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Notations
•The Lichnerowicz laplacian

∆Lhij = −∇k∇khij + Rikhk
j + Rjkhk

j − 2Rikjlhkl ,

where Rij is the Ricci curvature of g and Rijkl its Riemann
curvature.

∆L = ∇∗∇+ 2(Ric − Riem) = ∆ + 2(Ric − Riem).

•The divergence acting on symmetric 2-tensors

(divh)j := −∇ihij =
1
2
(L∗h)j ,

•The killing operator

(Lw)ij = ∇iwj +∇jwi .

•The conformal killing operator

(L̊w)ij = ∇iwj +∇jwi −
2
n
∇kwkgij .
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Notations

•The exterior differential acting on functions or 1-forms is
denoted by d and its L2 adjoint, the divergence is denoted by
d∗.

•The Hodge Laplacian acting on 1-forms is

∆H = dd∗ + d∗d = ∇∗∇+ Ric = ∆+ Ric.

• The Lichnerowicz laplacian is also equal to

∆L = 2(d∗
∇d∇ + div∗div)−∇∗∇,

where (d∇u)kij = (∇kuij −∇iukj).
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TT-tensors
Applications

Transverse and Traceless symmetric 2- tensors :

(divh)j := −∇ihij = 0 , Trgh := g ijhij = 0

1 Lichnerowicz-York method for relativistic constraint
equation.

2 Variation transverse to variation by diffeomorphism, nor by
conformal transformation.

3 Sability of Einstein metric (Second variation of the Einstein
Hilbert action).
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TT-tensors
Construction

• Assume (M,g) is closed, by Berger-Ebin :

C∞(M, S̊2) = ImL̊ ⊕ ker div

h = L̊w + hTT .

Choose h and solve the elliptic equation

∆V w := divL̊w = divh.

If there exist a solution w , then hTT = h − L̊w is TT.

• If (M,g) is open, if it has special asymptotic (AE, AH,...) one
use similar construction with weighted spaces, or construct
TT-tensors with compact support.
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TT-tensors
others constructions/existence

1 Bourguignon, Ebin and Marsden (1976), on closed
manifolds (infinite dimensionnal space of smooth TT).

2 Beig (1996) on some conformally flat 3-Manifolds using an
operator of order 3.

3 Dain and Friedrich (2001) Smooth on R3 using spherical
harmonics.

4 Corvino (2007) Smooth and compactly supported on R3

using Hodge duality.
5 Gicquaud (2010) Smooth and compactly supported on Rn

using an operator of order 4 (see next slide).
6 D-(2012) : Smooth and compactly supported on any open

set of any riemannian manifold (infinite dimensionnal
space).
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TT-tensors
others constructions/existence

Romain Gicquaud 2010 : on Rn

”Let T0 be a compactly supported traceless symmetric 2-tensor.
Define 

α =
n

n − 1
∂s∂tT0st

ψj = ∆∂ iT0ij −
(

1 − 1
n

)
∂jα,

then it is easily verified that the tensor Tij defined as

Tij = ∆
(
∆T0ij

)
−
(
∂i∂jα− 1

n
∆αδij

)
−
(
∂iψj + ∂jψi

)
is a TT-tensor.”

Question : Is there a similar operator on certain Riemannian
manifolds, such as those that are Ricci flat?
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TT-tensors
TT-tensors machine on Einstein manifolds

Theorem (D-2023)

On a smooth Einstein riemannian manifold (M,g) of dimension
n ≥ 3 with Ric(g) = λg, the self adjoint operator

P = (∆L − 2λ)
(
∆L −

n
n − 1

λ

)
−L̊

(
d∗ d +

n
2(n − 1)

dd∗ − n
n − 1

λ

)
div

send any trace free symmetric two tensors to a TT-tensor.

Tr P = 0 , div P = 0, and P L̊ = 0.

