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The Einstein equations

We consider the Einstein vacuum equations

Ric(g) = 0

with solutions being 4-dimensional Lorentzian manifolds (M,g), or
spacetimes.

▶ The trivial solution is the Minkowski spacetime

M∼= R4, g = −dt2 + dx2 + dy2 + dz2

▶ Einstein equations can be cast as a hyperbolic system of equations
admitting well-posed initial value problems.

(Σ, g, k)
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S

Spacelike initial data. Characteristic initial data.
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Initial value formulations

Initial data cannot be prescribed freely and must satisfy constraint
equations.

(Σ, g, k)

T

HH

S

Spacelike initial data. Characteristic initial data.

Elliptic type equations for g and
the 2-tensor, k.

R(g) =− |k|2 − (trk)2,

divg k =d(trk).

Transport type equations (null
structure equations) for metric
components, Christoffel symbols,
curvature.
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The general gluing problem of General Relativity

General gluing problem: Is it possible to glue two spacetimes together
to construct a solution to the Einstein equations?

Initial data gluing problem: Is it possible to glue two initial data sets of
the Einstein equations of the same type to construct a solution of the
associated constraint equations?
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The gluing problem for spacelike initial data

Historically, a considerable amount of attention has been given to the
spacelike gluing problem.

Key aspects:

▶ Elliptic nature of constraint equations → rigidity.

▶ geometric ‘under-determindness’ → flexibility.

j. differential geometry

73 (2006) 185-217

ON THE ASYMPTOTICS FOR THE VACUUM
EINSTEIN CONSTRAINT EQUATIONS

Justin Corvino & Richard M. Schoen

Abstract

In this paper we prove density of asymptotically flat solutions
with special asymptotics in general classes of solutions of the vac-
uum constraint equations. The first type of special asymptotic
form we consider is called harmonic asymptotics. This gener-
alizes in a natural way the conformally flat asymptotics for the
K = 0 constraint equations. We show that solutions with har-
monic asymptotics form a dense subset (in a suitable weighted
Sobolev topology) of the full set of solutions. An important fea-
ture of this construction is that the approximation allows large
changes in the angular momentum.

The second density theorem we prove allows us to approximate
asymptotically flat initial data on a three-manifold M for the vac-
uum Einstein field equation by solutions which agree with the
original data inside a given domain, and are identical to that of a
suitable Kerr slice (or identical to a member of some other admis-
sible family of solutions) outside a large ball in a given end. The
construction generalizes work in [C], where the time-symmetric
(K = 0) case was studied.

1. Introduction

We study the asymptotics of solutions to the vacuum constraint equa-
tions. In particular, we show how to approximate given initial data for
the Einstein vacuum equation by data which is exactly that of a space-
like slice of a suitably chosen Kerr metric outside a compact set. For the
time-symmetric case, the constraints reduce to the equation R(g) = 0,
and it was shown in [C] how a Schwarzschild exterior can be selected
and glued to asymptotically flat (AF) time-symmetric data and com-
pactly perturbed to a solution of the time-symmetric constraint. In the
non-time-symmetric case, one has to consider the second fundamental
form, and hence linear and angular momentum of the data at infinity,
for which the Kerr solution (for example) is aptly suited. We note that
these constructions show that a compact piece of the data dictates (in
some sense) only part of the asymptotic structure, namely that part

Received 02/17/2003.

185

Theorem. (Corvino-Schoen/Chruściel-Delay, 2003) Any asymptotically flat
spacelike initial data can be glued to spacelike Kerr black hole initial data
with given Kerr parameters (EKerr,PKerr,LKerr,GKerr).
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The gluing problem for spacelike initial data

Asymptotically flat soln.

Gluing region

Member of Kerr

Brief outline of the proof:

▶ Cutoff the asymptotically flat solution to Kerr. The cutoff (gluing)
region in general will not solve constraint equations.

▶ Correct the error by solving the linearised constraint equations and
applying the implicit function theorem.

But, the linearised constraint equations are surjective only up to a
10-dimensional space of obstructions.

