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Energies in fourth order gravity

Introduction

Fourth order gravity

We study gravitational theories on globally hyperbolic
spacetimes (Vn+1, ḡ) = (Mn, gt)× R.

In GR the gravitational action in vacuum is described by the
Einstein-Hilbert functional

EH(ḡ) =
∫

V
Rḡdvolḡ,

and the Einstein equation

Gḡ := Riccḡ −
1
2

Rḡḡ = 0.

One can

▶ Formulate an evolution problem for (M, gt)

▶ Introduce meaningful conserved quantity : mADM
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Rḡdvolḡ,
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Introduction

Fourth order gravity

For α, β ∈ R, we consider the Fourth Order Gravitational
Lagrangian :

S(ḡ) =
∫

V

(
αR2

ḡ + β⟨Ricḡ,Ricḡ⟩ḡ
)

dvolḡ,

with Euler-Lagrange equations :

Aḡ := β□ḡRicḡ + (
1
2
β + 2α)□ḡRḡ ḡ − (2α+ β)∇̄2Rḡ − 2βRicḡ·Riemḡ

+ 2αRḡRicḡ −
1
2
αR2

ḡḡ − 1
2
β⟨Ricḡ,Ricḡ⟩ḡḡ = 0.

We wish to :

▶ Formulate the fourth order evolution problem
▶ Introduce meaningful fourth order conserved quantities
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Introduction

Motivations

Physical Motivations

Some observations are not coherent with GR predictions (galactic
rotational curves)
Either

▶ We modify the data (Dark Matter)

▶ We modify the theory (Fourth order gravity, conformal gravity,
Lovelock theories)

S(ḡ) is a good candidate :

▶ EH is an elastic energy, S is a higher order elastic energy

▶ Gḡ = 0 =⇒ Aḡ = 0
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Introduction

Motivations

Case 2α + β = 0

A = 0 becomes
□ḡRḡ = 0

□ḡGḡµν + 2
(

Riemḡ
τ
µλν −

Ricḡ
τ
λ

4
ḡµν

)
Gḡ

λ
τ = 0.

▶ Finding a solution splits into Gḡ = T with T an inertial
energy-momentum tensor solution of
□ḡT + 2

(
Riemḡ − Ricḡ

4 ḡ
)

T = 0
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Introduction

Motivations

3α + β = 0

S(ḡ) =
3
2

∫
V
|Wḡ|2 dvolḡ + 48π2χ(V),

W is the Weyl tensor and χ(V) is topological. For n = 3,
B =

∫
V |Wḡ|2 dvolḡ is a conformal invariant, and so is S.

▶ Conformal gravity/Bach-flat spaces

▶ Fiedler-Schimming-Mannheim-Kazanas (FSMK) metrics :

ḡFS(m,Λ, µ) = −f (r)dt2 +
1

f (r)
dr2 + r2gS2

f (r) .
= 1 − 3mµ− m

r
− µ(3mµ− 2)r − Λ

3
r2

▶ µ is linked to the rotational speed curves in conformal gravity.
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Conserved quantities and Energy

RG approach

Working spaces

Definition
(V, ḡ) is an AM spacetime of order τ if there exists a coordinate
system at ∞ Φ : Ei → Rn\B̄ such that in those coordinates
ḡµν = ξµν + O(|x|−τ ).

Definition
(M, g) is an AE space of order τ if there exists a coordinate system at
Φ : M\K → Rn\B̄ such that in those coordinates gij = δij + O(|x|−τ ).

▶ to consider curvatures issues the decays must be differentiables

▶ Dynamical approach

▶ A Lagrangian approach
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Conserved quantities and Energy

RG approach

Let (V, ḡ) be an AM Einstein spacetime, and ˆ̄g another AM Einstein
metric with a Killing vector field ζ.
Let h̄ := ḡ − ˆ̄g and Pˆ̄g(h̄, ζ)

.
= (DGˆ̄g · h̄)(ζ, ·).

With Bianchi :

divḡ(Gḡ) = 0 = divˆ̄g+h̄(Gˆ̄g+h̄) = divˆ̄g(Gˆ̄g) + divˆ̄gDGˆ̄g · h̄ + o(h̄)

= divˆ̄gDGˆ̄g · h̄ + o(h),

and thus divˆ̄g
(
Pˆ̄g(h̄, ζ)

)
= 0.