If M is closed, the image of P is of finite codimension, that is in
C∞ :

ImP =

(
ker (∆L − 2λ)|TT

+ ker (∆L −
n

n − 1
λ)|TT

)⊥
.
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TT-tensors
TT-tensors machine on Einstein manifolds

Applications :
1 Explicit construction of TT-tensors (with compact support if

needed).
2 Approximate weakly regular TT-tensors by smooth

TT-tensors:
Example : If h ∈ H1 is TT and assume that h = Pu with
u ∈ H5 (TT or not). If uϵ ∈ C∞ tends to u in H5 then
hϵ = Puϵ are smooth TT-tensors that tends to h in H1.

3 Approximate TT-tensors is some weighted spaces by
compaclty supported smooth TT-tensors.

Remark : If the dimension n is even, the adjoint of linearisation
of the obstruction tensors at an Einstein metric also send trace
free symmetric two tensors to TT-tensors but is of order n and
difficult to compute.
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TT-tensors
TT-tensors machine on Einstein manifolds : proof 1

We have Tr∆L = ∆Tr, and Tr L̊ = 0 so Tr P = 0.
Let c = n

n−1 . We have

div∆L = ∆H div,

and
div L̊ = (dd∗ +

2
c

d∗d − 2λ),

so divP is equal to[
(∆H − 2λ)(∆H − cλ)− (dd∗ +

2
c

d∗d − 2λ)(dd∗ +
c
2

d∗d − cλ)
]

div

But ∆H = dd∗ + d∗d and d2 = (d∗)2 = 0 so divP = [0]div = 0.
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TT-tensors
TT-tensors machine on Einstein manifolds: a factorisation

Let us define the traceless Ricci tensors

R̊ic(g) = Ric(g)− 1
n

R(g)g,

and the Schouten tensor

Sch(g) = Ric(g)− 1
2(n − 1)

R(g)g.

then
P = 4 DSch (g)∗DR̊ic(g)∗.
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TT-tensors
TT-tensors machine : proof 2

Assume Ric(g) = λg with λ ̸= 0 and consider near g

R̊icSch := R̊ic ◦ Sch,

R̊icSch(ϕ∗g) = R̊ic(ϕ∗Sch(g)) = ϕ∗R̊icSch(g) = 0,

So
DR̊icSch(g)L = 0,

by duality :
div [DR̊icSch(g)]∗ = 0.
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TT-tensors
TT-tensors machine : proof 2

Sch(etf g) = Sch(g)− n − 2
2

t∇∇f + O(t2)

Sch(etf g) =
(n − 2)λ
2(n − 1)

(
g − (n − 1)

λ
t∇∇f + O(t2)

)
.

Let ϕt the local flow for X = − (n−1)
λ ∇f ,

Sch(etf g) = ϕ∗t Sch(g) + O(t2),

then (using R̊icSch(g) = 0)

R̊icSch(etf g) = O(t2),

so
DR̊icSch(g)(fg) = 0.

by duality
Tr [DR̊icSch(g)]∗ = 0.
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λ ∇f ,

Sch(etf g) = ϕ∗t Sch(g) + O(t2),

then (using R̊icSch(g) = 0)

R̊icSch(etf g) = O(t2),

so
DR̊icSch(g)(fg) = 0.

by duality
Tr [DR̊icSch(g)]∗ = 0.
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Conformally covariant Laplacian on S̊2
Preliminaries

The Yamabe laplacian on functions (1960) :

∆Y = d∗d +
n − 2

4(n − 1)
R,

If g′ = e2v g then

∆′
Yφ = e− n+2

2 v∆Y (e
n−2

2 vφ).

The Branson operator on 1-forms (1982) :

LB = d∗d +
n − 4

n
dd∗ +

n(n − 4)
4(n − 2)(n − 1)

R − n − 4
(n − 2)

Ric.

L′
B ω = e− n

2 v LB(e
n−4

2 vω).
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Conformally covariant Laplacian on S̊2
Existence

Erdmenger and Osborn (1998), Matsumoto (2013) :

There exist a similar second order operator Pg acting on trace
free symmetric two tensors. Moreover if g is Einstein with
Ric(g) = 2λ̃(n − 1)g and h is a TT-tensor, then

Pgh = ∆Lh −
[
4λ̃(n − 1)− λ̃n

(n
2
− 1

)]
h.