⇝ The 10 Kerr parameters are used as additional parameters of the
problem.
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The null gluing problem

Ann. Henri Poincaré 25 (2024), 3081–3205

c© 2023 Springer Nature Switzerland AG
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The Characteristic Gluing Problem for the
Einstein Vacuum Equations: Linear and
Nonlinear Analysis

Stefanos Aretakis, Stefan Czimek and Igor Rodnianski

Abstract. This is the second paper in a series of papers addressing the
characteristic gluing problem for the Einstein vacuum equations. We solve
the codimension-10 characteristic gluing problem for characteristic data
which are close to the Minkowski data. We derive an infinite-dimensional
space of gauge-dependent charges and a 10-dimensional space of gauge-
invariant charges that are conserved by the linearized null constraint equa-
tions and act as obstructions to the gluing problem. The gauge-dependent
charges can be matched by applying angular and transversal gauge trans-
formations of the characteristic data. By making use of a special hierarchy
of radial weights of the null constraint equations, we construct the null
lapse function and the conformal geometry of the characteristic hypersur-
face, and we show that the aforementioned charges are in fact the only ob-
structions to the gluing problem. Modulo the gauge-invariant charges, the
resulting solution of the null constraint equations is Cm+2 for any speci-
fied integer m ≥ 0 in the tangential directions and C2 in the transversal
directions to the characteristic hypersurface. We also show that higher-
order (in all directions) gluing is possible along bifurcated characteristic
hypersurfaces (modulo the gauge-invariant charges).

Contents

1. Introduction 3083
1.1. Introduction to the Characteristic Gluing Problem and

Overview of Results 3084
1.2. Previous Gluing Constructions 3089

1.2.1. Gluing Constructions in General Relativity 3089
1.2.2. Characteristic Gluing for the Wave Equation 3089

1.3. Double Null Coordinates 3090
1.4. Null Structure Equations 3092
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Characteristic initial data

H
H

H
H

S

▶ Transversal null hypersurfaces︸ ︷︷ ︸
The metric g is degenerate

H and H intersecting at spheres, S.

▶ The null structure equations are transport equations along H and H
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The gluing problem for characteristic initial data

Given characteristic initial data on (H1,H1) and (H2,H2), can we glue H1

to H2 along a null hypersurface HG such that there exists a solution to the
null structure equations on H1 ∪HG ∪H2?

H1H1
(M1, g1)

H2H2

(M2, g2)

HG
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Ck-sphere data

Ck-sphere data: Tuple of all components of the metric g and their
derivatives up to some specified order, k, on a sphere S.

⇝ The null structure equations give transport equations for each
component of sphere data.

⇝ Solving transport equations along H with initial data being Ck-sphere
data on S will give a solution to the null structure equations with
transversal derivatives of g specified up to order k.

Notation:

▶ On a sphere S1 ⊂ (M1,g1), sphere data will be denoted by x1.

▶ A solution to the null structure equations will be denoted by x.
It is the tuple of metric components and their derivatives up to order k
that satisfy the null structure equations.

11 / 36



Ck-sphere data

Ck-sphere data: Tuple of all components of the metric g and their
derivatives up to some specified order, k, on a sphere S.

⇝ The null structure equations give transport equations for each
component of sphere data.

⇝ Solving transport equations along H with initial data being Ck-sphere
data on S will give a solution to the null structure equations with
transversal derivatives of g specified up to order k.

Notation:

▶ On a sphere S1 ⊂ (M1,g1), sphere data will be denoted by x1.

▶ A solution to the null structure equations will be denoted by x.
It is the tuple of metric components and their derivatives up to order k
that satisfy the null structure equations.

11 / 36



Ck-sphere data

Ck-sphere data: Tuple of all components of the metric g and their
derivatives up to some specified order, k, on a sphere S.

⇝ The null structure equations give transport equations for each
component of sphere data.

⇝ Solving transport equations along H with initial data being Ck-sphere
data on S will give a solution to the null structure equations with
transversal derivatives of g specified up to order k.

Notation:

▶ On a sphere S1 ⊂ (M1,g1), sphere data will be denoted by x1.

▶ A solution to the null structure equations will be denoted by x.
It is the tuple of metric components and their derivatives up to order k
that satisfy the null structure equations.

11 / 36



The Ck-null gluing problem

H1H1

S1

(M1, g1)

H2H2 S2

(M2, g2)

H[1,2]Hg

x1 on S1 ⊂ (M1,g1)

x2 on S2 ⊂ (M2,g2)

H[1,2]
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The Ck-null gluing problem

▶ Let S1 be a sphere in a spacetime (M1,g1) and S2 a sphere in a
spacetime (M2,g2).

▶ Let x1 and x2 be respective sphere data.