If (V, ḡ) is foliated by Riemannian manifolds (Mt, gt) :∫
K0

⟨Pˆ̄g(h̄, ζ), n̂⟩ˆ̄gdvolĝ =

∫
K1

⟨Pˆ̄g(h̄, ζ), n̂⟩ˆ̄gdvolĝ+
∫

exterior boundary
Pˆ̄g(h̄, ζ).ν̂

When the exterior boundary → ∞, we get the conserved quantity

Eˆ̄g(ζ, h̄) =
∫

M
⟨Pˆ̄g(h̄, ζ), n̂⟩ˆ̄gdvolĝ = lim

r→∞

∫
Sr

Q(ζ, ν̂).
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∫

exterior boundary
Pˆ̄g(h̄, ζ).ν̂

When the exterior boundary → ∞, we get the conserved quantity

Eˆ̄g(ζ, h̄) =
∫

M
⟨Pˆ̄g(h̄, ζ), n̂⟩ˆ̄gdvolĝ = lim
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If (V, ḡ) is foliated by Riemannian manifolds (Mt, gt) :∫
K0

⟨Pˆ̄g(h̄, ζ), n̂⟩ˆ̄gdvolĝ =
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Energies in fourth order gravity

Conserved quantities and Energy

RG approach

Taking ζ = ∂t + O(|x|−τ ) (+ simplifying hypotheses) yields :

mADM
.
=

1
16π

lim
r→∞

∫
Sr

(∂igij − ∂jgii) ν
jdωr.

Taking ∂xi yields the momentum, rotations yields the angular
momentum etc. . .
These quantities are geometric and control the geometry of M.

▶ div(A) = 0?

▶ Bianchi is a consequence of Noether’s theorem applied with the
invariance by diffeomorphisms

▶ For any geometric Lagrangian div(A) = 0.

▶ Conserved quantities come from the invariance of the theory.
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▶ Conserved quantities come from the invariance of the theory.
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Energies in fourth order gravity

Conserved quantities and Energy

Au quatrième ordre

Proposition
Given (M × R, ˆ̄g) an AM spacetime satisfying Aˆ̄g = 0 and
admitting a Killing field ζ, then the energy associated to a
perturbation h̄ of ˆ̄g defined by

Eˆ̄g(h̄)
.
=

∫
M
⟨Pˆ̄g(h̄, ζ), n̂⟩ˆ̄gdvolĝ,

with Pˆ̄g(h, ζ)
.
= (DAˆ̄g ·h)(ζ, ·),is conserved, provided it is defined.

It can be written as an integral at infinity

Eˆ̄g(M, h) = − lim
r→∞

∫
∂Kr

Q(n̂, ν̂)d(∂Kr).



Energies in fourth order gravity

Conserved quantities and Energy

Au quatrième ordre

Proposition
If ˆ̄g is Einstein with cosmological constant Λ , then

Qτµ = −
{
βdPĝ

GR
τµ (h̄, ζ) + 2β

(
Ric′ĝ.h̄τν∇̂µζ

ν − Ric′ĝ.h̄µν∇̂τζ
ν
)

− (2α+ β)
(
∇̂µ(R′

ĝ.h̄)ζτ − ∇̂τ (R′
ĝ.h̄)ξµ

)
− (2α− β)R′

ĝ.h̄∇τζµ

− 2(4α+ β)ΛQGR
ĝ τµ

(h̄, ζ)− 2βΛ
(

h̄τν∇̂µζ
ν − h̄µν∇̂τζ

ν
)}

.

▶ Constant sectional curvature case :
▶ S. Deser and B. Tekin, Energy in generic higher curvature gravity

theories, Phys. Rev. D 67, 084009 (2003).



Energies in fourth order gravity

Conserved quantities and Energy

Au quatrième ordre

▶ With ˆ̄g = ξ + O(r−τ̂ ) , ζ = ∂t + O(r−τ̂ ) ,
ḡ = h̄ + ˆ̄g = ξ + O(r−τ ) in ADM formalism (N,X, g) :

−Q(n̂, ν̂)|t=0 =

(
3
2
β + 2α

)
(∂j∂i∂igaa − ∂j∂u∂igui) ν̂

j

+
β

2
(∂ig̈ji − ∂jg̈ii) ν̂

j

+
β

2
(
∂i∂jẊi − ∂i∂iẊj

)
ν̂ j + (β + 2α)∂j∂i∂iN2ν̂ j

− (β + 2α)∂jg̈iiν̂
j + 2(β + 2α)∂j∂iẊiν̂

j

+ O1(r−τ̂−3) + O1(r−(τ̂+τ)−3).
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Energies in fourth order gravity

