ly; olo

We then obtain :
Z;(U)fl =0 ?Ro+o 'R+ 1L,

where the range of Ry, Ry is explicit (linearized Kerr, pure gauge).
Regularity of L, (uses Vasy'19):

Proposition

Lett € (—3,-3), e (0,1), t+ee(—%,L), ands—e> L. Then
we have

Lb_ e H3/2_€((-0’0,00);E(f:lg_l’e+2, Flg—max(e,l/2),£+e—1)).

Main issue : behavior of the metric at infinity.



Thank you for your attention !