Does there exist a null hypersurface H[1,2] :=
⋃

1≤v≤2 Sv and a solution x to
the null structure equations on H[1,2] such that

x|S1 = x1, x|S2 = x2?

x1 on S1

x2 on S2

H[1,2]

Analogous to the spacelike gluing problem, there are obstructions to
solving this problem.
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Double null gauge

To discuss obstructions, we choose to work in double null gauge.

S

HH
HH

LL LL

Characteristic initial data with transversal intersecting null hypersurfaces
H and H intersecting at spheres S. Generators L and L.

Work in double null coordinates (u, v, θ1, θ2). Metric has the form

g = −4Ω2dudv + g/ABdθ
AdθB ,

A,B, ... = 1, 2. L = ∂v, L = ∂u.
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Null structure equations in double null gauge

Metric in double null coordinates: g = −4Ω2dudv + g/ABdθ
AdθB ,

A,B = 1, 2.

Christoffel symbols encoded by Ricci
coefficients:

χAB , χ
AB

, ηA, ...

Split: χ = χ̂+ 1
2
trχ with respect to g/.

▶ trχ is null expansion along H.
▶ χ̂ is shear along H.
▶ η is torsion along H.

Curvature encoded by null
curvature components:

αAB , αAB , βA, ...

Null structure equations:
First variation equation:

Dg/ = 2Ωχ, Dg/ = 2Ωχ,

D := LL, D := LL,
L = ∂v, L = ∂u.

Raychaudhuri equation:

∂v(Ωtrχ) =− (Ωtrχ)2

2
− Ω2|χ̂|2g/ ,

...

More equations depending on the
order, k.
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Obstructions to solving the Ck-null gluing problem

x1 on S1

x2 on S2

H[1,2]

The Ck-null gluing problem cannot generally be solved.

Obstructions:

▶ Raychaudhuri equation

∂v(Ωtrχ) = − (Ωtrχ)2

2
− Ω2|χ̂|2g/ =⇒ (Ωtrχ) non-increasing on H[1,2]

▶ Infinite-dimensional space of conservation laws to the linearised
Ck-null gluing problem at Minkowski.

⇝ Need to relax its formulation
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Two types of gauge perturbations

Sphere perturbations: small changes of the sphere data x2 on S2.

▶ Transversal perturbations: perturb S2 to a nearby sphere S′
2 along

an ingoing null hypersurface H2 containing both spheres.

▶ The Ck-sphere data x′
2 on S′

2 can be expressed in terms of x2, a
perturbation function f and the geometry of H2.

▶ The perturbation function f is defined through

u′ = u+ f(u, θ1, θ2).

H2

S2 S′
2

▶ Angular perturbations: sphere diffeomorphisms of sphere data
defined by pulling back the sphere data x2 under a diffeomorphism of
the sphere S2.
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The perturbative Ck-null gluing problem

▶ Let S1 be a sphere in a spacetime (M1,g1) and S2 ⊂ H2 a sphere in a
spacetime (M2,g2).

▶ Let x1 and x2 be respective sphere data.

Does there exist:

1. A sphere S′
2 ⊂ H2, arising from a sphere perturbation of S2, with

sphere data x′
2 such that there exists a null hypersurface H[1,2]

connecting S1 to S′
2?

2. A solution x to the null structure equations on H[1,2] such that

x|S1 = x1, x|S′
2
= x′

2?

H[1,2]

H2

S1

S2 S′
2
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Solvability of the perturbative Ck-null gluing problem

This version of the null gluing problem is solvable.

H[1,2]

H2

S1

S2 S′
2

By perturbing the sphere S2, the infinite-dimensional space of conservation
laws to the linearised Ck-null gluing problem at Minkowski splits into:

▶ An infinite number of gauge-dependent obstructions that depend on
the sphere perturbation.

▶ A finite number of gauge-invariant obstructions that are linearly
invariant under the sphere perturbation.

Solve perturbative Ck-null gluing problem up to the gauge-invariant
obstructions.
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Approach to solving the perturbative Ck-null gluing
problem

20 / 36



The approach to solving perturbative Ck-null gluing problems

1. Linearise the null structure equations at Minkowski.

2. Analyse the linear null structure equations to construct conservation
laws.

3. Investigate the gauge dependence of the conservation laws.

4. Construct a solution to the linearised null structure equations up to
the gauge-independent conserved quantities.

5. Apply the implicit function theorem to solve the nonlinear null gluing
problem close to Minkowski up to the gauge-independent conserved
quantities.
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Characteristic seed and hierarchy of null structure equations

Redundancy in null structure equations means that not all Ricci coefficients
(Christoffel symbols) and null curvature components need to be specified.