Conserved quantities and Energy

Au quatrième ordre

Definition
When ḡ an AM solution of Aḡ = 0, we define its energy as

Eα,β(ḡ) = lim
r→∞

[(
3
2
β + 2α

)∫
Sn−1

r

(∂j∂i∂igaa − ∂j∂u∂igui) ν̂
jdωr

+
β

2

∫
Sn−1

r

(∂ig̈ji − ∂jg̈ii) ν̂
jdωr +

β

2

∫
Sn−1

r

(
∂i∂jẊi − ∂i∂iẊj

)
ν̂ jdωr

+(β + 2α)
(∫

Sn−1
r

∂j∂i∂iN2ν̂ jdωr −
∫

Sn−1
r

∂jg̈iiν̂
jdωr + 2

∫
Sn−1

r

∂j∂iẊiν̂
jdωr

)]
when the limit exists.



Energies in fourth order gravity

Conserved quantities and Energy

Études de cas particuliers

Testing it when 3α + β = 0

▶ FSMK metrics:

ḡFS(m,Λ, µ) = −f (r)dt2 +
1

f (r)
dr2 + r2gS2

f (r) .
= 1 − 3mµ− m

r
− µ(3mµ− 2)r − Λ

3
r2

▶ We can take τ < 0! In particular n = 3 we can take τ = −1.

▶ With ˆ̄g = Schwarzschild, τ̂ = 1, τ = −1, we compute

Eα,β(ḡFS) = 8πµ(3mµ− 2).
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Energies in fourth order gravity

Stationnary case

Positive energy theorem

If (M × R, ḡ) is stationnary, that is

ḡ = −N2dt2 + g,

then

Eα,β(ḡ) = lim
r→∞

{(
3
2
β + 2α

)∫
Sn−1

r

(∂j∂i∂igaa − ∂j∂u∂igui) ν̂
jdωr

+(β + 2α)
∫

Sn−1
r

∂j∂i∂iN2ν̂ jdωr

}
and in the particular case 2α+ β = 0, we get a fully Riemmannian
expression

E(g) = − lim
r→∞

∫
Sn−1

r

(∂j∂i∂igaa − ∂j∂u∂igui) ν̂
jdωr

= − lim
r→∞

∫
Sn−1

r

∂rRgrn−1dω

= −
∫

M
∆gRgdvolg.
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Eα,β(ḡ) = lim
r→∞

{(
3
2
β + 2α

)∫
Sn−1

r

(∂j∂i∂igaa − ∂j∂u∂igui) ν̂
jdωr

+(β + 2α)
∫

Sn−1
r

∂j∂i∂iN2ν̂ jdωr

}
and in the particular case 2α+ β = 0, we get a fully Riemmannian
expression

E(g) = − lim
r→∞

∫
Sn−1

r

(∂j∂i∂igaa − ∂j∂u∂igui) ν̂
jdωr

= − lim
r→∞

∫
Sn−1

r

∂rRgrn−1dω

= −
∫

M
∆gRgdvolg.



Energies in fourth order gravity

Stationnary case

Positive energy theorem

We wish to work with the Q-curvature :

Qg = − 1
2(n − 1)

∆gRg −
2

(n − 2)2 |Ricg|2g +
n3 − 4n2 + 16n − 16

8(n − 1)2(n − 2)2 R2
g.

Proposition
Let (Mn, g) an AE manifold such that

1 There exists a structure at infinity Φ such that gij = δij + O4(r−τ ),
with τ > τn

.
= max{0, n−4

2 };

2 Qg ∈ L1(M).

Then E(Φ)(g) exists and is geometric: it does not depend on the
spheres used to compute it nor on the charts.
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Energies in fourth order gravity

Stationnary case

Positive energy theorem

Positivity and Rigidity
Theorem
If in addition Qg ≥ 0 and Y([g]) > 0, then E(g) ≥ 0, with equality iff
(M, g) is euclidien.
Idea of the proof :

▶ Y([g]) > 0 : g̃ = u
4

n−2 g s.t. Rg̃ = 0.
▶ Conformal deformations are predicted with the Paneitz operator :

for n ̸= 4, Φ .
= u− n−4

n−2 , g = Φ
4

n−4 g̃, then

n − 4
2

Φ
n+4
n−4 Qg = Pg̃Φ,

Pg̃Φ = ∆2
g̃Φ+ divg̃

((
4

n − 2
Ricg̃ −

n2 − 4n + 8
2(n − 1)(n − 2)