Question : What is the form of Pg h if g is not Einstein and h is
not a TT-tensor?
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Conformally covariant Laplacian on S̊2
Explicit form

Theorem (D-2024)

On a riemannian manifold (M,g) of dimension n ≥ 3, the self
adjoint operator

Pg = ∆L −
4

n + 2
L̊div − 2Ric +

2
n
⟨Ric(g), .⟩g +

n − 2
4(n − 1)

R ,

acting on trace free symmetric two tensors is conformally
covariant: ∀v ∈ C∞(M), ∀u ∈ C∞(M, S̊2),

Pe2v g(u) = e− n−2
2 v Pg(e

n−6
2 v u).

• Related result for a Wave type equation on symmetric tensors
also by Ben Achour, Huguet and Renaud (2014), Quéva (2015).
• Remark : one can add a weyl curvature term in Pg .
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Conformally covariant Laplacian on S̊2
Remarks about stability

• The operator

∆E := ∆L − 2Ric = ∆− 2Riem,

when restricted to TT-tensors is related to the stability of
Einstein metrics. One can use P to test stability.

• Note that the transformation u 7→ e
n−6

2 v u is not the one that
transform TT-tensors for e2v g to TT-tensors for g (who is
u 7→ e(n−2)v u ) so the interest to compute the divergence term
in Pg .
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Conformally covariant Laplacian on S̊2
Application to the unstability of some Einstein metrics

An Einstein metric is semi stable if for all TT-tensors
”h ∈ C∞

c (M, S̊2)”

⟨∆Eh,h⟩L2(g) :=

∫
M
⟨∆Eh,h⟩dµg ≥ 0,

and unstable otherwise.

Theorem ( Biquard and Ozuch 2025)

Let (M,g) be an Einstein 4-manifold which is conformal to a
Kähler metric. Suppose (M,g) is compact with positive scalar
curvature, or (M,g) is one of the known examples of ALF
gravitational instantons. Then if (M,g) is not half-conformally
flat, then it is unstable.
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Conformally covariant Laplacian on S̊2
Application to the unstability of the riemannian Schwarzschild-Tangherlini metric

The riemannian Schwarzschild-Tangherlini metric, on
R2 × X n−2 is the Ricci flat metric :

gSch =
1

(1 − 2m
rn−3 )

dr2 + (1 − 2m
rn−3 )dθ

2 + r2gX

where gX is an Einstein metric with Ric(gX ) = (n − 3)gX . Here
R2 minus the origin correspond to

(r0 = (2m)
1

n−3 ,+∞)× R/(4πr0/(n − 3))Z,

and the metric is smooth at the origin r = r0.

Theorem (D-2025)
The riemannian Schwarzschild-Tangeherlini metric is unstable
in dimension n ∈ {4, · · · ,11}.
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Conformally covariant Laplacian on S̊2
Application to the unstability of the riemannian Schwarzschild-Tangherlini metric

• Preceding numerical proof by Lü, Perkins,Pope and Stelle
(2017) (for exactly the same dimensions)
• idea of proof : the conformal metric

g := r−2gSch =
1

r2(1 − 2m
rn−3 )

dr2+
(1 − 2m

rn−3 )

r2 dθ2+gX =: g1⊕g2,

is a product metric on R2 × X .Choose

h = (n − 2)g1 ⊕ (−2g2) ⇒ Trgh = 0, ∇gh = 0 ,∆Lh = 0

so Pgh easy to comptute. Define k = r−
n−6

2 h, we have

⟨PgSchk , k⟩L2(gSch)
= ⟨Pgh,h⟩L2(g) = p1(n).

Find w such that k = kTT + L̊gSchw , then compute

⟨PgSchL̊w , L̊w⟩L2 = p2(n),

⟨PgSchkTT , kTT ⟩L2(gSch)
= p1(n)− p2(n) < 0.
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Thank you !

André Lichnerowicz (1915-1998)
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