Specify a characteristic seed:

1. On S1, ϕ, trχ, trχ, χ̂, χ̂, η,...

2. On H[1,2], Ω and confg/.

confg/ is the conformal class of metrics on each S ⊂ H:

g/ = ϕ2g/c

⇝ Sphere data need not include the prescription of all Ricci coefficients
and null curvature components.

⇝ Null structure equations can be solved hierarchically from the
characteristic seed.
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Exemplifying the approach - 1. Linearisation

Linearisation procedure: Expansion of sphere data

x = xMinkowski + εẋ+O(ε2).

Consider the subset of linearised null structure equations:

D

(
ϕ̇

v

)
=

˙(Ωtrχ)

2
, D

(
Dϕ̇

)
= 2DΩ̇,

D( ˙Ωtrχ) = −2 ˙(Ωtrχ)

v
,

D

(
v2η̇ +

v3

2
d/

(
˙(Ωtrχ)− 4

v
Ω̇

))
= div/ S2

˙̂χ,

D := LL – derivative along H.
Ω̇, ϕ̇, ˙(Ωtrχ), η̇, ˙̂χ ∈ ẋ.
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Exemplifying the approach - 2. Analysis

Combine null structure equations.

D

(
ϕ̇

v

)
=

˙(Ωtrχ)

2
, DDϕ̇ =2DΩ̇, D( ˙Ωtrχ) =− 2 ˙(Ωtrχ)

v

=⇒ D

(
v

2

(
˙(Ωtrχ)− 4

v
Ω̇

)
+

ϕ̇

v

)
= 0,

Conserved charge along H[1,2]:

Q1 :=
v

2

(
˙(Ωtrχ)− 4

v
Ω̇

)
+

ϕ̇

v
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Exemplifying the approach - 2. Analysis

Null structure equation for η̇:

D

(
v2η̇ +

v3

2
d/

(
˙(Ωtrχ)− 4

v
Ω̇

))
= div/ S2

˙̂χ.

▶ The operator div/ S2 maps 2-tensors on S2 to vectorfields on S2.

▶ However, div/ S2 is not bijective. Its image is orthogonal to the
vectorial spherical harmonics of mode l = 1

=⇒ (div/ S2
˙̂χ)[1] = 0.

Projecting the above equation onto spherical harmonics with mode l = 1
gives the conserved charge along H[1,2]:

Q2 := v2η̇[1] +
v3

2
d/

(
˙(Ωtrχ)

[1] − 4

v
Ω̇[1]

)
.
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Exemplifying the approach - 3. Gauge dependence

H[1,2]

H2

S1

S2 S′
2

Q1 :=
v

2

(
˙(Ωtrχ)− 4

v
Ω̇

)
+

ϕ̇

v
,

Q2 := v2η̇[1] +
v3

2
d/

(
˙(Ωtrχ)

[1] − 4

v
Ω̇[1]

)
.

Use linearised perturbation function ḟ to transform from S2 → S′
2.

Q1 =
1

2

(
◦
△/ ḟ − ∂uḟ

)
, Q2 = 0

=⇒ Q1 is gauge-dependent and Q2 is gauge-independent.
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Exemplifying the approach - 4. Solving Null structure equations

Solve the null structure equations by integrating along H[1,2].

For example,[
ϕ̇
]2
1
= 2

∫ 2

1

Ω̇dv′ + vϕ̇(1) +
1

2

(
˙(Ωtrχ)(1)− 4Ω̇(1)

)
,[

ġ/c

]2
1
= 2

∫ 2

1

1

v′2
˙̂χdv′

[
v′2η̇ +

v′3

2
d/

(
˙(Ωtrχ)− 4

v′
Ω̇

)]2

1

=
◦

div/

 2∫
1

˙̂χdv′

 for modes l ≥ 2.

...
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ġ/c

]2
1
= 2

∫ 2

1

1

v′2
˙̂χdv′

[
v′2η̇ +

v′3

2
d/

(
˙(Ωtrχ)− 4

v′
Ω̇

)]2

1

=
◦

div/

 2∫
1

˙̂χdv′

 for modes l ≥ 2.

...

▶ Choose linear characteristic seed Ω̇ and ˙̂χ on H[1,2] such that these
equations are satisfied.

▶ Linearly independent integrals (from hierarchy of v-weights) means
each integral condition can be prescribed as a separate gluing
condition.