Rg̃ g̃
)
(∇Φ, ·)

)
+

n − 4
2

Qg̃Φ.
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Energies in fourth order gravity

Stationnary case

Positive energy theorem

▶ Since Rg̃ = 0, Qg̃ = − 2
(n−2)2 |Ricg̃|2g̃

∫
Dr

n − 4
2

Φ
n+4
n−4 Qg +

(n − 4)
(n − 2)2 |Ricg̃|2g̃Φ dvg̃ =

∫
Sr

g̃(∇̃∆g̃Φ, ν̃)dωg̃

+
4

n − 2

∫
Sr

Ricg̃(∇Φ, ν̃)dωg̃︸ ︷︷ ︸
−−−→

r→∞
n−4

4(n−1)E(g)

▶ E(g) ≥ 0 with equality iff Qg ≡ 0 and g̃ is flat.

▶ Then n−4
2 Φ

n+4
n−4 Qg = Pg̃Φ yields ∆2Φ = 0, which ensures g = δ.

▶ For n = 4 only the formula for Paneitz changes.
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Energies in fourth order gravity

Stationnary case

Fourth order Rigidity

Fourth order Einstein Curvature

▶ Y. Lin and Y. Wei, A Symmetric 2-Tensor canonically associated to
Q-curvature and its applications. In: Pacific Journal of Mathematics
291.2 (2017).

Jg
.
=

1
n

Qgg − 1
n − 2

Bg −
n − 4

4(n − 1)(n − 2)
Tg,

GJ
.
= Jg −

1
2

Qgg s.t. divgGJ = 0 and TrgGJ = cst Qg

2nd order 4th order
Scalar curvature Q curvature

Ric J
G GJ
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Energies in fourth order gravity

Stationnary case

Fourth order Rigidity

▶ One can write the ADM mass as a function of the Einstein tensor

∫
ΩR

divg(GJ(X, ·))dvolg =

∫
∂ΩR

GJ(X, ν)dωg =
1
2

∫
ΩR

⟨GJ,LXg⟩gdvolg

=
1
2

∫
ΩR

⟨GJg ,Lg,conf X⟩gdvolg +
2 − n

4n

∫
ΩR

QgdivgXdvolg

X = r∂r :

lim
R→∞

∫
SR

GJg(X, ν)dωg ≃ E(g).
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2

∫
ΩR

⟨GJ,LXg⟩gdvolg

=
1
2

∫
ΩR

⟨GJg ,Lg,conf X⟩gdvolg +
2 − n

4n

∫
ΩR

QgdivgXdvolg

X = r∂r :

lim
R→∞

∫
SR

GJg(X, ν)dωg ≃ E(g).
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Theorem
If (Mn, g) is AE and Jg = 0, Y([g]) > 0 then (Mn, g) ∼= (Rn, ·).
Idea: rigidity in the positive mass theorem But: the decay
needs to be high enough

Qg = ∆Rg + quadr. terms

Jg −
1
n

Trg(Jg) = ∆Ric +∇2R + quadr. terms

∆g = Ric + quadr. terms

Elliptic regularity on weighted spaces yield the result
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Riemannian formalism
▶ M. Herzlich, Computing Asymptotic Invariants with the Ricci Tensor on

Asymptotically Flat and Asymptotically Hyperbolic Manifolds. In: Ann.
Henri Poincaré 17 (2016).

With g = δ + h an AE metric, we linearize
Rg = Rδ + DRδ · h +R(h) = DRδ · h +R(h).∫

Ω

FRg =

∫
Ω

D∗Rδ.F · h +

∫
∂Ω

UR(F, h).ν +

∫
Ω

R(h)

With F = 1 : EADM(g) = limΩ→∞
∫
∂Ω

UR(1, h).ν = lim
[∫

Rg −
∫
R(h)

]
For the fourth order : Rg ≃ Qg :

U(h,F) = −(Fdu − udF +∆δF(divδh − ∂trδh)− h(d∆δF, ·) + trδhd∆δF),

u .
= div2

δh −∆δtrδh.

D∗Qδ · F = −∆2
δF δ + ∂2∆δF

With F = 1 : E(g) = limΩ→∞
∫
∂Ω

UR(1, h).ν = lim
[∫

Qg −
∫
R(h)

]
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Thank you for your attention!
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