Repeat steps 1− 4 for the rest of the hierarchy of null structure equations.

⇝ Gluing for the linear gluing problem up to the conserved charges.
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Obstruction spaces for k=2 and k=3
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The C2-null gluing problem of Aretakis, Czimek and Rodnianski

C2-sphere data contains the information necessary to derive the metric
components and their derivatives up to order 2 on a sphere.

The perturbative C2-null gluing problem:

▶ Let S1 be a sphere in a spacetime (M1,g1) and S2 ⊂ H̃2 a sphere in a
spacetime (M2,g2).

▶ Let x1 and x2 be respective C2-sphere data.

Does there exist:

1. A sphere S′
2 ⊂ H2, arising from a sphere perturbation of S2, with

C2-sphere data x2 such that there exists a null hypersurface H[1,2]

connecting S1 and S′
2?

2. A solution x to the null structure equations on H[1,2] such that

x|S1 = x1, x|S′
2
= x′

2?
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The C2-null gluing problem of Aretakis, Czimek and Rodnianski

The perturbative C2-null gluing problem can be solved up to the
10-dimensional space of obstructions (E,P,L,G).

▶ Geometric interpretation: The charges (E,P,L,G) have geometric
significance. They correspond to the ADM energy, linear momentum,
angular momentum and centre-of-mass, respectively.

▶ The linearisations of (Ė, Ṗ, L̇, Ġ) at Minkowski correspond to
gauge-invariant conserved charges in the linearised C2-null gluing
problem along H[1,2] which are not glued by the methods here.

Q2 ←→ L̇, Ġ
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The C3-null gluing problem

To solve the C3-null gluing problem use the solution of the C2-null gluing
problem and:

1. Additional components of sphere data that give 3 derivatives of the
metric components. This includes the quantities Dα and Dα. D := LL
and D := LL.

2. Additional null structure equations corresponding to the additional
components of sphere data.

3. Derive charges from the novel transport equations.

4. Ensure the C2-part “fits” into the C3-null gluing problem.
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The C3-null gluing problem - Novel obstructions

The novel linear null structure equations for the C3-sphere data quantity
Dα lead to the following gauge-invariant conserved charges:

Um :=

(
1

ϕ
D̂α+

1

ϕ2
(1 + ϕ2∇/ ⊗̂div/ )α

)(2m)

ψ

Vm :=

(
1

ϕ
D̂α+

1

ϕ2
(1 + ϕ2∇/ ⊗̂div/ )α

)(2m)

ϕ

▶ An additional 10-dimensional space of obstructions.

=⇒ There are 10+ 10 = 20 obstructions to the C3-null gluing problem.

▶ The linearisations U̇, V̇ correspond to conserved charges in the linear
null structure equations - linearised Bianchi equation for Dα̇.
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Codimension-20 perturbative C3-null gluing

Theorem (S., 2024)

Let x1 and x2 denote C3-sphere data on spheres S1 and S2 close to
Minkowski sphere data. Moreover, Let S2 be contained in an ingoing null
hypersurface H2. Then there exists

▶ a solution to the null structure equations x along an outgoing null
hypersurface H[1,2],

▶ sphere data x′
2 on a sphere S′

2 arising from a sphere perturbation of
S2 ∈ H2

such that on S1 we have that

x|S1 = x1.

Moreover, if the gauge-invariant charges (E,P,L,G,U,V) match on S′
2,

that is,
(E,P,L,G,U,V)(x|S′

2
) = (E,P,L,G,U,V)(x′

2)

then on S′
2 it holds that

x|S′
2
= x′

2.
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Getting around the gauge-invariant obstructions

1. Linearising around Schwarzschild (instead of Minkowski) with M > 0
yields no obstructions.

▶ The 20 obstructions are no longer conserved or gauge-invariant.
▶ The mass M provides the freedom to adjust the charges.

2. Consider the compact 2-dimensional intersection of null hypersurfaces
to be of higher genus (Chruściel, Cong, Gray).

▶ E.g. for the torus, the C2-null gluing problem has only 7 (instead
of 10) gauge-invariant conserved charges.

▶ Also showed that the number of charges depends on the spacetime
dimension, cosmological constant, and number of higher transverse
derivatives.

3. Obstruction free null gluing of Czimek-Rodnianski overcomes all
obstructions to the C2-null gluing problem by using the structure of
the quadratic terms in the null structure equations.
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Thank you! Questions?
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